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Common Fixed Point Theory in Modified Intuitionistic
Probabilistic Metric Spaces with Common Property (E.A.)

Hamid Shayanpour' and Asiyeh Nematizadeh?*

ABSTRACT. In this paper, we define the concepts of modified
intuitionistic probabilistic metric spaces, the property (E.A.) and
the common property (E.A.) in modified intuitionistic probabilistic
metric spaces.

Then, by the common property (E.A.), we prove some common
fixed point theorems in modified intuitionistic Menger probabilistic
metric spaces satisfying an implicit relation.

1. INTRODUCTION AND PRELIMINARIES

Probabilistic metric spaces (abbreviated, PM spaces) have been intro-
duced and studied in 1942 by Karl Menger in [19]. The idea of Menger
was to use distribution functions instead of nonnegative real numbers
as values of the metric. The notion of a PM space corresponds to the
situation when we do not know exactly the distance between two points,
and we know only probabilities of possible values of this distance. In fact
the study of such spaces received an impetus with the pioneering works
of Schweizer and Sklar ([23] and [24]). The study of fixed point theo-
rems in PM spaces is also a topic of recent interest and forms an active
direction of research. Sehgal et al. [25] made the first ever effort in this
direction. Since then, several authors have already studied fixed point
and common fixed point theorems in PM spaces ([0, I, 6, 20, 2R]).
Kutukcu et. al [I5] introduced the notion of intuitionistic Menger spaces
with the help of t-norms and t-conorms as a generalization of Menger
space due to Menger [T9]. Further, they introduced the notion of Cauchy
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sequences and found a necessary and sufficient condition for an intuition-
istic Menger space to be complete. Sharma et. al [26] introduced the
new concepts of subcompatibility and subsequential continuity which
are respectively weaker than occasionally weak compatibility and re-
ciprocal continuity in intuitionistic Menger space to prove a common
fixed point theorem. Goudarzi [8] introduced a definition of the con-
traction which is a the generalization of some old definitions and he
proved a result in generalized fixed point theory on intuitionistic Menger
spaces. Many authors have studied intuitionistic Menger spaces (see
[2, 9, 12, 7, IR, 27, 30]).

In 1986, Jungck [I3] introduced the notion of the compatible maps for
a pair of self-maps in a metric space. In 1991, Mishra [21] introduced
the notion of compatible mappings in probabilistic metric spaces. It
is seen that most of the common fixed point theorems for contraction
mappings invariably require a compatibility condition besides assuming
continuity of at least one of the mappings. Later on, Singh et. al [2§]
introduced the notion of weakly compatible mappings and proved some
fixed point theorems in Menger spaces. In 2002, Aamri et. al [1] defined
a property (E.A) for self-maps which contained the class of noncompat-
ible maps. Recently, Kubiaczyk et. al [I4] proved some common fixed
point theorems under some strict contractive conditions for weakly com-
patible mappings satisfying the property (E.A) due to Aamri et. al [].
Subsequently, there are a number of results which contained the notions
of property (E.A) and common property (E.A) in Menger spaces (see
3, B, @, 29]).

In this paper, we first define the concept of modified intuitionistic
probabilistic metric spaces (abbreviated, IPM space), then we utilize the
notation of the property (E.A.) and common property (E.A) to prove
some common fixed point theorems in modified intuitionistic Menger
PM spaces (abbreviated, IMPM space). We show that if A, B, S and T
be four self-mappings of an IMPM space (X, u, T) such that the pairs
(A,S) and (B,T) share the common property (E.A.) and the subsets
S(X) and T(X) of X are closed, then under certain conditions A, B, S
and T have a unique common fixed point in X. Also, we show that
if A,B,S and T be four self-mappings of an IMPM space (X, u,T)
such that the pair (A,S) (or (B,T)) satisfies the property (E.A.) and
A(X) CcT(X) (or B(X) C S(X)), then under certain conditions A, B, S
and T have a unique common fixed point in X.

Next we shall recall some well-known definitions and results in the
theory of probabilistic metric spaces which are used later in this paper.
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Definition 1.1. A distance distribution function is a function F' :
R — [0.1], that is nondecreasing and left continuous on R, moreover,
infier F(t) = 0 and sup;cg F(t) = 1.

The set of all the distance distribution functions (d.d.f.) such that
F(0) = 0, is denoted by A*. In particular for every a € R, ¢, is the

1 a

0 z<a.

The space AT is partially ordered by the usual pointwise ordering of
functions and the maximal element for AT in this order is €.

Definition 1.2. A nondistance distribution function is a function L :
R — [0,1], that is nonincreasing and left continuous on R, moreover,
infier L(t) = 0 and sup;cp L(t) = 1.

The family of all nondistance distribution functions (n.d.f.) such that
L(0) = 1, is denoted by I't. In particular for every a € R, (, is the

(n.d.f.) defined by
0 x>a,
al@) = {1 z < a.

Unfortunately in many papers, the nondistance distribution function is
defined as infier L(t) = 1 and sup,cg L(t) = 0, which contradicts by
the definitions of supremum and infimum of a function. The space I'"
is partially ordered by the usual pointwise ordering of functions and the
minimal element for I'" in this order is (.

The functions F), 4(t) and L, ,(t) denote the degree of nearness and the
degree of non-nearness between p and g with respect to ¢, respectively.

The collection of all pairs (s1,s2) € AT xI'" such that sq(¢)+s2(t) < 1
for all t € R, will be denoted by A. That is,

A={(s1,82) : 51 €AT, s €T and s1(t) +s2(t) <1, for allt € R}.

We denote its unit by 15 = (g9, (o). We endow the product space AT x
'™ with the following partial order:

(,y) < (w,0) & w(t) <u(t), y(t) = o(t),
for all (x,y), (u,v) € AT x 't and for all t € R.

Definition 1.3. A modified intuitionistic probabilistic metric space (ab-
breviated, I PM space) is an ordered pair (X, pt), where X is a nonempty
set and 11 X x X — A (u(p, q) is denoted by pp ), satisfies the following
conditions:

(1) mpq(t) = 1a(t) iff p=gq,
(1) pp,q(t) = pgp(t),
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(iil) ppq(t) = 1a(t) and pgr(s) = 1a(s), then pp,(s+1t) = 1x(s+1),
for every p,q,r € X and ¢,s > 0. In this case, j, 4 is called a modified
intuitionistic probabilistic metric on X.

Lemma 1.4 ([6]). Consider the set L* and the operation <p- defined
by

L* ={(a1,a2) : a1,a2 € [0,1] and ay + az < 1},
(a1,a2) <p (b1,b2) iff a1 < by and by < ag, for every (a1,az), (b1,b2) €
L*. Then (L*,<p+) is a complete lattice.

We denote its units by Oz« = (0,0) and 17- = (1,0). For z; =
(i, yi) € L*;i=1,...,n, if ¢; € [0,1] such that
n
Zci = 1,
i=1
then it is easy to see that
n

cr(z1,y1) + -+ enlTn, Yn) = Zcz(ﬂfuyz)
i=1

n n
= (Z Ci;, Z cl-yi> e L*.
1=1 =1

Definition 1.5. A continuous triangular norm (abbreviated, continuous
t-norm) is a binary operation 7" : [0, 1] x [0, 1] — [0, 1] which is contin-
uous, commutative, associative and nondecreasing with respect to each
variable and has 1 as the unit element i.e., T'(1,x) = z, for all x € [0, 1].

Basic examples of continuous t-norms are Tps(a,b) = min{a,b} and
Tp(a,b) = ab.

Definition 1.6. A binary operation S : [0, 1] x [0,1] — [0, 1] is a con-
tinuous triangular conorm (abbreviated, continuous t-conorm) if S is
continuous commutative, associative and nondecreasing with respect to
each variable and has 0 as the unit element i.e., S(0,z) = z, for all
z € [0,1].

Let T be a t-norm. If 7% : [0,1] x [0, 1] — [0, 1] is defined by T*(a,b) =
1-T(1—a,1—0), for all a,b € [0,1], then T* is a t-conorm (t-conorm
of T). Two typical examples of continuous t-conorms are Sy(a,b) =

max{a, b} and Sr(a,b) = min{l, a + b}.

Using the lattice (L*, <p«), these definitions can straightforwardly be
extended.

Definition 1.7. A triangular norm (briefly, t-norm) on L* is a mapping
T . L*x L* — L* satisfying the following conditions for all a, b, ¢, d € L*:
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(i) T(a,1z-) =

(i) T(a, ) (b a),

(iii) 7(a, T(b,¢)) = T(T(a,b), ),

(iv) if @ <p« ¢ and b <y« d, then T (a,b) <y« T(c,d).

Definition 1.8. A continuous t-norm 7 on L* is called continuous t-
representable iff there exist a continuous t-norm 7' and a continuous
t-conorm S on [0, 1] such that, for all @ = (a1, a2), b = (b1,b2) € L*,

T (a,b) = (T (a1,b1),S (az,b2)) .
Now, we define a sequence {7"} recursively by 71 = T and
T2ty Tng1) = T(T N1, .o, 20), Tns1),
forn > 2 and x; € L*.

Definition 1.9. A negator on L* is any decreasing mapping N : L* —
L* satisfying N (0p+) = 1+ and N(1+) = 0z«. If N(N(z)) = z, for
all z € L*, then N is called an involutive negator. A negator on [0, 1]
is a decreasing mapping N : [0,1] — [0,1] satisfying N(0) = 1 and
N(1) = 0. The standard negator on [0, 1] defined as (for all = € [0, 1])
Ny(z) =1— .

Definition 1.10. A modified intuitionistic Menger PM space (briefly,
IMPM space) is a triplet (X, u,7T), where (X, ) is an IPM space and
T is a continuous t-representable on L* such that for all x,y,z € X and
t,s > 0:

Haz,y (t+5) 2L T (pa,z (B) s pay (8)) -

Remark 1.11. In an IMPM space (X, i, T), if pgy = (Fyy, Lz,y) such
that F, € At and L, € I'", since F} ,(.) is nondecreasing and Ly ,(.)
is nonincreasing for all z,y € X, then by the partial order on A, py ()
is a nondecreasing function on A for all z,y € X.

Example 1.12. Let (X,d) be a metric space. For all a = (a;,as) and
b= (b1,b2) € L*, denote T (a,b) = (min{ay, b1 }, max{ag, b2}) and for all
z,y € X, let Fy, and L, , be (d.d.f.) and (n.d.f.) respectively defined
as follows:

Py (8) = (Fay (), Lay (1))

_ ( pt" gd(z,y) >
pt" + qd(z,y)’ pt" + qd(z,y) )’
for all p, g, n,t € (0,00). With a simple calculation, we see that (X, u, T)
is an IMPM space.
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Example 1.13. Let X = N and 7 (a,b) = (max{0,a; + by — 1},a2 +
by — agbe) for all a = (a1,a2) and b = (by,be) € L* and for all z,y € X,
let F,y and L, be (d.d.f.) and (n.d.f.), respectively defined as follows:

fay () = (Fry (1) s Lay (1))

T — T
77y :I:Syu
_J\y oy
$_
Y, Y y <,
T X

for all ¢ > 0. Then it is easy to see that (X, u,7) is an IMPM space.

Remark 1.14. Every probabilistic Menger space (X, F,T') is an IMPM
space of the form (X, u,T) such that 7 = (7,S) and pu = (F, L) where
S is the associated t-conorm, i.e., S(a,b) =1—T(1 —a,1 —b) for any
a,be 0,1} and L,y =1— F,, for any z,y € X.

Definition 1.15. Let (X, u,7) be an IMPM space. For ¢t > 0, define

the open ball B(z,r,t) with center x € X and radius r € (0, 1) is defined
as

B(z,r,t) ={y € X : g y(t) >r (Ns(r),r)},
Where N is the standard negator.

Similar to the proof of [22], we obtain the following result:

Proposition 1.16. Let (X, pu,T) be an IMPM space. Define 7, = {A
X : for each x € A, there existt > 0 and r € (0,1) such that B(x,r,t)
A}. Then 1, is a Hausdorff topology on X .

-
-

Proposition 1.17. Every open ball B(x,r,t) is an open set.

Proof. Similar to the proof of Theorem 3.2 of [22], the desired result can
be archived. U

Remark 1.18. From Proposition [Td and Proposition 18, every mod-
ified intuitionistic probabilistic metric p on X generates a topology
7, on X which has as a bases of the family of open sets of the form
{B(z,r,t): x € X, r € (0,1), t > 0}.

Definition 1.19. A sequence (z,,) in an IMPM space (X, u, 7) is said
to be convergent to x in X, if pg, .(t) — 1p+, whenever n — oo for
every t > 0.

Definition 1.20. A sequence () in an IMPM space (X, u, T) is called
a Cauchy sequence if for each 0 < € < 1 and t > 0, there exists a positive
integer ng € N such that

P (8) > 17 (Ns(€), €)

for each m,n > ng, Where N is the standard negator.
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An IMPM space is said to be complete if and only if every Cauchy
sequence is convergent.

Proposition 1.21. The limit of a convergent sequence in an IMPM
space (X, p,T) is unique.

Proof. This is trivial. O

Definition 1.22. Let f and g be two self-mappings from an IMPM
space (X, i, 7). Then the pair (f,g) is said to be weakly compatible if
they commute at their coincidence points, that is, fo = gx implies that

fgz=gfr.
Definition 1.23. Let f and g be two self-mappings from an IMPM
space (X, p, T). Then the pair (f,g) is said to be compatible if

W fifge, gfe,(t) =10, V>0,

n—oo

whenever (z,) is a sequence in X such that

lim fz, = lim gz, =2 € X.
n—oo n—oo

Definition 1.24. Let f and g be two self-mappings from an IMPM
space (X, u,T). Then the pair (f,g) is said to be non-compatible if
there exists at least one sequence (x,,) in X such that

lim fx, = lim gx, =z € X,
n—oo n—oo

but
nh_{go HRfgzn,gfzn (t> # 1+,
or non-existent for at least one ¢ > 0.

Proposition 1.25. If self-mappings f and g of an IMPM space (X, u,T)
are compatible, then they are weakly compatible.

Proof. Let f,g : X — X be compatible mappings and z € X be a
coincidence point of f and ¢g. Let x, = =z, then since f and g are
compatible mappings, we have lim fz, = fr = gx = lim gz, and for
n—oo n—oo
all t > 0,
nh—>n<;o ,U*fgac,gfx(t) - nh—>nolo Kfgzn,gfzn (t) = 1L*7

so fgxr = gfx, therefore f and g are weakly compatible. O
The converse is not true as seen in the following example.

Example 1.26. Let (X, 1, 7) be an IMPM space, where X = [0, 2] and

t |z —y )
t — bl )
pay(?) <t+\x—y PR P
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for all ¢ > 0 and x,y € X. Denote T (a,b) = (min{ay, by }, max{asz, ba})
for all a = (a1,a2) and b = (by,b2) € L*. Define self-maps f and g on X
as follows:

2 0<z<1, 2 =1,
S EAR IR C R FIE N

Then we have g1l = f1 =2 and g2 = f2 = 1. Also gf1 = fgl =1
and gf2 = fg2 = 2. Thus the pair (f,g) is weakly compatible. But if

(a;n:2—%),then fxn = 1—i

A fnggwnzl_m Thusfxn—>1,
g, — 1. Further gfx, = 5T W,fgxn = 2. Now
n
Jim g6, g, (1) = lim Hoao1 (t)
5 20n
6
_ |t 5
- t+ & t+ 6
5 5
<L* 1L*a

for any ¢ > 0. Hence the pair (f, g) is not compatible.

Definition 1.27. Let f and g be two self-mappings of an IMPM space
(X, 1, T). Then the pair (f, g) satisfy the property (E.A.) if there exists
a sequence (x,) in X such that

nll)Iglo 'u'fxn:u(t) = nh—)nc}o ngnyu(t) = 1L*7
for some v € X and for all ¢ > 0.

Example 1.28. Let (X, u, T) be the IMPM space, where X = R, for all
a = (ai,a2) and b = (by,b2) € L*, T(a,b) = (min{ay, b1 }, max{az, ba})

and
t |z — y| )
t — 9 )
Hay(t) <t+u—yrwx—m

for every z,y € X and ¢t > 0. Define self-maps f and g on X as follows:

fr=2zx+1, gr =z + 2.
1
Consider the sequence (xn =1+ ), n=1,2,.... Thus we have
n

i g, 3(0) = m pige, 3(t) = 1z-,

for every ¢t > 0. Then f and g satisfy the property (E.A.).
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In the next example, we show that there do exist pairs of mappings
which do not share the property (E.A.).

Example 1.29. Let (X,u,T) be the IMPM space, where T (a,b) =
(min{a1, b1 }, max{as, bo}) for all a = (a1,a2) and b = (by,b2) € L*, X =R

and | |
t T —y

t — 9 1)

meol® = (g 7 oot

for every x,y € X and t > 0. Define self-maps f and g on X as
fr=x+1, gr =x+ 2. If there exists a sequence (z,) such that

nh_>ngo :ufxn,u(t) = nh_)rgo Mg:vn,u(t) = 1p~,
for some u € X, then

nli)ngo ,"Lfmn,u(t) = nII*)I{.lO lu’$n+17u(t) = ’I'Lh*>n(.)lo uxnvu_l(t) = 1L*7

and
nh_)nolo Ng:rn,U(t) = nh_g)lo N:fcn+2,U(t) = 7}1_{20 N:vn,qu(t) =1g~.

So, £, — u — 1 and z, — u — 2 which is a contradiction by the
Proposition Z0. Hence f and g do not satisfy the property (E.A.).

Definition 1.30. Two pairs (f,S) and (g,T) of self-mappings of an
IMPM space (X, pu, T) are said to satisfy the common property (FE.A.)
if there exist two sequences (x,) and (y,) in X such that

M pipe, w(t) = M puse, o(t) = B pigy, o(t) = M gy, o) = 1o,
for some v € X and for all ¢ > 0.

Definition 1.31. Two finite families of self-mappings (f;);~, and (gx)r_,
of a set X are said to be pairwise commuting if:
(11) gkgi = gi9k kal € {1a2a"'7n}a
(iil) figk =9gxfi 1€ {1,2,...,m} and k € {1,2,...,n}.
Let ¥ be the set of all continuous functions F : L** — L*, satisfying
the following conditions:
(F1) if F(u,v,u,v,v,u) >+ Or« or F(u,v,v,u,u,v) >+ Or« for all
u,v >+ (0,1), then u >y« v,
(F2) F(u,u, lL*, lL*,u,u) >r Op« implies that u > lL*,
for all u = (uy,uz2),v = (v1,v2) € L*.
Example 1.32. Define
F(tl,tg, ts, t4,ts, t(;) = 15t1 — 13ty + 5ty — Tty + t5 — t6,
then F' € W.
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Example 1.33. Define

1 5 1
F(ti,to,t3,ta,t5,t6) = t1 — 5752 - gtg + §t4 —t5 + te,

then F' € W.
Example 1.34. Define
F(t1, tg, t3, ta, t5, te) = 18ty — 16ty + 8t3 — 10t4 + t5 — tg,
then F' € W.
Proposition 1.35. [@, 2.5.3] If (X, F,T') is a probabilistic Menger space
and T is continuous, then probabilistic distance function F is a lower

semi continuous function of points, i.e. for every fixed point t > 0, if
Tp — T and Yy, — Yy, then

liminf F, . (t) = Fyp4(t).

n—o0

2. MAIN RESULTS

The following lemma is proved to interrelate the property (E.A.) with
common the property (E.A.) in the setting of IMPM spaces.

Lemma 2.1. Let A, B, S and T be four self-mappings of an IMPM space
(X, u, T) satisfying the following conditions:
(i) the pair (A,S) (or (B,T)) satisfies the property (E.A.),
(ii) A(X) CT(X), (or B(X)C S(X)),
(iii) B(yn) converges for every sequence (yp) in X whenever T (yy)
converges (or A(xy,) converges for every sequence (zp) in X

whenever S(xy,) converges),
(iv) for allz,y € X,s>0,F € ¥,

(2.1) F (paw,By(8), tsa,1y(8), kry,By(S), Hsz,Az(5),
[Az,Ty(5); se,By(S)) =L OL-.
Then the pairs (A, S) and (B,T) share the common property (E.A.).

Proof. Since the pair (A, S) enjoys the property (E.A.), there exists a
sequence (z) in X such that

lim Az, = lim Sz, =z, for some z € X.
n—oo n—oo

Let
fay(8) = (Fiuy(8), Lay(s)),
where ' € AT and L € I'". Now, by Proposition =33, we have

liminf Fag, sa,(s) = 1.
n—oo
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Since

limsup Fag, Sz, (s) > liminf Fa,, sq,.(s) =1,
n—o00 n—=00

then
lim Fag, sz,(s) = 1.
n—oo
Let G =1— L, then G € AT and in the same way we can show that

lim Gag, Sz,(s) = 1.

n—oo
Hence

nh—>Holo LAxn,S:pn (5) =0,
therefore

lim pag, Sz,(s) = (1,0) = 1p.
n—oo

Since A(X) C T(X), so for the sequence (z,) there exists a sequence
(yn) in X such that Az, = Ty,. We also have

nll{go ,UAwn,Tyn (S) = (17 0) = ]‘L* = nh_{go :uTyn,Smn (8)
Now by the triangle inequality for p and arbitrary € > 0 we have
(22) qunyByn (S) Z T(NAxn,Tyn (6) 7/’[/Tyanyn (S - 6)) .
Now by taking the lim inf as n — oo, we have
liminf o4z, By, (s) > T (Q{g{gf Pz, Ty, (€) iminf pry, gy, (s — 6))
=T (1L*ahnrglcgf KTy, Byn (5 = e))
= liminf piry, py, (s =€),
since € is arbitrary, so we have
hnrggéf /J’AwnyByn (S) 2 l%nnl)gf /’LTyn:Byn (S)
If we change the roles of Ax,, and Ty,, we get
hnn_lgogf KAz, Byn (8) < hnH_l)loIéf HTy,,Byn (S)a

therefore,
Similarly, we can show that

liminf yusz, By, () = iminf pry, gy, (s).
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Instead of liminf, if we take the limsup of (E2), then by the same
method we can show that

lim sup ft Az, By, (5) = limsup psz, By, (5)
n—oo n—oo

= lim sup HTyn,Byn (S)
n—oo

Now, we show that

Jlim pipy, 2 (s) = 1p-.

By using inequality (21), we have

(23) F(/“LA$7L7Byn (8)7 /’LSZ'n7Tyn (8)7 :uTyn,Byn (8)7 ,U‘SZEnyA-Tn (S)
s WAz Ty, (5), HSw,, By, (5)) =L+ OL-.
Now, by taking the liminf as n — oo, we get
F(iminf gz, By, (5), iminf psg, 1y, (s), imiof gy, By, (5),
liminf sy, Az, (5), Wminf pag, y, (s), iminf jis;, By, (s)) 21 O~
So, we have
F(liminf pag, By, (5), Lo iminf pag, gy, (s), 11-
g iminf pag, gy, (s)) 21 O~
Since
hnrggéf :qumByn (S) = hnn—lgo%f IqunyByn (S)
= liminf pi4z,, By, (5),
then, by using (F1), we get
1 1 >k *
liminf 14z, By, (5) 21 1ps,
for all s > 0, so that lini)inf Faz, By, (s) =1. Let T = (T, S) where T is
n o0

a continuous t-norm and S is a continuous ¢-conorm. Now, by triangle
inequality for F' and arbitrary € > 0, we have

FAitanyn (8) Z T(FAwnaz(e)’ szByn (8 - 6))

Now, by taking the liminf as n — oo, we get

n—oo

liminf Fag, gy, (s) > T (linrg inf P, -(), lim inf F. gy, (s — e))

=T (1, llnrr_lgoréf F. By, (s — e))

= liminf . py, (s —¢),
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since € is arbitrary, so we have
llnn’_l)lgéf FAxn,Byn (8) Z hnnigf szByn (8) .
If we change the roles of Az, and z, we get

liminf Fag, By, (s) < linrr_l)i£f F. By, (9),

n—oo
therefore,
l%gf szByn (S) = hnn;l)g.}f FAxnaByn (S) =1
Since
limsup F; By, (s) > liminf F, B, (s) =1,
n—00 n—o0
then
nh_>ngo FZ,Byn (8) =1
Since

lim sup f1 Az, By, ($) = imsup pgz,, By, (5)
n—oo n—0o0

= lim sup i1y, By, (5),
n—oo

if we take the limsup of (Z33) and use (F1), then we get
lim sup ptaz, By, (S) =1+ 1r+,

n—oo
for all s > 0, so we get

limsup L az,, By, (s) < 0.

n—oo
Since
liminf L Az, By, (s) < limsup Lag, By, (s) <0,

n—00 n—o00

and L € I'T, then we have

nlggo L Az, By, (s) =0.

Now, by triangle inequality for L, in the same way we can show that

nh—>Holo Lz,Byn (S) = nh—>nc}o LAacn,Byn (8)>

SO
nILngO L. By, (s) =0,
therefore
nh—>nolo Hz,Byn (S) = (11 0) = 1L*a
then
lim By, = z.
n—oo

By the same method we can show that

lim Ty, = z,

n—o0

43
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which shows that the pairs (A, S) and (B, T') share the common property
(E.A.). O

Our next result is a common fixed point theorem via the common
property (E.A.).
Theorem 2.2. Let A,B,S and T be four self-mappings of an IMPM
space (X, p, T) satisfying the condition (E1). Suppose that
(i) the pairs (A,S) and (B,T) share the common property (E.A.),
(ii) S(X) and T(X) are closed subsets of X.

Then the pair (A, S) as well as (B,T') have a coincidence point. More-
over, A, B,S and T have a unique common fized point in X provided
that both the pairs (A,S) and (B,T) are weakly compatible.

Proof. Since the pairs (A4,S) and (B,T) share the common property
(E.A.), there exist two sequences (x,) and (y,) in X such that

lim Az, = lim Sz, = lim By, = lim Ty, = z, for some z € X.
n—oo n—oo n—oo n—oo

Since S(X) is a closed subset of X, therefore
lim Sz, =z € S(X).

n—o0
Also, there exists a point © € X such that Su = z. By the proof of the
above lemma, we can show that
oyl #5uTun(8) = I Bowpyn(8) = 10 By T (8) = 1,
and
hnlgl;.}f H ATy, (S) = hnnigo%f M Au, By, (S) = /JAu,Su(S)‘
Now we show that j1ay,54(5) = 1r+. By using inequality (21), we have

F(NAU,Byn (s), HSu,Tyn (s), HTyn,Byn (s), NSU,Au(S)
s WAw,Tyn (), 1S, By, (5)) =1+ Orx,

now taking the liminf as n — oo , we get

F (lim inf p1au, By, (8), 1o, Lox, praw,su(8), iminf pay 1y, (5), 1L*) > Op.
n—00 n—00

Using (F'1), we get

liminf p 4y, By, (s) >1+ 11+, for all s >0,
n—o0

so that

lim inf pau, 5y, (5) = 1+
Therefore pay su(s) = 1r+, that is Au = z = Su. Thus, u is a coin-
cidence point of the pair (A4,S). Since T'(X) is a closed subset of X,

therefore
lim Ty, =z € T(X).

n—oo



COMMON FIXED POINT THEORY IN MODIFIED INTUITIONISTIC ... 45

So, there exists a point w € X such that Tw = z. By the same method
we can show that w is a coincidence point of the pair (B,T).

Since Au = z = Su and the pair (A, S) is weakly compatible, therefore
Az = ASu = SAu = Sz. Now we need to show that z is a common
fixed point of the pair (A4, S), so we show that p, .(s) = 17+. By using
inequality (E-1), we have

F(:U'Az,Bw(S)a MSZ,Tw(S)a MTw,Bw(S)v MSZ,AZ(S)v NAZ,Tw(S)v NSz,Bw(S)) ZL* OL*;
implying thereby

F(,UAZ,Z(S)7 ,UAz,z(S), 1L*, 1L*>NAz,z(5)7 MAz,z(s)) >+ Op=.

Using (F2), we get p1a, .(s) >+ 11+, for all s > 0, so that pa. .(s) =
17+, that is Az = z which shows that z is a common fixed point of the
pair (4, 5).

Also Bw = z = Tw and the pair (B, T) is weakly compatible, therefore
Bz = BTw = TBw = Tz. By the same method we can show that z is a
common fixed point of the pair (B,T"). Uniqueness of the common fixed

point is an easy consequence of inequality (270) (in view of condition
(F2)). O

Corollary 2.3. The conclusions of Theorem 223 remain true if the con-
dition (ii) of Theorem 22 is replaced by the following condition:
(ii’) A(X) C T(X) and B(X) C S(X).

Proof. Since the pairs (A4,S) and (B,T) share the common property
(E.A.), there exist two sequences (x,) and (y,) in X such that

lim Az, = lim Sz, = lim By, = lim Ty, =z, for somez € X.
n—oo n—oo n—oo n—o0

Since B(X) C S(X) and li_}m By, = z, therefore z € B(X) C S(X).

So, there exists a point v € X such that Su = z. The rest of the proof
can be completed on the lines of Theorem PZ2. O

Corollary 2.4. The conclusions of Theorem 228 remain true if the con-
ditions (ii) is replaced by the following condition:

(ii7) A(X) and B(X) are closed subsets of X, A(X) C T(X) and
B(X) C S(X).

Proof. Since A(X) and B(X) are closed subsets of X, so B(X) =
B(X) C S(X) and A(X) = A(X) C T(X) and by Corollary 23 the

result follows. O

Theorem 2.5. Let A, B,S and T be four self-mappings of an IMPM
space (X, p, T) satisfying the condition (E). Suppose that

(i) the pair (A,S) (or (B,T)) satisfies the property (E.A.),

(ii) A(X) CcT(X) (or B(X) C S(X)),
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(iii) B(yn) converges for every sequence yy in X whenever T(yy,)
converges (or A(x,,) converges for every sequence x,, in X when-
ever S(x,) converges),

(iv) S(X) (or T'(X)) be a closed subset of X.

Then the pair (A, S) as well as (B,T) have a coincidence point. More-
over, A,B,S and T have a unique common fixed point in X provided
that the pairs (A, S) and (B,T) are weakly compatible.

Proof. By Lemma P and by Theorem the result follows. g

By choosing A, B, S, and T suitably, one can deduce corollaries for
a pair as well as trio of mappings. As a simple we drive the following
corollary for a pair of mappings.

Corollary 2.6. Let A and S be two self-mappings of an IMPM space
(X, u, T) satisfying the following conditions:
(1) the pair (A, S) satisfies the property (E.A.) and A(xy,) converges
for every sequence (x,,) in X whenever S(zy) converges,
(ii) S(X) is a closed subset of X,
(iii) for all z,y € X, >0 and F € U,

F(MAm,Ay(S)v/’LSw,Sy(S)uuSy,Ay(S)a/J/Sw,A;E(s)aMA;E,Sy(S)7MAy,Sm(S)) ZL* OL*~

Then the pair (A, S) has a coincidence point. Moreover, A and S have a
unique common fized point in X provided that the pair (A, S) is weakly
compatible.

As an application of Theorem P2, we can have the following result
for four finite families of self-mappings. While proving this result, we
utilize Definition =30 which is a natural extension of the commutativity
condition to two finite families of mappings.

Theorem 2.7. Let {Al, AQ, ce ,Am}, {Bl, BQ, ce ,Bp}, {Sl, SQ, ceey Sn}
and {Th, Ty, ..., Ty} be four finite families of self-mappings of an IMPM
space (X, p, T) with A = A1As... Ay, B=B1By...B,,S = 515...5,
and T =TTy ... T, satisfying inequality (20). Suppose that
(1) the pairs (A,S) and (B,T) share the common property (E.A.),
(ii)) S(X) and T'(X) are closed subsets of X,
(iii) the pairs of families (A;, Sk) and (By,Ti) commute pairwise,
where i € {1,...,m}, k € {1,...,n},r € {1,...,p} and t €
{1,...,q}.

Then A;, Sk, By and T; have a unique common fized point.
Proof. Since for all i € {1,...,m},k € {1,...,n},r € {1,...,p} and

t e {l,...,q}, A;Sy = SpA; and B,T; = T;B,, hence AS = SA and
BT = TB, therefore by Theorem B2, A, B,S and T have a unique
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common fixed point z in X. Now we show that z is a fixed point of
A;, B, S, T;. To prove this, we have
(A1Ay ... Ap)(Aiz)
(A1Ay ... A1) (A Ai2)
= (A14. .. Ap1)(AiAp2)
(A1Ay .. Ay — 2) (A1 4 A0,2)
(A1Ay ... Ap—2)(AiApm—1Am2)

= A1A;(A2As ... Ap2)
= A;jA1AAs ... Apz
= A; Az

= A;z.

This shows that A;z is a fixed point of A and so A;z = z. By a simillar
way, we can show that A;z and S,z are fixed points of (A, S) and Bz
and T;z are fixed points of (B,T). Now by uniqueness of the common
fixed point we have z = A;z = S,z = Bz = T3z, so z is a common fixed

point of A;, B, Sk, T}. O
By setting Ay = Ay =---=A,=A,Bi=By=---= p:B,Slz
Sy =--=8 =Sand Ty =T, =--- =T, =T in Theorem 271, we

deduce the following:

Corollary 2.8. Let A, B,S and T be four self-mappings of an IMPM
space (X, u, T) such that the pairs (A™,S™) and (BP,T?) share the com-
mon property (E.A.) and also satisfy the condition (for all x,y € X,s >
0,F € ¥ and for all m,n,p,q > 2),

(24) F(:U'Amm,pr(S)7 ﬂS’”x,Tqy(S)nuquy,BPy(*S)v MS":(;,Amx(s)v
:U’Amx,Tqy(s)7 ,U/S”w,pr(s)) B 0L*~

where m,n, p and q are positive integers. If S™(X) and T9(X) are closed
subsets of X, then A,B,S and T have a unique common fixed point
provided that AS = SA and BT =TB.

Example 2.9. Let X = [0,1]. For all a = (a1,a2) and b = (b1, b2) € L*,
denote T (a,b) = (min{ay, by }, max{as, bo}) and let

t |z —y )
t — b) b)
pay(?) <t+\x—y PR P
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for all z,y € X and ¢t > 0. By a simple calculation we see that (X, u, T)
is an IMPM space. Define A, S, B and T by Az = Bx =1 and

1, z€[0,1]nQ
3, x¢[0,11nQ.

Also define F(ty,to,t3,t4,t5,t) = 15t7 — 13ty + 5tz — Tty + t5 — tg. For
all m,n,p,q >2and z,y € X and ¢t > 0, the inequality (2) holds. The
remaining requirements of Corollary EZ8 can be easily verified and 1 is
the unique common fixed point of A, S, B and T.

However, this implicit function F' does not hold for the maps A,S, B

and T in respect of Theorem 2. Otherwise, with z = 0 and y = -

S(x)=T(x) =

V2’
we get
F(NAx,By(St) yMSx, Ty (t), ,U/Ty,By(t)v HSx, Az (t)’ HAz, Ty (t)u MSz, By (t))
3 t 3
=15(1,0) - 13| —=,—= | +5 | —=, —17(1,0
(1,0) t+2t+2 t+2t+2 (1,9)
t 3
5 )0
2 2 ( )
t+ 3 t+ 3
14 —14
3 3 *
= , L*.
t+27t+2 #

Thus Corollary I8 is a partial generalization of Theorem 4 and can
be situationally useful.
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