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Observational Modeling of the Kolmogorov-Sinai Entropy

Uosef Mohammadi

ABSTRACT. In this paper, Kolmogorov-Sinai entropy is studied us-
ing mathematical modeling of an observer ©. The relative entropy
of a sub-ce-algebra having finite atoms is defined and then the
ergodic properties of relative semi-dynamical systems are inves-
tigated. Also, a relative version of Kolmogorov-Sinai theorem is
given. Finally, it is proved that the relative entropy of a relative
©-measure preserving transformations with respect to a relative
sub-ce-algebra having finite atoms is affine.

1. INTRODUCTION

In 1948, Shannon introduced the concept of entropy to information
theory. The Shannon entropy is taken to indicate the degree of uncer-
tainty ascribed to a random variable. Examining a random phenomenon
as a member of a g-algebra, Kolmogorov introduced the concept of en-
tropy to ergodic theory in 1958. Kolmogorov’s entropy was improved by
Sinai in [I7]. Kolmogorov-Sinai entropy measures the rate of the loss of
information for the iteration of finite partitions in a measure preserving
transformation. Entropy as a mathematical device plays an important
role in physical systems. On the other hand, one of the main objects
in physical phenomena is the “observer”. So, a method is needed to
measure the entropy of a system from the point of view of an observer.
A modeling for an observer of a set X is a fuzzy set © : X — [0, 1] [6].
In fact these kinds of fuzzy sets are called one dimensional observers. In
this paper, the Kolmogorov-Sinai entropy is studied using mathemati-
cal modeling of an observer. Any mathematical model according to the
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view point of an observer © is called a relative model [G, [7]. The notion
of a relative semi-dynamical system as a generalization of a fuzzy dy-
namical system has been defined in [G]. Also, the concept of the entropy
of a relative semi-dynamical system has been introduced in [5, 00, 9.
This article is an attempt to present a new relative approach to the
Kolmogorov-Sinai entropy. The first step in the evolution of relative
entropy theory is to define the relative entropy of a sub-cg-algebra hav-
ing finite atoms. Moreover, the definition of the relative entropy of a
O-measure preserving transformations is based on the relative entropy
of a sub-og-algebra with finite atoms. Finally, the relative entropy of a
relative semi-dynamical system is introduced and its ergodic properties
are investigated.

2. BAsic NOTIONS

This section is devoted to provide the prerequisites that are necessary
for the next section. Let (X, 3) denotes a o—finite measure space, i.e. a
set equiped with a o—algebra [ of subsets of X. Further, let p denotes
a probability measure on (X, ). Then (X, 3,p) is called a probability
space. Let ¢ : X — X be a measure preserving the invertible transfor-
mation of the probability space (X, 3,p). In particular ¢(5) = S and
p(e~1(A)) = p(A) for all A € 3. Then (X, 3,p, ) is called a dynamical
system. The entropy of the partition £ = {A1,..., A,} of the probability
space (X, (3, p) is defined by

H(¢,p) == p(A;)logp(A),
i=1

and the entropy of the dynamical system (X, 8, p, ¢) with respect to the
finite partition £ is given by

h(p,&,p) = lim %H (EVeT @V Ve ():p),

where ¢~ 1(¢) = {go_lAl, . .,gp_lAn}. Then the Kolmogrov- Sinai en-
tropy of the automorphism ¢ is defined by

h(p,p) = Slgp h(g, &, p),

where the supremum is taken over all finite partitions. In the following,
we recall some known concepts of the relative structures.

Let © be an observer on X. Then we say A C O if A\(z) < ©(x) for all
x € X. Moreover, if A1, A9 C © then A1 V Ay and A1 A Ao are subsets of
O, and defined by

(A1 V A2) () = sup {Ai(z), Aa(2)},



OBSERVATIONAL MODELING OF THE KOLMOGOROV-SINAI ENTROPY 103

and
(A A X2)(z) = inf {1 (x), A2(x)},
where z € X.

Definition 2.1. A collection Fg of subsets of © is said to be a og-
algebra in O if Fg satisfies the following conditions [I0],
(i) O € Fp,
(ii) if A € Fo then \' = © — X € Fg. X' is called the complement of
A with respect to O,
(iil) if {A;}$2, is a sequence in Fg then V2, \; = sup; \; € Fo,

(iv) BY doesn’t belong to Fg.

If P, and P, are two og-algebras on X then P; V Ps is the smallest
oe-algebra that contains P} U P, denoted by [P U Ps].

Definition 2.2. A positive ©—measure mg over Fg is a function mg :
Fo — I which is countably additive. This means that if {\;} is a disjoint
countable collection of members of Fg, (i.e. \; C )\;- = © — \j whenever

i # ) then
o (V21A) =D me(N).
i—1

The ©—measure mg has the following properties [I0],
(i) me(xp) =0,
(ii) me ()\l v A) = me(©) and me(\) = me(©) — me()) for all
A € Fo,
(iii) me (A V 1) +me (AA 1) = me(X) +me(u) for each A\, pu € Fo,
(iv) me is a nondecreasing function i.e. if \;n € Fg and A C O,
then mg(\) < me(n).

The triple (X, Fo, mg) is called a ©— measure space and the elements of
Fg are called relative measurable sets. The ©®— measure space (X, Fo, mg)
is called a relative probability ©® —measure space if mg(©) = 1 [I0].

3. ©-RELATIONS AND ATOMS

Definition 3.1. Let (X, Fg, m) be a ©—measure space. The elements
w,A of Fg are called me-disjoint if mg(A A p) = 0.

A ©—relation ‘=(mod me)’ on Fg is defined as bellow

A= p(modmeg) iff me(A) = me(p) = me(AAp), A\ € Fo.

The ©—relation ‘=(mod me)’ is an equivalence relation. Fg denotes
the set of all equivalence classes induced by this relation, and f is the
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equivalence class determined by p. For A\, u € Fo, AA =0 (mod meg)
iff A\, 4 are meo-disjoint. We shall identify i with pu.
Definition 3.2. Let (X, Fg,mg) be a (?—mfaasure space, and P be a
sub-cg-algebra of Fg. Then an element A € P is an atom of P if

(i) me(A) >0,

(ii) for each fi € P such that me(A A u) = me(u) # me(A) then

me(p) = 0.

Theorem 3.3. Let (X, Fo,m) be a ©—measure space, and P be a sub-
oo-algebra of Fo. If A\i,)\o are disjoint atoms of P then they are mg-
disjoint.
Proof. Since A1 A A2 € A1, A1 A Ay € A9, and A\ # Aa(mod mg), we
get A1 A A2 # Ai(mod mg) for at least one ¢ = 1,2. Suppose A1 A A\g #
A2(mod mg). Beacuse Ag is an atom, A\; A A2 = 0(mod me). O

Now, we introduce R.(Fg) as bellow,

R.(Fg) ={P: P is a sub — 0g — algebra of Fowith finite atoms}.
Assume that Fg is a og-algebra, P1, Py € R.(Fg),and {\;;i =1,2,...,n}
and {p;;j =1,...,m} denote the atoms of P; and P, respectively,

then the atoms of Py V Py are A\; A pj which mg(A; A p;) > 0 for each
1<i<n,1 <5< m.

Definition 3.4. Let (X, Fo,mg) be a relative probability ©—measure
space and Pi, P» € R.(Fg). We say that P is an meg-refinement of Py,
denoted by Py <, P, if for each p € P, there exists A € P; such that,
me(AA p) =me(u).
Theorem 3.5. Let (X, Fo,mg) be a relative probability ©—measure
space and Pi, Py, P3 € R.(Fg). If Py <, P2 then,
PV P < <me P,V Ps.
Proof. Let pn € P,V P3. Then p = A A« for some A € Py and v € Ps.

Since Py <o P2, there exists n € Py such that mg(n A A) = me(A).
Now,

me (1)

v

me(n Ay A p)

me(n Ay AN

me(nAA) +me(y) —me((nAA)V7)

me(A) +me(y) —me((nVA)A(AVY)
me(
me(
me(

A) +me(y) —me(nVA) —me(AVy)+me(nVyVA)
AAA)

1)

v
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Hence,
me(n Ay A ) =me(u),
and the result follows. O

4. RELATIVE ENTROPY OF A SUB-09-ALGEBRA WITH FINITE ATOMS

Definition 4.1. Let (X, Fg, mg) be a relative probability ©—measure
space, and P be a sub og-algebra of Fg which P € R,(Fg). The relative
entropy of P is defined as

Hg (P,mg) = Zm® Nog me (1)
ueP

Example 4.2. Let (X,[,p) be a classical probability measure space
and © = xx. Then Fg = {xa : A € B} is a 0p-algebra on X. Define
me(xa) =p(A), A € . Then (X, Fo, mg) is a relative probability ©—
measure space. Let a be a finite sub-o—algebra of f and G = {x4: A €
a}. So, G € R.(Fo) and the relative entropy of G is given by

Ho(G,me) = — Y mo(xa)logme(x )
AeG
== p(A)logp(A
AeG

which is the Kolmogorov-Sinai entropy of the finite classical measurable
sub-o-algebra « of the space (X, 3, p).

Thus, the concept of the relative entropy of a ocg-algebra with finite
atoms is a generalization of the Kolmogorov-Sinai entropy of a finite
measurable o-algebra.

Theorem 4.3. Let (X, Fg,mg) be a relative probability @—me@sure
space, and Py, P, € R.(Fg) which P, = {\;1<i<n} and P, =
{31 < g <m}. If Pr Rpmg P2 and Py <y,g P> then,

Hg(P1,me) < Ho(P,me).

Proof. Suppose that Py <,,, P2. Then for each u; € P, there exists
M € Py such that, me(uj A A\i) = me(p;). Since Py a2,y Po and A;’s
are pairwise m@—disjoint, then

me (1) = me(pj A (VAi))
= Zm@(uj VAN /\i)-
Therefore, meg(1; A A;) = 0 for each i # k. Hence,

me (1) logme(pj) =Y me (i A Xi) logme (pj A Xi).

7
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Now, set a = {(4,j) : me(Xi A ;) > 0}, 8= {i: me(X\;) > 0}. Then
Ho(Py,me) = —Y_ Y me (\i Apy)logme (X A 11y)
i
== > me(\iAu)logme(Xi A )
(3,9) €
> — ) me(Xi A py)logme(N)
(4,4)€a
> — Zlog me () Zm@()\i A f5).
i€f J
Since p;’s are pairwise me-disjoint, we have

H@ Pg,m@ Zlogm@ m@(\/]()\ /\,u]))
i€

:—Zme ) log mg(\;)

= H@(Pl, me).
O
Definition 4.4. Let (X, Fg, mg) be a relative probability ©—measure

space and Pp, P, € R.(Fg). We say that P, and P, are mg-equivalent,
denoted by Pi g P, if the following axioms are satisfied:

() T A€ P then mo(AA (Vi € P}) = mo (V).
(ii) If p € Py then mo(u A (V{N A € P1})) = mo(p).
Theorem 4.5. Let (X, Fo,mg) be a relative probability © —measure
space, and Pi, P> € R(Fg). If P =y Po then,
P =y PV P
Proof. Assume that Py = {)\;;1<i<n} and P» = {p;;1 <j<m}.
We know that,

PV P = {)\1 A g A € Pl,,uj S PQ,m@()\i AN ,uj) > 0}.
Fa={(j):Vij=XAp € PV Py} thena =, {(i,7);j € i} where
Bi = {j;me(Vij) >0} and 1 < i < n. Note that if j ¢ 3; then
me(Vij) = 0 and we have

\/l,]GN‘/;,] \/ZEN( jEBiV;j)
= Vi<i<n (A A (Vieg 1)) -
Since the collections {\;; 1 <4 < n}and {p;;1 < j < m} are me-disjoint,
then we have

me (M A (VijVij)) = me (A A (Vidi A (Vjes, 1))
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=me (M A (Viesit))
=me (M A (Vies, 1))
=me(Vjep, (A A 1))
= Z m@(kaj)

JE€BK

= Z m@(\/ij)

=me (A A (V)
= me(\g)-

O

Theorem 4.6. Let (X, Fo,mg) be a relative probability © —measure
space, and P1, P> € R.(Fg). If P =y Po then,

Hg(P1,me) < Ho(Py V Py,me).

Proof. Suppose that Py ~,, P». By Theorem 3.8 we have P; =,
Py V P5. Now suppose that 6 € P; V P,. Then § = A\; A pu; which \; € 2
and p; € Py. So for \; € P, me(d) = me(d A \;) and therefore we have
P <o P1V P>. Now use Theorem EZ3. Il

Theorem 4.7. Let (X, Fo,meg) be a relative probability © —measure
space, and Pi, P> € R.(Fg). If P =y P then,

He(P1V Py,me) < He(P1,me) + He (P2, me).

Proof. Suppose that g : [0,1] — R be the convex function g(z) = xlog .

Assume that P, = {\;1<i<n} and P, = {p;;1 <j<m}. Take

a; =me(p;),1 < j < mand for a fixed ¢ (1 <i <n) put

_ me(Xi A py)

Tj = ———F"
me (1)

We have,

Y oajzp =y me(\iApw)
j=1 j=1
=me (X A (ViZi45))
=me(\i).
Put
n=A{07):1<i<n,1<j<m,me(XAp;) >0},



108 U. MOHAMMADI

and fB; = {jime (i A pj) > 0}. Let a =3 o), then we get

me(g (o) < f;m@mj)g (o)

me (1)
me (N A ;
= Zm@()\i/\,uj)log ?n( ( I;I’J)
JEBi Oy
or
me(A\; me(A; N [
me ()\z) log ( GOE >> < Z me ()\z- A Mj) log <W> .
JEB: Oy
Now,

n

Ho(Py,me) = = > mo(\i) log me(Mi)

> — Zm@()\i) loga — Z Z me (X A i) logme (N A pj)
i i jEB;
+) > me(i A py) logme (i)
i jEB;
= — Z m@)()\l A ,U,j) logm@()\i A /L]’)
(i.)en
+ Zlogm@(uj) Zm@()\i A j) — logaZm@()\i)
j i i
> Ho(P1V Py,mg) + Zme(,uj A (V) logme (1)
J
= H@(Pl V Pg,m@) — H@(Pg, m@).
Thus, He(P1,me) < He(P1V P2, me). O

5. RELATIVE ENTROPY OF A ©—MEASURE PRESERVING
TRANSFORMATIONS

Definition 5.1. Suppose (X, Fg,mg) be an ©—measure space and O
be a constant observer on X. A transformation ¢ : (X, Fg,mg) —
(X, Fo,ne), is said to be a ©—measure preserving if me (¢~ 1(n)) =
ne (i) for all u € Fg.

Theorem 5.2. Suppose that
2 (X’FG)?m@) — (XaF@an@)

be a © —measure preserving transformations. Then for each P € R, (Fg)
we have,

Ho(P,me) = He (¢ ' (P),me) .
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Proof. Since ¢ is a ©—measure preserving, we have

me(p~ (1)) = ne(w),
then,

He (7' (P),me) == > me (¢ (1) logme (¢~ (1))

O

Definition 5.3. Suppose ¢ : (X, Fg,me) — (X, Fo,ne), be a ©—measure
preserving transformation. If P € R,(Fg), we define the relative entropy
of ¢ with respect to P as

he (e, P,me) = Jim He (VI o™ (P),me) .
Theorem 5.4. hm 1He (v" 0@ H(P),me) exsists.

Proof. Let A
a, = Hg (\/?Z_Olw_l(P), m@) > 0.
Using Theorem B4 and Theorem b=, we have

antr = He ( n+ok 190 (P),m®>
< Ho (Vi) ¢~ (P),me) + Ho (ViZA~'¢7'(P),mo)
= an + ag.
So, for each n, k we have a1k < a, + ax. Now, by Theorem 4.9 in [[]

. (7% .
lim,,_,oo — exists. O
n

Theorem 5.5. Let ¢ : (X, Fg,me) — (X, Fo,ne), be a ©—measure
preserving transformations and P € R,(Fg). Then,
(1) h@ (90790_1( )) - h@(% P);
(ii) he (cp, 0190*1( )) = he(p, P) for every r > 1.
Proof. (i) It is obvious.
(ii) We have

) 1 ) .
he (¢, V197 (P)yme) = Tim ~He (VIZe™ (ViZge™ (P)) yme )

n—oo N

— fim L He (ViZ3 2" (P), me)

n—oo N
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) <r+n—2>( 1 )
= lim
n—00 n T+n—2

x He (ViT32¢ 7 (P),me)
he (@, p(P),me) -

g

Theorem 5.6. Let ¢ : (X, Fg,me) — (X, Fo,ne), be a ©—measure
preserving transformations and P, P, € R.(Fg). If Pi =y P2 and
P Sm@ P, then h@(valam@) < h@(@,Pg,m@)-

Proof. The result follows from Theorem EZ3. O

6. RELATIVE ENTROPY AND (O, ©2)-ISOMORPHIC DYNAMICAL
SYSTEMS

Definition 6.1. A relative semi-dynamical system is denoted by (X, Fg, me, ¢)
which (X, Fg, me) is a relative probability ©-measure space and ¢ is a
©—measure preserving transformations.

Definition 6.2. Let (X, Fg,me, ) be a relative semi-dynamical sys-
tem and L € R.(Fg). Suppose [L]e denotes the mg-equivalence class
induced by L. Then the relative entropy he(p, [L]e) of ¢ on L is defined
as

he (¢, [Lle,me) = sup he (¢, P,me) .
PG[L}@

Definition 6.3. Suppose (X1, Fg,, me,) be a ©1—measure space and
(X2, Fo,,ne,) be a ©y—measure space. A transformation
¢ (X1, Fo,,me,) = (X2, Fo,, ne,),

is said to be a (©1, ©2)—measure preserving if

(i) ¢! (n) € Fo, forevery p € Fo,, where o~ (1) (z) = p(p(x)),Vz €

X,

(i) me, (¢~ (1) = ne, (1) for all u € Fo,.
Theorem 6.4. Suppose ¢ : (X1, Fo,,me,) — (X2,Fe,,ne,), be a
(©1, ©2)—measure preserving transformations. Then for each P € R.(Feo,)
we have,

He, (P7 m@2) = He, (wil(P% m91)'
Proof. By Theorem b=, the proof is clear. 0
Definition 6.5. A relative semi-dynamical system ¢1 = (X1, Fo,, me,)
is a (01, ©2)—factor of the relative semi-dynamical system ¢o = (X2, Fo,, ne,)

if there exists an onto (01, ©2)—measure preserving transformations
(called homomorphism) 1 : ¢2 — ¢1 such that,

o = pro1.
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Theorem 6.6. Let ¢ = (X1, Fo,,me,) be a (©1,02)—factor of the
relative semi-dynamical system ¢2 = (X2, Fo,,ne,). Then for each L €
R*(FQ);

h@l (‘Pla W—l(L)] o, vm@1) < h@2 (9027 [L]@27m92) )
Where 1) : ¢po — ¢1 is the corresponding homomorphism.

Proof. Suppose that P € [L]g,. Then by Theorem B4,

H92(P7 m92) = He, (w_l(P)vm@l)'

Now,

h@2 ((pg, P, m@2) = lim H@2

,m
n—00 n 0 ('02 ©2 )

= lim H@1 v (ViZg ey ' (P)), mey,)

(Vi
i (
(V3
(v

= lim_ He S0 ey (P),me,)
1
= lim — " Ho, (Vimgor v (P). me,)

= h@l (901’¢ 1(P>7m®1) .

As P ranges over an mg,-equivalence class [L]g, in Ri(Fo,), 1 (P)
ranges over a subset of the mg,-equivalence class [ty "1 (L)]g, in R.(Fe,).
O

Definition 6.7. Two relative semi-dynamical systems ¢; = (X1, Fo,, me,)
and ¢2 = (X2, Fo,, me,) are said to be (01, ©2)-isomorphic if there ex-
ists an invertible relative (01, ©2)—measure preserving transformations

Y : @1 — ¢o (i.e both 1) and 1~! are relative measure preserving trans-
formations) such that,

Yop1 = pa01).
The mapping © is called (01, O2)-isomorphism.

Theorem 6.8. Let ¢1 and ¢o be (01, 04)-isomorphic semi-dynamical
systems. Then for each L € R.(Feg,),

h®1 (@17 [1/}71(-[/)]@1 7m@1> = h@z ((1027 [L]@2 7m@2) )
which 1 : g1 — @2 is the corresponding (01, O2)-isomorphism.

Proof. The result follows from Theorem G8. 0
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7. RELATIVE ENTROPY AND mg@-GENERATORS OF RELATIVE
SEMI-DYNAMICAL SYSTEMS

Definition 7.1. The relative entropy of the relative semi-dynamical
system (X, Fo, me, ¢) is the number hg (¢, mg) defined by,

he (¢, me) = sup he (v, P,me) ,
where the supremum is taken over all sub-ocg-algebras of Fg which P €
R.(Fo).

Definition 7.2. P € R,(Fg) is said to be an meg-generator of the
relative semi-dynamical system (X, Fgo,me, ) if there exists an integer
r > 0 such that,

Q Sm@ ngow_ipa
for each Q € R.(Fo).

Theorem 7.3. If P is an mg-generator of the relative semi-dynamical
system (X, Fo,me, ) then,

he (¢, Q,me) < he (¢, P,me) ,
for each Q € R.(Fo).

Proof. Let Q € R.(Fo) be any arbitrary sub-ce-algebra of Fg. Since P
is an me-generator, @ <,,o Vi_yp *P follows from Theorem b,

he (¢, Q,me) < he (¢, Vigp 'Pyme)
= he (¢, P,me).
O

Now we can deduce the following version of the Kolmogorov-Sinai
theorem.

Theorem 7.4. If P is an mg-generator of the relative semi-dynamical
system (X, Fo, meg, @) then,

h@(@, m@) = h@(QO, P? m@)'
Proof. It is obvious. O

Theorem 7.5. Let (X, Fg,me, ) be a relative semi-dynamical system.
Then, the map meg — ho(p, me) is affine, i.e,

he(p, Ame + (1 — N)ne) = Ahe(p,me) + (1 — Nhe(p,ne),

for each pair mg and ng of the relative probability ©-measures and

A e [0,1].
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Proof. Suppose that P € R.(Fg). If mg and ng are two relative prob-
ability ©—measures and A € [0, 1] then,

(7.1) Heo (P,Ame + (1 — N)ne) > AHe (P,me) + (1 — A\)Hg (P, ng).

The ‘concavity’ inequality (I) is a direct consequence of the defini-
tion of He(P,me) and the ‘concavity’ of the function z — —zlogz.
Conversely, one has inequalities

—log (Ame (1) + (1 = Mne () < —log A — log me (1),
and
—log(Ame(p:) + (1 — Mne(wi)) < —log(l — A) — logne(u:).

Because x — —log x is decreasing, therfore, one obtains the ’convexity’
bound,

(7.2) Ho(P,Ameo + (1 — AM)ne) < AH(P,me) + (1 — \)H(P,ne)
—Alog A — (1 —X)log (1 — ).
Now replacing P by \/nfolgo_i(P) in (), dividing by n and taking the

1=
lim gives
n—oo

he(p, P,Amg + (1 — MN)neg) > Ahe(p, P,me) + (1 — Nhe(p, P,ne).
Similarly from (IZ2), since

—(Alog A+ (1 =N log (1 —N)) .0

as n — oo, one deduces the converse inequality
he (¢, P, Ame + (1 — Mne) < A\heg (go, P,mg) + (1 — )\)h@ (p, P, n@).

Hence one concludes that the map mg — he(p, P, mg) is affine. Finally,
it follows from Theorem [ that the relative entropy is affine. g

This is somewhat surprising and is of great significance in the appli-
cation of the relative entropy.

8. CONCLUDING REMARKS AND OPEN PROBLEMS

In this paper, the notion of the relative entropy for a sub-cg-algebra
with finite atoms is presented. The entropy of a relative semi-dynamical
system is defined using the observer notion and its properties are investi-
gated. Also, the notion of an mg-generator for a relative semi-dynamical
system is introduced and a relative version of Kolmogorov-Sinai theo-
rem concerning the entropy of a relative semi-dynamical system is given.
Finally, it is proved that the relative entropy of a relative ©-measure pre-
serving transformations with respect to a relative sub-cg-algebra having
finite atoms is affine.
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An interesting open problem is to establish a theorem on existence of
me-generators for relative semi-dynamical systems.
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