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Surjective Real-Linear Uniform Isometries Between Complex
Function Algebras

Hadis Pazandeh! and Davood Alimohammadi?*

ABSTRACT. In this paper, we first give a description of a surjec-
tive unit-preserving real-linear uniform isometry 7' : A — B,
where A and B are complex function spaces on compact Hausdorff
spaces X and Y, respectively, whenever ER (A4, X) = Ch (4, X) and
ER(B,Y) = Ch(B,Y). Next, we give a description of T" whenever
A and B are complex function algebras and T' does not assume to
be unit-preserving.

1. INTRODUCTION AND PRELIMINARIES

Let F denote either R or C. Assume that X is a compact Haus-
dorff space. We denote by Cr (X) the Banach algebra of all continuous
functions form X into F, with the uniform norm

Ifllx = sup{[f ()| : 2z € X}, (f €Cr(X)).

However, we always write C' (X) instead of Cc (X) and we denote the
uniform closure of A by A, whenever A is a subset of C (X).

Let A be a real or complex linear subspace of C'(X). A nonempty
subset S of X is called a boundary for A with respect to X if for each
f € A the function |f| assumes its maximum on X at some z € S. We
denote by I' (A, X) the interesection of all closed boundaries for A. If
I' (A, X) is a boundary for A, it is called the Shilov boundary for A with
respect to X.

Let A be a linear subspace of C' (X)) over F containing 1x, the constant
function on X with value 1. We denote by Ky (A) the set of all p € A*
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for which ||¢|lop = ¢ (1x) = 1, where A* is the dual space of the normed
space (A,| - |lx) over F and || - ||op is the operator norm. In fact, the
elements of A* are F-valued continuous linear functionals on A over
F. Kr(A) is called the state space of A over F. For each x € X the
evaluation map on A at x is the linear mapping e4, : A — C over F

defined by
eA,x(f):f(x)a (fEA)

Clearly, e4 » € K¢ (A) whenever F = C and Reey , € Kg (A) whenever
F = R. It is well-known that K (A) is a convex set in A* and a compact
set in A* with the weak* topology. Hence, Ext (K (A)) is nonempty by
the Krein-Milman theorem, where Ext (Kp (A)) denotes the set of all
extreme points of Ky (4).

Let A be a complex linear subspace of C' (X) containing 1x. A rep-
resenting measure for ¢ € A* is a complex regular Borel measure i on
X with |u| (X) = [|¢llop such that ¢ (f) = [ fdu for all f € A It
is known that every ¢ € K¢ (A) has a representing measure and every
representing measure for such ¢ is a probability measure [?, Section
2.1]. If x € X, then 0., the point mass measure at x, is a representing
measure for e4 ;. We denote by Ch (A, X) the set of all z € X for which
dz is the only representing measure for e ;. If Ch (A, X) is a boundary
for A, it is called the Choquet boundary for A with respect to X.

Let A be a real linear subspace of C'(X) containing 1x. A real part
representing measure for ¢ € A* is a regular Borel measure y on X with
1| (X) = [|¢)]|op such that ¥ (f) = [y Re fdu for all f € A. Tt is known
that every 1) € K (A) has a real part representing measure and every
real part representing measure for such v is a probability measure [B,
Theorem 1.5]. If x € X, then J, is a real part representing measure for
Rees . We denote by Ch (A, X) the set of all z € X for which ¢, is
the only real part representing measure for Reeq,. If Ch(4,X) is a
boundary for A with respect to X, it is called the Choquet boundary
for A with respect to X.

Let A be a real or complex linear subspace of C'(X) and S be a
nonempty subset of X. Then S is called a peak set for A with respect
to X, if there exists f € A such that S = {r € X : f(z) =1} and
|lf(y)] < 1forally e X\S. We say that S is a weak peak set for A
with respect to X, if S is the intersection of some collections of peak sets
for A. If the peak set (weak peak set, respectively) S for A is a singleton
{z}, then we call x as a peak point (weak peak point, respectively) for
A with respect to X. We denote by S (A, X) (So (A, X), respectively)
the set of all weak peak points (peak points, respectively) for A with
respect to X. We say that A is extremely regular at S if for every open
neighborhood U of S and for each € > 0 there is a function f € A with
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IIfllx = 1 such that f(z) = 1 for all x € S and |f(y)| < € for all
y€ X\U. If z € X and A is extremely regular at {z}, we say that A
is extremely regular at x. We denote by ER (A, X) the set of all x € X
for which A is extremely regular at x.

Let A be a subset of C'(X). We say that A separates the points of X
if for each x,y € X with x # y there exists a function f € A such that
f(@)# f(y).

Note that if A is a complex linear subspace of C' (X)), then A separates
the points of X if and only if Re A separates the points of X, where
ReA={Ref: fe A}

Definition 1.1. Let X be a compact Hausdorff space.

(a) A complex function space on X is a complex linear subspace of
C (X) containing 1x and separating the points of X.

(b) A complex function algebra on X is a complex subalgebra of
C (X) containing 1x and separating the points of X.

(¢) A complex uniform function algebra on X is a complex function
algebra on X which is uniformly closed, i.e., a closed set in

(@ (X), - lx)-

Let X be a compact Hausdorff space and A be a complex function
space on X. It is easy to see that for any two points x,y € X with
x # y there exists f € A such that f(z) =0 and f (y) = 1. It is known
that So (A, X) is the intersection of all boundaries for A with respect to
X. Applying [2, Theorem 2.2.1], we can easily show that ER (4, X) is
a subset of Ch (A4, X).

The following results are well-known and will be used in the sequel.

Theorem 1.2 (see [7], Theorem 4.3.3 and Corollary 4.3.4). Let A be a
complex function space on X. Then the following statements hold.

(i) The element ¢ € K¢ (A) is an extreme point of K¢ (A) if and
only if there exists x € Ch (A, X) such that ¢ = eqy. In par-
ticular, Ch (A, X) is nonempty.

(ii) Ch(A,X) is the set of all x € X such that es, is an extreme
point of Kc (A).

(iii) Ch(A,X) is a boundary for A with respect to X .
(iv) The closure of Ch (A, X) is equal to I' (A, X).

Theorem 1.3 (see [6], Lemma 2.1 and Theorem 2.2). Let A be a real
linear subspace of C' (X)) containing 1x and Re A separates the points of
X. Then the following statements hold.
(i) The element ¢ € Kg (A) is an extreme point of Kr (A) if and
only if ¢ = Reea, for some x € Ch(A,X). In particular,
Ch (A, X) is nonempty.
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(ii) Ch(A,X) is the set of allx € X such that Re e 4 is an extreme
point of Kg (A).

Theorem 1.4 (see [I], Theorem 9 (iii)). Let A be a complex function
space on X. Then Ch (A, X) = Ch (A,X) and I' (A, X) =T (A,X).

Theorem 1.5 (see [[7], Theorem 4.3.6). Let A be a uniformly closed
complex subalgebra of C (X) containing 1x and x € X. Then the fol-
lowing statements are equivalent.

(i) z € Ch (A, X).

(ii) For every v and § with 0 < v < § < 1 and for every neighbor-
hood U of X, there exists k € A with ||k||x <1, k(z) > 0 and
|k (y)| <~ forallye X \U.

(i) There exist ¢ and M with 0 < ¢ < 1 < M such that for ev-
ery neighberhood V' of x, there exists f € A with ||f||x < M,
f@)=1and|f(y)| <cforallye X\V.

(iv) z € S (4, X).

(v) x € ER(4,X).

Let X and Y be compact Hausdorff spaces and A and B be real
subspaces of C' (X) and C (Y'), respectively. Amap T : A — B is called
a uniform isometry if |7 (f) =T (9) ||y = || f — gl|x for all f,g € A.

Some descriptions of real-linear uniform isometries between complex
function spaces have been given by many authors. For instance see
[8, @, B]. In this paper we give a description of surjective real-linear
uniform isometries between certain function spaces and function algebras
on compact Hausdorff spaces using the extreme points of their state
spaces of them.

2. RESULTS

In this section, we first study unit-preserving surjective real-linear
uniform isometries between complex uniform function spaces on compact
Hausdorff spaces. For this purpose, we need the following lemmas.

Lemma 2.1 (see [[@], Lemma 5.1.1). Let X andY be compact Hausdorff
spaces and let A and B be real linear subspaces of C (X) and C (Y)
containing 1x and ly, respectively. Suppose that x € ER (A, X) and
y € ER(B,Y). Let T : A — B be a surjective real-linear uniform
isometry with T1x = ly and Re (T'f) (y) = Re f(x) for all f € A.

Then (Tf) (y) = f(x) for all f € A or (Tf)(y) = f (z) for all f € A.

Lemma 2.2. Let X be a compact Hausdorff space, A be a complex linear
subspace of C (X)) containing 1x and Ag denotes A regarded as a real
linear space. Then the following statements hold.

(i) Kr(Ar) ={Rep: ¢ € Kc(4)}.
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(ii) IfRe A separates the points of X, then Ch (Ag, X) = Ch (A4, X).
(iii) If A separates the points of X, then Ch (Agr, X) is a boundary
for A with respect to X.

Proof. Define the map © : A* — (Ag)* by
(2.1) ©(A) =ReA, (AeAY).
It is known that © is a surjective real-linear isometry from A* with the

operator norm to (Ag)* with the operator norm. To prove (i), we first
assume that ¢ € K¢ (A). Then ¢ € A* and

(2.2) lellop = ¢ (1x) = 1.
Hence, Reyp € (Ar)* and ||Rep|lop = (Rep) (1x) = 1 by (E22). This
implies that Re ¢ € Kg (Agr). Therefore,
(2.3) {Rep:p € Kc(A)} C Kg (4r) .
We now assume that ¢ € Kgr(Ag). Then ¢ € (Ar)* and |[¢|qp =
¥ (1x) = 1. On the other hand, there exists ¢ € A* such that Rep = 9
and [[¢]lop = [|4]]op- Thus
ellop =1

= [xllx

> [ (1x) ]

> |Re (¢ (1x)) |

= |(Rey) (1x) |

= v (1x) |

=1

S

= [|¢llop,
and so |¢ (1x)| = 1. This implies ¢ (1x) = 1 since

Re¢ (1x) = (Reyp) (1x) = ¢ (1x) = 1.

Hence, ¢ € K¢ (A). Therefore,
(2.4) Kr (Ar) S {Rep: ¢ € K¢ (A)}.

From (233) and (234), we conclude that (i) holds.

(ii) Let Re A separates the points of X. To prove Ch (Agr,X) =
Ch (A, X), we first assume that x € Ch (A4, X). By Theorem 2, we
have eq, € Ext (K¢ (A)). Let

(2.5) Reeay = (1 — 1)1 + tipa,
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where 11,19 € Kgr (A) and t € (0,1). Suppose that ¢1,¢92 € Kc (A)
such that Re 1 = 91 and Re p3 = 1p9. Then

Reea, =Re (1 —1t) 1 +tpa),

by (Z3). This implies that eq, = (1 —t) 1 + tpg, since O is injec-
tive. Therefore, o1 = @2 = ea, and so ¥; = 12 = Reey,. Hence,
Reea, € Ext (KR (Ar)). This implies that 2 € Ch (Ag, X) by Theorem
3. Therefore,

(2.6) Ch (A, X) C Ch(Ag, X).

We now assume that © € Ch (Ag, X). Then Reey, € Ext (Kgr (A)) by
Theorem 3. Let eq, = (1 —t) p1 + tya, where, ¢1,¢2 € K¢ (A) and
t € (0,1). Then Reeyg, = (1 —t)Rey1 + tReys, and Repi,Repy €
Kg (Ag) by (i). Therefore, Rees, = Reyp1 = Regy. Hence, eq, =
1 = g since O7! is injective. Therefore,

(2.7) Ch (Ag, X) C Ch (4, X) .

From (Z8) and (E27), we conclude that (ii) holds.

(iii) Assume that A separates the points of X. Then Ch (A4, X) is a
boundary for A with respect to X by Theorem [24. Hence, Ch (Ag, X)
is a boundary for Ag with respect to X by (ii) since Re A separates the
points of X. O

Lemma 2.3. Let X and Y be compact Hausdorff spaces, A be a real
linear subspace of C (X) containing 1x, B be a real linear subspace of
C (Y) containing 1y and T : A — B be a surjective real-linear uniform
isometry with Tlx = ly. Then the following statements hold.

(i) T* (Kr (B)) = Kgr(A), where T* : B* — A* is the adjoint
operator of T defined by T*"A = AoT (A € B*).
(i) T* (Ext (K (B)) = Ext (K (A)).

Proof. Since T : A — B is a surjective real-linear uniform isometry, we
conclude that T* : B* — A* is a surjective real-linear isometry from
(B*, || - llop) to (A%, || - |lop). We first assume that ) € Kgr(A). Then
e A (1x) =1 = |9 op. Surjectivity of T* implies that there exists
n € B* such that ¢ = T*n. Hence, || T*nl/op = ||¢|lop = 1 and

n(ly) =n(T(1x)) =meT)(1x) = (T"n) (1x) =+ (1x) = 1.
Thus, n € Kg (B). Therefore,

(2.8) Kgr (A) CT* (KR (B)).
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We now assume that ¢ € T* (Kg (B)). Then there exists n € Kg (B)
such that ¢ = T™*n. This implies that
¥ (1x) = (T"n) (1x)

=(moT)(1x)

=n(Tlx)

=1 (ly)

=1

= 17llp

— 70l

= 11lop
Hence, ¢ € K (A). Therefore,
(2.9) T (Ka (B)) € Kn (4).

From (ZR) and (Z9), we conclude that (i) holds.

To prove (ii), we first assume that ¢y € Ext(Kg(A)). Then ¢ €
Kgr (A). By (i), there exists n € Kg (B) such that ¢y = T*n. Suppose
that n = (1 —¢)n1 + tn2, where t € (0,1) and 71,72 € Kg (B). Then
T*m,T*ns € Kgr (A) by (i). Since

¢ (f) = (T"n) (f)

L—t)m +tn2) (Tf)
—)m (Tf) +tn2 (Tf)
—t)(moT)(f) +t(n20oT)(f)
—t) (T"m) (f) + ¢ (T"n2) (f)
= (1 =t)T"m +tTnm2) (f),
for all f € A, we deduce that ¢» = (1 —t)T*n + tT*ne. This implies
that T*n = ¢ = T*n; = T*ne. Hence, n = n1 = 1o since T* is injective.
So n € Ext (Kg (B)). Therefore,
(2.10) Ext (Kgr (4)) C T* (Ext (KR (B))) .

We now assume that ¢p € T* (Ext (Kgr (B))). Then there exist n €
Ext (KR (B)) such that ¢y = T*n. Suppose that ¢ = (1 — 1)1 + ta)a,
where t € (0,1) and ¢1,12 € Kgr (A). By (i), there exists n1, 172 € Kg (B)
such that ¢ = T*ny, 2 = T*ny. Now, we have

T n=0—-t)T"m +tT"ne =T* (L —t)m +tn).
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This implies that n = (1 —t)n + tny since T* is injective. Hence,
n = n = n2 since n € Ext (KR (B)), and so ¢ = 11 = 1. Thus,
Y € Ext (Kgr (A)). Therefore,

(2.11) T* (Ext (Kgr (B))) C Ext (Kgr (A4)).
From (Z10) and (Z1), we deduce that (ii) holds. O

Lemma 2.4. Let X and Y be compact Hausdorff spaces, A be a real
linear subspace of C (X) containing 1x, B be a real linear subspace of
C (Y) containing 1y and T : A — B be a surjective real-linear uniform
isometry with T1x = 1y. Suppose that Re A separates the points of X,
Re B separates the points of Y and y € Ch(B,Y). Then there exists
x € Ch (A, X) such that Re (T'f) (y) = Re f (x) for all f € A.

Proof. Let y € Ch(B,Y). Then Reep, € Ext(Kg (B)). By part (ii)
of Lemma 23, T* (Reep,) € Ext(Kgr(A)). Since Re A separates the
points of X, we deduce that

(2.12) T* (Reepy) =Reeay,

for some z € Ch (A, X) by part (i) of Theorem 3. Let f € A. Then
by (212), we have

Re f (z) =Reeas (f)
= (Reea) (f)
=T"(Reepy) (f)
= ((Reepy) o T) (f)
=Reep, (T'f)
=Re ((Tf) (v))
=Re (T'f) (y)-

Hence, the proof is complete. O

Lemma 2.5. Let X and Y be compact Hausdorff spaces, A be a complex
function space on X, B be a complex function space onY and T : A —>
B be a surjective real-linear uniform isometry with T1x = 1y. Suppose
that ER(A,X) = Ch(A,X) and y € ER(B,Y). Then there exists
a unique © € Ch (A, X) such that (Tf)(y) = f(x) for all f € A or

(Tf)(y) = f(x) for all f € A. In particular, (T (ilx)) (y) € {i,—i}.

Proof. Since A and B are complex function spaces on X and Y, respec-
tively, we deduce that Ch (Agr, X) is nonempty, Ch (Ag, X) = Ch (4, X),
Ch (Bg,Y) is nonempty, and Ch(B,Y) = Ch(Bg,Y), by Lemma 22
Since B is a complex function space on Y and y € ER (B,Y’), we deduce
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that y € Ch(B,Y) and so, by part (ii) of Lemma P2, y € Ch (Bg,Y).
By Lemma EA4, there exists € Ch (Ag, X) such that

Re (T'f) (y) = Re f (z),

for all f € Ag. Since x € ER (A, X) and y € ER(B,Y), we deduce
that (T'f) (y) = f(z) for all f € Ag = A or (Tf)(y) = f(x) for all
f € Agr = A by Lemma P11

To prove the uniqueness of z, let 2’ € Ch (4, X) such that (T'f) (y) =
f(@) foral feAor (Tf)(y) = f(2!) for all f € A. We claim that
x’ = x. Otherwise, there exists fy € A such that fy (') # fo (z) since
A separates the points of X. Without loss of generality, we can assume
that (T'fo) (y) = fo () and (T fo) (y) = fo (z'). Hence, (T'f) (y) = f (x)
for all f € Aand Tf(y) = f(a) for all f € A. Since ilx € A, we
deduce that

i = (ilx) (z) = (T (ilx)) (y) = (ilx) (2') = i = —i,

that is a contradiction. Hence, our claim is justified.
By the above argument, we have

(T (1x)) (v) € { (1x) (@), (1Lx) (@) } = {i, =i}

Hence, the proof is complete. O

Theorem 2.6. Let X and Y be compact Hausdorff spaces, A be a com-
plex function space on X, B be a compler function space on Y and
T : A — B be a surjective real-linear uniform isometry with T1x = ly.
Suppose that ER (A, X) = Ch(A,X) and ER(B,Y) =Ch(B,Y). Then
there exist a continuous function ¢ : Ch(B,Y) — Ch(A4,X) and a
function a in B with |ally =1 and a (y) € {—1,1} forally € Ch(B,Y)
such that

(Tf) (y) =Re f(p(y) +ic(y)Im f (o (y)),
forall f € A and y € Ch(B,Y).

Proof. Since A (B, respectively) is a complex function space on X (Y,
respectively), we deduce that Re A (Re B, respectively) separates the
points of X (Y, respectively). Define the map ¢ : Ch(B,Y) —
Ch (A, X) by ¢ (y) = z, where y € Ch (B, Y) and « is the unique element
of Ch (A4, X) such that (T'f) (y) = f (z) forall f € Aor (Tf) (y) = f (z)
for all f € A. By Lemma 3, ¢ is well-defined. Set a = iT (ilx).
Clearly o € B and

ledlly = [T (ily) [ly = 1T (ily) [ly = llilx]lx = [1x[lx = 1.
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On the other hand, T (ilx) (y) € {—i,¢} for ally € Ch(B,Y’) by Lemma
3. This implies that a(y) = 1 if T'(ilx)(y) = i and a(y) = —1 if
T (ilx) (y) = —i, where y € Ch(B,Y).

Let f € Aandy € Ch(B,Y). Then (T'f) (y) = f (¢ (y)) or (T'f) (y) =

Fle () H(Tf)(y) = fp(y)), then T (ilx) (y) = ilx (¢ (y)) = @ and
so a (y) = 1. Therefore,

(Tf)(y) = f e )
=Re (f (¢ (¥))) +ilm f (¢ ()
=Re f (¢ (y)) +ia(y)Im f(p(y)).

I (7)) = FGG), then T(i1x) () = Tx () = —i and 50
a (y) = —1. Therefore
(Tf) (y) = f (o)
=Re f(p(y)) —ilmf (¢ (y))
= Re [ (¢ (y)) +ia(y) Imf (¢ (y)).

Thus, (T'f)(y) = Re f(¢(y)) +ia(y)Im f(p(y)) for all f € A and
y € Ch(B,Y).

To prove the continuity of ¢, let y € Ch(B,Y) and {y'Y}’yEF be a net
in Ch (B,Y) with

(2.13) limy, = y.
gl

(¢
(¢

Let f € A. Then
lim Re (Tf) (yy) = Re (T'f) (y),

by (Z13) and Re (T'f) € C(Y). Since a(Ch(B,Y)) C {-1,1}, we
have Re (T'f) (y) = Re f (¢ (y)) and Re (T'f) (y5) = Re f (¢ (yw)) for all
v € I'. Hence,

(2.14) lim (Re f) (¢ () = (Re ) (¢ (9))

Since Re A C C' (X), 1x € Re A and Re A separates the points of X, by
[6, Proposition 2.2.14], we deduce that the topology of X equals to the
weak topology of X with respect to the functions z — g (z), g € Re A.
This fact implies that

lim (¥7) = ¢ (y),

since (214) holds for all f € A. Therefore, ¢ is continuous and the proof
is complete. O

Theorem 2.7. Let X and Y be compact Hausdorff spaces, A be a
complex function space on X, B be a complex function space on Y
and T : A — B be a surjective real-linear mapping. Suppose that
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Ch(A,X)=ER(A,X) and Ch(B,Y) =ER(B,Y). Then the following
statements are equivalent.

(i) T is a uniform isometry and Tlx = ly.

(ii) There exist a homeomorphism ¢ : Ch(B,Y) — Ch (A4, X) and
a function o in B with |a|ly =1 and a(y) € {—1,1} for all
y € Ch(B,Y) such that

(Tf)(y) =Re f(p(y) +ia(y)Im f(e(y)),

forall f € A and y € Ch(B,Y).
(iii) There exist a homeomorphism ¢ : Ch(B,Y) — Ch (A4, X) and
a clopen subset K of Ch(B,Y), possibly empty, such that

fle(y), yeK,
(Tf)(y) =
fe(), yeCh(BY)\K,

forall f € A.

(iv) There exist a surjective mapping ¢ : Ch(B,Y) — Ch (A4, X)
and a subset K of Ch(B,Y), possibly empty, such that

fle), veK,

fle(y), yeCh(BY)\K,

(Tf) (y) =

forall f € A.

Proof. (i) = (ii). By Theorem @, there exist a continuous function
¢ :Ch(B,Y) — Ch(A, X) and a function « in B with ||ally = 1 and
a(y) € {—1,1} for all y € Ch(B,Y) such that

(2.15) (Tf)(y) =Re f(p () +ia(y)Imf(p(y)),

for all f € Aand y € Ch(B,Y).

By hypothesises, T-! : B — A is a surjective real-linear uniform
isometry and T~'1y = 1x. Applying Theorem I8, we deduce that there
exist a continuous function ¢ : Ch (A, X) — Ch (B,Y’) and a function
fin A with ||8||lx = 1 and g (z) € {—1,1} for all z € Ch (A, X) such
that

(2.16) (T™'g) (x) = Reg (¢ (2)) +if (x) Im g ( (z)),

for all g € B and x € Ch (4, X).
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Let x € X. Since #(Ch(4,X)) € R and a(Ch(B,Y)) C R, by
applying (218) and (EI3), we conclude that

Re f (z) = Re (T (Tf)) (x
= Re (Tf>( <:c>>
=Re f (¢ (¢ (2)))

—Ref(wo V) (z),

for all f € A. This implies that = (p 0 ¢) (x) since Re A separates the
points of X. Hence, ¢ 0¥ = Igya,x)-

Similarly, one can show that ¢ o ¢ = Iqy(p x). Hence, ¢ is bijective
and ¢! = 7). Therefore, ¢ is a homeomorphism and so (ii) holds.

(ii) = (iii). Set K = {y € Ch(B,Y) : a(y) = 1}. This implies that
K is a closed subset of Ch (B,Y), possibly empty. Since a (Ch (B,Y)) C
{-1,1}, we deduce that Ch(B,Y)\ K = {y € Ch(B,Y) :a(y) = —1}
and so Ch (B,Y) \ K is a closed subset of Ch (B,Y). Therefore, K is a
clopen subset of Ch (B,Y), possibly empty. It is easy to see that

fle(y), yeK,
(Tf)(y) =
f(e(y), yeCh(BY)\K,

for all f € A. Hence, (iii) holds.

(iii) = (iv). It is obvious.

(iv)= (i). Since 1x € A, we deduce that T1x|cny) = lvlcns,y)
by (iv). On the other hand, Ch (B,Y") is a boundary for B with respect
to Y. Therefore, T1x = 1y.

Let f € A. Since Tf € B and Ch(B,Y) is a boundary for B with
respect to Y, there exists yp € Ch(B,Y’) such that

(2.17) ITlly = 1(TF) (wo) |-
By (iv), we have

(2.18) [(TF) (yo) | = If (¢ (%0)) |-
From (217) and (Z18), we get

(2.19) ITflly < [Ifllx-

Since Ch (A, X) is a boundary for A with respect to X, there exists
z1 € Ch (A, X) such that

(2.20) 1fllx = 1f (z1) |-

Surjectivity of ¢ : Ch(B,Y) — Ch(A, X) implies that there exists
y1 € Ch(B,Y) such that

(2.21) T1=¢(y1).
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Applying (iv), (E220) and (E2210), we get

(2.22) [fllx = 1f (e () [ = 1(TF) () | < ITflly-

From (E19) and (222), we deduce ||T'f|ly = ||f||x. Hence, T is norm
preserving. This implies that T an is isometry since T is a real-linear
mapping. Thus, (i) holds. O

Corollary 2.8. Let the hypotheses of Theorem B-1 hold. Suppose that
T (ilx) =ily. Then the following statements are equivalent.
(i) T is an isometry and T1x = 1y
(ii) There exists a homeomorphism ¢ : Ch(B,Y) — Ch (A, X)
such that (T'f) (y) = f (¢ (y)) for all f € A and y € Ch(B,Y).
(iii) There exists a surjective mapping ¢ : Ch(B,Y) — Ch (A4, X)
such that (T'f) (y) = f (¢ (y)) for all f € A and y € Ch(B,Y).

Proof. (i) = (ii). By Theorem P74, there exists a homeomorphism ¢ :
Ch(B,Y) — Ch(A,X) and a subset K of Ch(B,Y), possibly empty,
such that

flely), yek,
(Tf) () =
fle(), yeCh(BY)\K,
for all f € A. Since T (ilx) = ily, we deduce that K = Ch(B,Y) and
so (Tf)(y) = f(e(y)) for all f € A and y € Ch(B,Y). Hence, (ii)
holds.
(ii) = (iii). It is obvious.
(iii) = (i). It is sufficient to apply the given argument in the proof of
(iv) = (i) in Theorem P74. O

Remark 2.9. If T: A — B is a complex linear mapping in Theorem
270, then the statements (i), (ii) and (iii) in Corollary 28 are equivalent.

We recall that if A is a complex function space on a compact Hausdorff
space X, then ER (A, X) C Ch (A, X). We now give an example that
the equality holds in the mentioned inclusion.

Example 2.10. Let (X, d) be a compact metric space. It is easy to see
that if t € X and ¢ > 0 then the function h s : X — C defined by

hes (z) = maX{O, 5“2(”“"’5)} . (zeX),

belongs to C' (X). Let A be the complex linear span of the set {1x} U
{ht 1:teX,ne N}. Suppose that z,y € X with z # y. Then there
exists m € N such that % < d(z,y). It is clear that h, 1 € A with
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h, 1 (x)=1and h, 1 (y) =0. Hence, A separates the points of X and

x’
so A is a complex functlon space on X.
We now show that

(2.23) ER (A, X) = X = Ch (4, X).

Let x € X. Suppose that € > 0 and U is an open neigborhood of x in
(X,d). Then there exists a positive integer m such that

1 1
By (az,) :{yGX:d(y,x)<} CcU.
m m

Itisclearthath71 € Awithh, 1 (z) =1=|h, 1]x and |h, 1 ()|:
0 < ¢ for allyGX\U Hence, :BEER(A X). Therefore

(2.24) X CER(A,X).
On the other hand, we have
(2.25) ER(A,X)CCh(A4,X)C X.

From (223) and (224), we deduce that (2=23) holds.

Theorem 2.11. Let X and Y be compact Hausdorff spaces, A and B
be complex uniform function algebras on X and Y, respectively, and
T : A — B be a surjective real-linear mapping. Then the following
statements are equivalent.

(i) T is a uniform isometry and Tlx = ly.

(ii) T is a real-algebra isomorphism from Ar onto Bg.

Proof. Since A (B, respectively) is a complex uniform function alge-
bra on X (Y, respectively), we deduce that ER (A4, X) = Ch(4,X)
(ER(B,Y) = Ch(B,Y), respectively) by Theorem [3.

To prove (i) = (i4), it is sufficient to show that 7" is multiplicative. By
(i) and Theorem P72, there exists a surjective mapping ¢ : Ch (B,Y) —
Ch (A, X) and a subset K of Ch(B,Y), possibly empty, such that

fle), veK,
(Tf)(y) =
fle(), yeCh(BY)\K,

for all f € Aand y € Ch(B,Y).
Let f,g € A. Then for each y € K we have
(T'(f9)) (y) = (f9) (¢ (1))
=) g(ey)
=(Tf) (y) (Tg) (y)
= ((Tf)(Tg)) (y),
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and, for each y € Ch (B,Y) \ K we have

T(fg) (y) = (f9) (¢ (v))
=1y

(¢
= (@ )y (¢ ()
= (Tf) (y) (Tg) (y)
= (Tf)(Tg)(y)-

Hence, T (fg) (y) = (T'f) (Tg) (y) for all y € Ch(B,Y). This implies
that T (fg) (y) = (T'f) (Tg) (y) for all y € Y since Ch (B,Y’) is a bound-
ary for B with respect to Y. Thus, T'(fg) = (Tf) (Tg). Therefore, T is
multiplicative and so (ii) holds.

To prove (ii) = (i), we first show that T1x = 1ly. Since 1y € B and
T is surjective, there exists a function fi in A such that T f; = 1y. This
implies that

Y))
g(p

()

\—/\/\//—\

g
(

Tix =(TH)(Tlx) =T (filx)=Tf = 1y.

Since T : Agr — Br is a real-algebra isomorphism from the real unital
Banach algebra (Ag, || - || x) to the real Banach algebra (Bg, || - ||x), we
deduce that rg, (T'f) = ra, (f) for all f € A by [, Remark 1.1.22],
where r4 (a) is the spectral radius of @ € A. On the other hand,
reg (Tf) = || Tflly and ra, (f) = ||fl|x, for all f € A. Therefore,
ITflly = | fllx for all f € A. This implies that 7" is an isometry since
T is additive and norm preserving. Hence, (i) holds. O

In the rest of this section, it is not assumed that T is unit-preserving.

Lemma 2.12. Let X be a compact Hausdorff space and A be a complex
function algebra on X such that ER (A, X) = Ch (A, X). Suppose that
f € A with ||f||x = 1. Then the following statements are equivalent.
(i) |[f(x)]| =1 for all x € Ch (A, X).
(ii) For each € > 0, there exists 6 > 0 such that for each g € A with
llgllx > €, we have

max {[|f + gllx, [f —gllx} > 1+0.

Proof. (i) = (ii). Let ¢ > 0 and g € A with ||g||x > ¢. Since Ch (4, X)
is a boundary for A with respect to X, there exists x € Ch (A, X) such
that |g (z)| > . This implies that

[f (@) +g(@) P+ 1f (@) =g (@) P =2(f @) * +]g (@) [*) 22 (1+¢?),

and so

max {|f (z) + g ()|, |f (x) =g (x) [} = V1+ e
Therefore,

max {[|f + gl x,[f = gllx} = V1+e>
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If0<d<+v1+e2—1, then

max {[|f +gllx,[[f —gllx} > 1+

Hence, (ii) holds.
(ii) = (i). Assume that there exists g € Ch (A, X) with |f (o) | < 1.
Choose € > 0 with |f (z¢)| < 1 — 2e. Set

V={zeX:|f(x)|<1l-¢}.
Then V is an open neighborhood of zy in X. Let § > 0 be arbitrary.
Since xg € Ch (A, X) = ER (A, X), there exists g € A with ||g||x =¢ =
g(zo) and |g(z)| <dforall x € X \ V. If x € V, then
max {| (f +g) () [,[ (f —9) (@) [} < g () [+ [f (z)|
<e+l-e¢
<144

If x € X\ V, then

max {| (f +g) (@) [, [ (f —9) (@) [} < |f (@) |+ g (z) |

<|Ifllx + g () |
<1+6.

Therefore,
max {[|f + gllx, [/ —gllx} <1+0.
Hence, (ii) implies (i). O

Lemma 2.13. Let X and Y be compact Hausdorff spaces, A be a com-
plex function algebra on X, B be a complex function algebra on Y,
T : A — B be a surjective real-linear uniform isometry and h = T1x.
Suppose that ER (A, X) = Ch(A,X) and ER(B,Y) = Ch(B,Y) Then
the following statements hold.

(i) |h(y)| =1 for ally € Ch(B,Y).

(ii) h is invertible in B.

(iii) The map T' : A — B, defined by T'f = h™1Tf (f e A,

is a surjective real-linear uniform isometry with T'1x = 1y.

Proof. (i). Let € > 0 be arbitrary. Since 1x € A and ||1x||x = 1, by
Lemma T2, there exists § > 0 such that for all g € A with ||g||x > ¢
we have

max {[|1x + gx, [1x —gllx} > 1+4.
Assume that k € B with ||k|]ly > e. Then there is ¢ € A such that
Tg = k and so ||g|lx = |[T9lly = ||klly > . By the exists above
argument,

max {||1x + gllx,Ilx —gllx} >1+0.
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Since h = T'lx and T is a uniform isometry, we have

max {[|[h + kv, [|h — klly} = max {|[1x + gl/x. [[1x — gl x}
>1+46.

Therefore, |h (y)| =1 for all y € Ch(B,Y) by Lemma PT2.

(ii). By part (iv) of Theorem 2, I' (B, Y) is the closure of Ch (B,Y’)
in Y and a closed boundary for B with respect to Y. By (i) and the
continuity of h on X, we deduce that |h(y)| =1 for all y € I'(B,Y).
Define

B[) = {(hk) |F(B,Y) ik S B} .

It is easy to see that By is a complex linear subspace of C (I' (B,Y)).
Since h € B, we deduce that l_zh\p(va) € Bp. Hence, 1ppy) € Bo.
We claim that By separates the points of I' (B,Y). Assume that y,y’ €
I'(B,Y) with y # 3/. Then there exists ko € B such that ko (y) = 0 and
ko (y') = 1. Thus (hko) (y) = 0 and (hko) (y') = h(y') # 0. Moreover,
hko € By. Hence, our claim is justified. Therefore By is a complex
function space on I' (B,Y’). We claim that B|ppy) € Bo. Let k € B.
Then (l_zhk‘) lr(B,y) € Bo since hk € B. If y € I' (B,Y), then

(hhk) (y) = |h (y) Pk (y) = k (y) .

This implies that (Ehk) Ir(B,y) = klr(s,y)- Hence, k|ppy) € Bo and so
our claim is justified.
Now, we show that

(2.26) Ch(B,Y) C ER (By, [ (B,Y)).

Let y € Ch(B,Y). Theny € ER(B,Y) and y € I' (B,Y). Let € > 0 be
given and V C T' (B,Y) be a neighborhood of  in I (B,Y’). Then there
exists a neighborhood U of y in Y such that V = U NT (B,Y). Since
y € ER(B,Y), there exists a function k € B with ||k||y =k (y) = 1 and
|k (2)| < e foreach z € Y\ U. Set ko = k|p(p,y). Then ky € By since
k € B and B|rgy) € Bo. Moreover,

ko (y) =k (y) =1=|kly.

On the other hand, ||k|ly = ||k|rB,y) = l|kollr(s,y) since I' (B,Y) is a
boundary for B with respect to Y. If z € I'(B,Y)\ V, then z € Y \ U
and so

ko (2) | = [k (2) | <e.
Hence, y € ER (By,I' (B,Y)). Therefore, (2228) holds.
Define the map Ty : A — By by

Tof = (RTf) lr(,y), (feA).
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Clearly, Ty is well-defined and it is a surjective real-linear mapping. We
claim that Tp is a uniform isometry. Let f € A. Then

(2.27) ITofllres,yy = IRT e,y llvas,y
<|[nTflly
< |NAlvITflly
=T flly
= [ fllx-

Since T'f € B and I' (B,Y) is a boundary for B with respect to Y, there
exists yo € I' (B,Y’) such that

(2.28) ITlly = 1(TF) (wo) |-

From [|f|lx = |Tflly, (Z28) and |h(yo) | = [k (o) = |~ (y0)| = 1, we
have

(2.29) 1£llx = 1~ (vo) [| (T'f) (yo) |
| (RT'f) (v0) |
| (Tof) (yo) |
1 To fllr(B,v)-

h
(

IN

Applying (227) and (2229), we deduce that | Tof|r(gy) = [ fllx. This
implies that Tj is a uniform isometry.

Since 1y € B and T : A — B is surjective, there exists g € A
such that Tg = 1y. Let y € Ch(B,Y) be arbitrary. Then y €
ER (By,I'(B,Y)) by (228). By Lemma B3, there exists a unique x €
Ch(A,Y) such that (Tof) (y) = f(x) for all f € A or (Tof) (y) = f (z)
for all f € A. Since |h(y)| =1 and g,¢° € A, we have

(Tg) (v)
(Tg*) (y) =

(y) (Tog) (y)

h )
h(y) (Tog®) (y) -
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If (Tog) (y) = g (x), then (Tog?) (y) = ¢* (x) and so

Therefore,
(2.30) (hTg* — 1y) () = 0.

Since hTg? — 1y € B, (2230) holds for each y € Ch (B,Y) and Ch (B,Y)
is a boundary for B with respect to Y, we deduce that (2230) holds for
each y € Y. Hence, hTg?> = 1y and so h is invertible in B.

(iii). This follows from (i) and (ii). O

Theorem 2.14. Let X and Y be compact Hausdorff spaces, A be a
complex function algebra on X, B be a complex function algebra on Y
and T : A — B be a surjective real-linear uniform isometry. Suppose
that ER (A, X) = Ch(A,X) and ER(B,Y) = Ch(B,Y). Then the
following statements hold.
(i) [(T1x)(y)| =1 for ally € Ch(B,Y) and T'lx is invertible in
B.
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(ii) There exist a homeomorphism ¢ : Ch(B,Y) — Ch (A, X) and
a function o € B with ||a|ly = 1 and a(y) € {—1,1} for all
y € Ch(B,Y) such that

(Tf) (y) = (T1x) (y) Re (fop) (y) +ia(y)Im (fop)(y)),
forall f € A and y € Ch(B,Y).
(iii) There exist a homeomorphism ¢ : Ch(B,Y) — Ch (A4, X) and
a clopen subset K of Ch(B,Y), possible empty, such that

(T1ix)(y) f(p(y), yEK,
(Tf)(y) =

(Tix) () f (¢ (y), yeCh(BY)\K,
forall f € A.

Proof. (i). Let h = T1x. By Lemma P13, |h(y)| =1 for all y € Y and
h is invertible on B. Hence, (i) holds.
(ii). Define the map 7" : A — B by

T'f=h 'Tf, (f€A).

By Lemma PT3, 7" is a surjective real-linear uniform isometry with
T'1x = ly. By Theorem 274, there exist a homeomorphism ¢ from
Ch(B,Y) onto Ch (A, X) and a function « in B with [ja|y = 1 and
a(y) € {—1,1} for all y € Ch(B,Y) such that

(T'f) (¥) =Re f (2 (1)) +ia (y) Im f (2 () ,
for all f € A and y € Ch(B,Y). This implies that

(Tf)(y) = (T1x) (y) Re (f o) (y) +ia (y) Im (f o) (y)),

for all f € Aand y € Ch(B,Y). So (ii) holds.

(iii). Set K = {y € Ch(B,Y) : a(y) = 1}. By the given argument in
the proof of Theorem P74, K is a clopen subset of Ch (B,Y), possibly
empty. Applying (ii), we get

(T1x)(y) (fop)(y), yeEK,
(Tf)(y) =
(T1x)(y) fow(y), yeCh(BY)\K,

for all f € Aand y € Ch(B,Y). So (iii) holds. O

By Theorem 4, ER (A, X) = Ch (A4, X) where X is a compact Haus-
dorff space and A is a complex uniform function algebra on X. We now
give two examples of complex function algebras which are not uniformly
closed and one of them is extremely regular at each point of its Choquet
boundary.
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Example 2.15. Let T= {2z € C:|2| =1}, D = {z € C: |2] <1} and
P (ﬁ) denotes the set of all f € C (ﬁ) such that f = p|g, where p is
a polynomial of one variable with coefficients in C. Clearly, Py (ﬁ) is
a complex function algebra on D and P (ﬁ) #* Py (ﬁ) Let A € T and
define the function f : D — C by

(2.31) fe)=5(1+X), (z€D).

It is easy to see that f € Py (D), f(A) = 1 and |f(2)| < 1 for all
z € D\ {A}. Hence, T C Sy (P (D),D) and so T is a subset of every
boundary for Py (ﬁ) with respect to D. On the other hand,

{zeD:lg(2)| = lglp} €T,
forall g € Py (ﬁ) \C|g by the maximum modulus principle. This implies
that T is a boundary for P (]]3)) and Sy (PO (H_)) ,ID)) C T. Therefore,
So (Po (ﬁ) ,ﬁ) = T and so T is the intersection of all boundaries for
Py (ﬁ) with respect to D. This implies that

(2.32) T C Ch (P (D),D).
Since T is a boundary for Py (ﬁ) with respect to D and T is a closed

subset of D, we deduce that T is a closed boundary for P, (ﬁ) with
respect to D. Hence,

(2.33) Ch (P (D),D) CT.
From (2332) and (2233), we have

Ch (P, (D), D) = T.
Let A € T, U be an open neighborhood of A in D and e > 0 be given.
Define the function f : D — C by (2331). Then f € Py (D), ||fllg=1=
f (). Since | fllg\; < 1, there exists N € N such that HfN||ﬁ\U <e.
Set g = fN. Then g € Py (D), |l9llg =1 =g(\) and |g(2)| < ¢ for all
z € D\ U. Therefore, Py (ﬁ) is extremely regular at A.

Example 2.16. Let (X,d) be a compact metric space and Lip (X, d)
denotes the set of all complex-valued functions f on X for which

{21 0)
d(z,y)
It is known that Lip (X, d) is a complex function algebra on (X, d) such
that Lip (X,d) = C (X) and Lip (X,d) # C (X ) whenever X is infinite.
This algebra is called Lipschitz algebra on (X, d) and was first studied
by Sherbert in [d].

:m,yEX,x;éy}<oo.
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Suppose that X is an infinite set. For each x € X, the function
f X — C defined by

(2.31) P =1 g

belongs to Lip (X,d), f(z) = 1 and |f(y)| < 1 for all y € X \ {z}.
Therefore, S (Lip (X,d),X) = X. This implies that X is the only
boundary for Lip (X, d) with respect to X and so Ch (Lip (X,d),X) =
X.

Let x € X, U be an open neighborhood of z in (X, d) and € > 0 be
given. Define the function f : X — C by (2334). Then f € Lip (X, d),
Ifllx = f(z) = 1. Since | fllx\v < 1, we deduce that there exists
N € N such that [|[f"|x\y < e. Set g = fN. Then g € Lip (X,d),
llgllx =g (x) =1and |g(y)| < eforally € X\U. Therefore, Lip (X, d)
is extremely regular at x.

(y € X),

Remark 2.17. Let (X,d) be a compact metric space and A be the
complex linear span of {1x} U {h xeX,ne N} , where for each
x € X and every n € N the function h,1 : X — Cis defined as the

one in Example EZ10. It is easy to see that A is a self-adjoint complex
linear subspace of Lip (X, d) containing 1x. This fact implies that A is
not a uniformly closed subalgebra of C' (X) whenever X is an infinite
set. Otherwise, A = C'(X) by the Stone-Weierestrass theorem and so
Lip (X,d) = C (X) which is a contradiction.

Definition 2.18. Let (X, d) and (Y, p) be metric spaces.

(i) A map ¢ : Y — X is called a Lipschitz mapping from (Y, p)
o (X,d) if there exists a constant M > 0 such that

d(p (y1), e (y2)) < Mp(y1,y2),

for all y1,y2 € Y.

(ii) A bijective map ¢ : Y — X is called a Lipschitz homeomor-
phism from (Y, p) to (X,d) if ¢ is a Lipschitz mapping from
(Y, p) to (X,d) and ¢! is a Lipschitz mapping from (X,d) to
(Y, p)-

Applying Theorem P14 and the mentioned facts in Example 2718, we
obtain a description of surjective real-linear uniform isometries between
complex Lipschitz algebras on compact metric spaces.

Theorem 2.19. Let (X,d) and (Y,p) be compact metric spaces and
T : Lip (X,d) — Lip (Y, p) be a surjective real-linear uniform isometry
with Tlx = ly. Then there exist a Lipschitz homeomorphism ¢ from
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(X,d) to (Y,p) and a function o in Lip (Y, p) with o (y) € {—1,1} for
all y €'Y such that

(Tf) (y) =Re(fop)(y)+ia(y)Im (fop)(y),
for all f € Lip(X,d) andy €Y.

Proof. By the mentioned facts in Example 2718, Lip (X, d) and Lip (Y, p)
are complex function algebras on compact metric spaces (X,d) and
(Y, p), respectively, ER (Lip (X,d),X) = Ch(Lip(X,d),X) = X and
ER (Lip(Y,p),Y) = Ch(Lip(Y,p),Y) =Y. Hence, by hypotheses and
Theorem P14, there exist a homeomorphism ¢ from Y with the gen-
erated topology by p onto X with the generated topology by d and a
function a in Lip (Y, p) with o (y) € {—1,1} for all y € Y such that

(Tf)(y) =Re (fop) (y) +ia(y)Im (fop)(y),

for all f € Lip (X,d) and y € Ch(Lip (Y, p),Y) =Y.

To complete the proof, it is sufficient to show that ¢ is a Lipschitz
mapping from (Y, p) to (X,d) and ¢! is a Lipschitz mapping from
(X, d) to (Y, p).

Let f € Lip (X,d). Then

(2.35) Tf=Re (foyp)+iodm (foyp).

From (234) and a(y) € R, we deduce that Re (T'f) = Re (foyp)
and Im (Tf) = alm (f o). Since Lip (Y, p) is a self-adjoint complex
linear subspace of C'(Y), we conclude that Re (f o), alm (foyp) €
Lip (Y, p). The invertibility of « in Lip (Y, p), implies that Im (f o ¢) €
Lip (Y, p). Hence, f oy € Lip (Y, p). Define the map S : Lip (X,d) —
Lip (Y, p) by
S(f)=1fee, (f€lip(X,d)).

By the above argument above, S is well-define. Clearly, S is an algebra
homomorphism with S1x = 1y. By [9, Theorem 5.1], there exists a
function ¥ : Y —— X which is a Lipschitz mapping from (Y, p) to (X, d)
such that S (f) = fo for all f € Lip(X,d). Hence, f oy = fo1 for
all f € Lip (X,d). This implies that ¢ = v since Lip (X, d) separates
the points of X. Therefore, ¢ is a Lipschitz mapping from Lip (Y, p) to
Lip (X, d).

On the other hand, 7! : Lip (Y, p) — Lip (X, d) is a surjective real-
linear uniform isometry with 77'1y = 1x. By the above argument,
there exists a function 7 : X — Y which is a Lipschitz mapping from
(X,d) to (Y, p) and a function 8 in Lip (X,d) with g (z) € {—1,1} for
all x € X such that

(T™g) (x) =Re (gon) (z) +if (z) Im (gon) (z),
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for all g € Lip (Y, p) and x € X. By the given argument in the proof of
() = (ii) in Theorem 274, one can show that ¢! = 5. Therefore, ¢!
is a Lipschitz mapping from Lip (X, d) to Lip (Y, p). This completes the
proof. O

Theorem 2.20. Let (X,d) and (Y,p) be compact metric spaces and
T : Lip (X,d) — Lip (Y, p) be a surjective real-linear uniform isometry.
Then | (T'1x) (y)| =1 for ally € Y, T'1x is invertible in Lip (Y, p) and
there exist a Lipschitz homeomorphism ¢ from (Y,p) to (X,d) and a
function o in Lip (Y, p) with a (y) € {—1,1} for ally € Y such that

(TF) (y) = (T1x) (y) (Re (f o) (y) +ia (y) Im (f o) (y)),
for all f € Lip(X,d) andy €Y.
Proof. By the mentioned facts in Example 2718, Lip (X, d) and Lip (Y, p)
are complex function algebras on X and Y, respectively,
ER (Lip (X, d), X) = Ch (Lip (X, d), X) = X,

and

ER (Lip (Y,p),Y) = Ch(Lip (Y,p),Y) =Y.
Hence, by hypotheses and Theorem 214, | (T1x) (y)| =1 forall y € Y
and T1x is invertible in Lip (Y, p). Define the map T" : Lip (X,d) —
Lip (Y, p) by

T'f=(Tlx)"'Tf, (f €Lip(X,d)).

Clearly, T" is a surjective real-linear uniform isometry with 7"1x = 1y.
By Theorem P19, there exist a Lipschitz homeomorphism ¢ from (Y p)

to (X, d) and a function « in Lip (Y, p) with a (y) € {—1,1} forally € Y
such that

(T'f) (y) = Re (f o 9) () + i (y) Im (f o),
for all f € Lip (X,d) and y € Y. Therefore,

(Tf) (y) = (T1x) (y) Re (fop) (y) +ia(y)Im (fop) (),
for all f € Lip (X,d) and y € Y. Hence, the proof is complete. O

Applying Theorem P14, we obtain a description of surjective real-
linear uniform isometries between complex uniform function algebras on
compact Hausdorff spaces.

Theorem 2.21. Let X and Y be compact Hausdorff spaces, A be a com-
plex uniform function algebra on X, B be a a complex uniform function
algebra on'Y and T : A — B be a surjective real-linear uniform isom-
etry. Then the following statements hold.
(i) [(T1x)(y)| =1 for ally € Ch(B,Y) and T1x is invertible in
B.
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(ii) There exist a homeomorphism ¢ : Ch(B,Y) — Ch (A, X) and
a function o € B with ||a|ly = 1 and a(y) € {—1,1} for all
y € Ch(B,Y) such that

(TF) (y) = (T1x) (y) (Re f (¢ (y)) +ia (y) Im f (e (y))) ,
forall f € A andy € Ch(B,Y).

(iii) There exist a homeomorphism ¢ : Ch(B,Y) — Ch (A4, X) and
a clopen subset K of Ch(B,Y), possibly empty, such that

(T1x)(y) (fop)(y), yeK,
(Tf)(y) =
(T1x) (y) (foe) (y), ye€Ch(B,Y)\K,

forall f € A.

Proof. Since A is a complex uniform function algebra on X and B
is a complex uniform function algebra on Y, we deduce ER (A, X) =
Ch(A,X) and ER (B,Y) = Ch(B,Y) by Theorem 3. So (i), (ii) and
(iii) follow by Theorem PZ14. O

Corollary 2.22. Let X and Y be compact Hausdorff spaces and T :
C(X)— C(Y) be a surjective real-linear uniform isometry. Then the
following statements hold.

() [(T1x) (9) | =1 for ally € V.
(ii) There ezist a homeomorphism ¢ :' Y — X and a function

a e C(Y) with |a(y)| =1 for ally € Y such that

(Tf) (y) = (T1x) (y) (Re f (¢ (y)) +ia(y)) Im f (¢ (y)),

forall fe C(X) andy €Y.
(iii) There exist a homeomorphim ¢ : Y — X and a clopen subset
K of Y, possibly empty, such that

(Tix) () (fop)(y), yeEK,
(Tf)(y) =

(T1x)(y) (fop)(y), yeEY\K,
for all f € C(X).

Proof. Since C'(X) is a uniform function algebra on X, C'(Y') is a uni-
form function algebra on Y, Ch(C'(X),X) = X and Ch(C(Y),Y) =
Y, we deduce that (i), (ii) and (iii) hold by Theorem P21 O

We now omit the condition ER (4, X) = Ch (A4, X) and ER (B,Y) =
Ch(B,Y) in Theorem ZT4 and obtain the following result, which is a
generalization of Theorem 2211
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Theorem 2.23. Let X and Y be compact Hausdorff spaces, A and B be
complex function spaces on X and Y, respectively, and T : A — B be
a surjective real-linear uniform isometry. Then the following statements
hold.

(1) [(T1x) (y)| =1 for ally € Ch(B,Y) and T'lx is invertible in
B.

(ii) There exist a homeomorphism ¢ : Ch(B,Y) — Ch (A, X) and
a function o € B with ||afly =1 and a(y) € {—1,1} for all
y € Ch(B,Y) such that

(Tf) (y) = (T1x) (y) (Re (f o @) (y) +ia (y) Im (f o) (v)),

forall f €Y andy € Ch(B,Y).
(iii) There exist a homeomorphism ¢ : Ch(B,Y) — Ch (A, X) and
a clopen subset K of Ch(B,Y), possibly empty, such that

(T1x)(y) (fop)(y), yeEK,

(Tf) (y) =
(T1x) () (fow)(y), y€Ch(BY)\K,
forall f € A.
Proof. Define the map T': A —» B by
(2:36) Tf = lm Tf, (i (C(Y).]|-v).
where f € A, {f,}°2, is a sequence in A with
(2.37) Im fo=7 (0 (C(X).]x).

If f € A, there exists a sequence {f,}°° | in A satisfying (2237). Since T :

A — B is a real-linear uniform isometry, we conclude that_{T fnlooyis

a Cauchy sequences in (C'(Y),| - |ly) and so lim T'f, € B. Moreover,
n—oQ

one can easily show that if {f,,},~; and {g, },-, are sequence in A with

f= lim f, = lim g, in (C(X),| -||x), then lim Tf, = lim Tg, in
n—oo n—oo ~ n—oo n—oo -

(C(Y),|l-|ly). Hence, T is well-defined. It is easy to see the T is a

real-linear mapping. If f € A and {f,,}°°, is a sequences in A satisfying
(2237) and (2230), then

ITflly = lim [|Tfully = lim [|fallx = [If]x.
n—oo n—oo

Hence, T is uniform norm preserving and so T is a uniform isometry
since 7' is real-linear.
Let g € B. Surjectivity of T implies that there exists a sequence
{fn}o2 in A such that
g= lm Tf, (in (CY),[-[v))-

n—o0
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This implies that {f,} is a Cauchy sequence in (C (X),| - |x), since
T : A — B is a real-linear uniform isometry. Thus there exists a
function f € C'(X) such that

nli_{glofn:fa (in (C(X)v||HX))

Clearly, f € A and so by definition of T, Tf = g. Hence, T is surjective.
The definition of T" implies that T'f = T f for all f € A.
By Theorem 27211, we deduce that the following statements hold.

(I). | (Tlx) (y)| =1 for all y € Ch(B,Y) and T1x is invertible in
B. B B

(IT). There exist a homeomorphism ¢ : Ch(B,Y) — Ch (4, X)
and a function a € B with [Jafly = 1 and a(y) € {=1,1} for all y €
Ch (B, Y) such that

(Tr) @) = (T1x) () Re (f 0 9) (4) + i (y) Im (f 0 ) (1))

for all f € A and y € Ch (B,Y).
(IIT). There exist a homeomorphism ¢ : Ch (B,Y) — Ch (fl,X)
and a clopen subset K of Ch(B,Y), possibly empty, such that

) (T1x) W (Fep) ), veK,
(Tf) =93 - i
(T1x) ) (Fo@) (), weCh(BY)\K,
for all f € A. Since Tf = Tf for all f € A, 1x € A and by Theorem

4, Ch (A4, X) = Ch(A4,X) and Ch (B,Y) = Ch(B,Y), we deduce that
(i), (ii) and (iii) follow by (I), (II) and (III). O
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