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Meir-Keeler Type Contraction Mappings in cy-triangular
Fuzzy Metric Spaces

Masoomeh Hezarjaribi

ABSTRACT. Proving fixed point theorem in a fuzzy metric space
is not possible for Meir-Keeler contractive mapping. For this, we
introduce the notion of co-triangular fuzzy metric space. This new
space allows us to prove some fixed point theorems for Meir-Keeler
contractive mapping. As some pattern we introduce the class of
aA-Meir-Keeler contractive and we establish some results of fixed
point for such a mapping in the setting of co-triangular fuzzy metric
space. An example is furnished to demonstrate the validity of these
obtained results.

1. INTRODUCTION

In order to generalize the well known Banach contraction principle,
many authors introduced various types of contraction inequalities. One
of them was introduced by Meir and Keeler [8] in 1969. Meir-Keeler’s
fixed point theorem has been extended and generalized in many direc-
tions (e.g., see [H, B, U] and references therein).

In 1965, Zadeh [I3] introduced the interesting and important con-
cept of fuzzy set and it is known that there are various types of fuzzy
metric spaces in fuzzy topology. One of these fuzzy metric spaces was
introduced by Kramosil and Michalek [[4] which can be a suitable gener-
alization of the statistical (probabilistic) metric spaces. Evidently, this
notion provides an important basis for the establish of fixed point theory
in fuzzy metric spaces.
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Next, Grabiec [d] introduced the notion of G-complete fuzzy metric
space and then established the Banach contraction principle in setting of
G-complete fuzzy metric space. Afterwards, George and Veeramani [3]
modified the notion of the G-Cauchy sequence introduced by Grabiec.

Also, they modified the definition of fuzzy metric space of Kramosil
and Michélek and so introduced a Hausdorff and first countable topol-
ogy. Thereafter, the concept of a complete fuzzy metric space defined
by George and Veeramani has appeared as another characterization of
completeness.

Now we know such a metric space as a complete fuzzy metric space.
There are many papers related to fixed point theory in the setting of
the above two kinds of complete fuzzy metric spaces (e.g., [, 2, [2] and
the references therein).

Proving fixed point theorem in a fuzzy metric space is not possible
for Meir-Keeler contractive mapping. For this, we introduce the notion
of co-triangular fuzzy metric space. This new space allows us to prove
some fixed point theorems for Meir-Keeler contractive mapping.

As some pattern we introduce the class of aA-Meir-Keeler contractive
and we establish some results of fixed point for such mapping in the
setting of co-triangular fuzzy metric space. An example is furnished to
demonstrate the validity of the obtained results.

We are going to recall some necessary concepts, required definitions
and primary results to coherence with the literature.

Definition 1.1 ([B], Schweizer and Sklar). A binary operation « : [0, 1] x
[0,1] — [0,1] is called a continuous t-norm if it satisfies the following
assertions:

(T1) * is commutative and associative;

(T2) * is continuous;

(T3) ax1=a for all a € [0, 1];

(T4) axb < c*d when a <candb<d, with a,b,c,d € [0, 1].

Definition 1.2 ([3], George and Veeramani). A fuzzy metric space is
an ordered triple (X, M, %) whence X # (),  is a continuous t-norm and
M is a fuzzy set on X x X x (0, 400) satisfying the following assertions,
for all x y,zeXandt 5> 0:

(F1) M(z,y,t) >

(F2) M(z,y,t) = 1 1f and only if x = y;

(F3) M(xz,y,t) = M(y,z,1);

(F4) M(x,y,t) * M (y,z s) < M(z,z,t+ s);
(F5) M(z,y,-): (0,+00) — (0,1] is continuous.

Definition 1.3 ([3], George and Veeramani). Let (X, M, «) be a fuzzy
metric space. Then
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(i) a sequence {x,} converges to x € X, if and only if

lim M(z,,x,t) =1,

n—-+o0o

for all ¢t > 0,
(ii) a sequence {x,} in X is a Cauchy sequence if and only if for all
e € (0,1) and t > 0, there exists ng whence

M(xp, T, t) > 1 —¢,

for all m,n > nyg,
(iii) a fuzzy metric space is called complete if every Cauchy sequence
converges to some x € X.

In recent years, Samet et al. [I1] defined the notion of a-admissible
mappings as follows.

Definition 1.4 ([i1]). Let T be a self-mapping on X and let o : X x
X — [0,400) be a function. We say that T is an a-admissible mapping
if and only if

zyeX, alz,y)>1 = aoTz,Ty) > 1.

Finally, we recall that Karapinar et al. [6] introduced the notion of
triangular a-admissible mapping as follows.

Definition 1.5 ([6]). Let o : X x X — [0, +00) be a function. We say
that a self-mapping 7' : X — X is triangular a-admissible

(i) if z,y € X and a(z,y) > 1 then
a(Tz,Ty) > 1,
(ii) if z,y,2z € X, then
a(z,z) >1

=  o(z,y) > 1L
a(z,y) =1

Lemma 1.6 ([6]). Let f be a triangular a-admissible mapping. Assume
that there exists xg € X such that a(xo, fzg) > 1. Define the sequence
{zn} by x, = f"x0. Then

a(Tm, zn) > 1 for all m,n € N with m < n.

2. ¢g-TRIANGULAR Fuzzy METRIC SPACES

In this section, we introduce the concept of cy-triangular fuzzy metric
spaces which allows us to prove some fixed point theorems for Meir-
Keeler contractive mapping. Note that the notion of triangular fuzzy
metric was introduced in [2].
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Definition 2.1. Let (X, M, %) be a fuzzy metric space and
1
M~ (z,y,t) = M yt)
for all z,y € X and t > 0. Let ¢ > 0. We say the fuzzy metric (X, M, %)
is a cg-triangular fuzzy metric space when
MYz, y,c0) =1 < MYz, 2,¢0) — 14+ Mz, y,c0) — 1,
for all z,y, € X.

Definition 2.2. Let {x,} be a sequence in a cp-triangular fuzzy metric
space (X, M, x).
o {,} is said to be ¢o-convergent to = in X, written z, — z as
n — oo, if

lim M (zp,x,co) = 1.
n—oo

e {z,} is said to be ¢p-Cauchy if

lim M (zp,zm,c0) = 1.
n,m—00

e X is said to be cp-complete if every cg-Cauchy sequence is a
co-convergent sequence.

Definition 2.3. Assume that (X, M, *) be a cp-triangular fuzzy metric
space. Let {x,} and {y,} be two sequences in X such that z, —% x
and y, — y. Let f: X x X — D C R be a function. We say f is
co-continuous if lim, o0 f(Zn, yn) = f(2,y).

Definition 2.4. Assume that (X, M, *) be a cp-triangular fuzzy metric

space. Let {x,} be a sequence in X such that z,, — z. Let T: X — X
be a self mapping. We say T is cp-continuous if M (x,,xz,co) — 1 as
n — oo implies M (Txp,, Tx,co) — 1 asn — oo .

Definition 2.5. We say the cp-triangular fuzzy metric space (X, M, %)
is co-regular if, M (z,y,co) = 1 implies, M (x,y,t) = 1 for all ¢ > 0 (or
x=1y).

Lemma 2.6. Assume that (X, M,x) is a co-triangular fuzzy metric
space. Then the function M is cg-continuous.

Proof. Let {z,} and {y,} be two sequences in X such that z, — x
and y, — y. Then we can write,

M_l(xn,yn,c()) -1< M_l(xn,x,c(]) -1+ M_l(yn,x,co) -1
S M_l(xn,x,co) -1+ M_l(yn,y,co) -1
+ M71<x7y760) - 17
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and
MYz, y,c0) =1 < MYz, 20,c0) — 1+ M Yzp,y,c0) — 1
<M Y, 2, c0) — 14+ M Nz, yn, co) — 1
+ M (yn, y,c0) — 1,
and hence by taking limit as n — oo in the above inequalities we get,

lim M_l(xn’yn,CO) = M_I(Iayvcﬂ)v

n—o0

or

lim M (zy, yn,co) = M(z,y,cop).

n—o0

0

Throughout this paper, Fixz(T) denotes the set of all fixed points of
a self mapping T in cop-triangular fuzzy metric spaces.

3. MAIN RESULTS

Assume that (X, M, %) is a cp-triangular fuzzy metric space. Denote
by I'a the family of functions A : X x X — [—1,00) whence A is
cp-continuous.

Remark 3.1. Note that, M ~!(z,y,,co) + A(z,y) > 0 for all z,y € X
and ¢t > 0. Also if x # y then, M~ (z,y,,co) + A(z,y) > 0.

Now we define the notion of aA-Meir-Keeler contractive mapping as
follows.

Definition 3.2. Let (X, M, %) be a cp-triangular fuzzy metric space and
T be a self-mapping on X. Also, suppose that A € Ta and o : X x X —
[0, +00) is a function. We say that T is aA-Meir-Keeler contractive if
for each € > 0 and =, y € X there exists d > 0 such that

(3.1) e < MM,y o) + Alw,y) < e+6

then
a(z,y) [Mfl(Tx,Ty, o) + A(Tx,Ty)] < e.

Remark 3.3. Let (X, M, x) be a co-triangular fuzzy metric space and
T be an aA-Meir-Keeler contractive mapping. Then

a(z, y)[M_l(Tx, Ty,co) + A(Tz, Ty)] < M_l(x, Y, o) + Az, y),

for all z,y € X with z # y.
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Proof. From Remark B0, we know that M ~!(z,y, co) + A(x,y) > 0 for
all z,y € X with z #y. Assume, § > 0 and e = M~ (x,y,co) + Az, y).
Now we can write

e < M Yx,y,co) + Az, y)
< M Ya,y,co) + Az, y) + 6
=€+,
and then by using (B) we derive,
a(z,y) [M~ (T2, Ty) + A(Tz,Ty)] <€
= M Yx,y,co) + Az, y).
O

Remark 3.4. Let (X, M, x) be a co-triangular fuzzy metric space and
T be an aA-Meir-Keeler contractive mapping. Then

alz,y) (M~ YTz, Ty, co) — 1] < MYz, y,c0) — 1,
for all z,y € X with A(z,y) = —1.
Proof. From Remark B3, we know that

oz, y)[M YTz, Ty, co) — 1] < MY (z,y,c0) — 1,
for all z,y € X with x # y and A(z,y) = —1. If x = y then
M~YTx,Ty,co) = 1. Thus,

ofx,y)[M YTz, Ty, co) —1] =0

< M~H(z,y,c0) — 1,

and these two arguments show that

oz, y)[M~ YTz, Ty, co) — 1] < MY (z,y,c0) — 1,
for all z,y € X with A(z,y) = —1. O

Now we are ready to prove our first theorem.

Theorem 3.5. Let (X, M,*) be a complete co-triangular fuzzy metric
space with ¢y reqular and T : X — X be a self-mapping. Assume that
the following assertions hold:

(i) T is a triangular a-admissible mapping,
(ii) T is aA-Meir-Keeler contractive,
(iii) there exists xg € X such that a(xg, Txo) > 1,
(iv) T is a co-continuous mapping,

(v) if a(z,y) > 1 for x,y € X, then, A(z,y) = —1.
Then T has a fived point z € X such that A(z,z) = —1. Further, if
a(z,y) > 1 for all x,y € Fix(T) then T has a unique fized point.
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Proof. Let xg € X such that a(zg, Txg) > 1. Suppose {x,} is a Picard
sequence starting from =z, i.e., x, = T"xg = Tx,_1 for all n € N. Since
T is a triangular a-admissible mapping then by applying Lemma I8 we
have,

(T, xy) > 1 for all m,n € N with m < n,

and then by (v) we have,
A(Zp, xy) = —1 for all m,n € N with m < n.

If 2, = @pg+1 for some ng € NU{0}, then evidently T" has a fixed point.
Hence, we suppose that =, # z,4+1 for all n € NU {0}.
Therefore by using Remark B23 we have,

M_l(xn,xnﬂ,c[))—l < M_l(xn,l,:vn,co)—l << M_l(:vo,xl,co)fl.

This shows that, the sequence {cn = MY (2, Tny1,c0) — 1} is non-
increasing. So, the sequence {c,} is convergent to ¢ € Ry. We will show
that ¢ = 0. Suppose, to the contrary, that ¢ > 0. Hence, we have

0<c< M Yap, zpi1,c0) —1, foralln € NU{0}.

Let € = ¢ > 0. Then by hypothesis, there exists §() > 0 such that (871)
holds. On the other hand, by the definition of ¢, there exists ng € N
such that

€ < Cng
= Mﬁl(xnouxno-‘rlu CO) - 1
< e+9d.
Now by (B), we have

Cno+1 = M_l(:vn0+1,:vn0+2,00) -1
< a(xnmfcno—‘rl)[M_l(fUno—l-hxno+2700) —1]
= a(Tny, Tng11)[M N (Txpy, Tpg 41, co) — 1]
< €.
That is,
Cno+1 < €,
which is a contradiction. Hence ¢ = 0. That is,

lim [M Yz, 2n11,c0) — 1] = 0.

n—oo

For given € > 0, by the hypothesis, there exists a § = d(¢) > 0 such
that (Bd) holds. Without loss of generality, we assume that § < €. Since
¢ = 0 then there exists Ny € N such that

(3.2) Cpn_1 = Mﬁl(xn_l,xn,co) —1<é, foralln>N.
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We will prove that for any fixed k > Ng,
(3.3) MYz, xppg,c0) —1 <€, foralll €N,

Note that (B33), by (82), holds for | = 1. Suppose the condition (B33) is
satisfied for some m € N. That is,

(3.4) M~ (zp, Tpgm, co) — 1 <€, for some m € N,
For [ =m + 1, by (82) and (B4), we get

(3.5) MY 2p_1, Tpgm, c0) — 1 = MY @p_1, Tppm, co) — 1
< M~ Nap_1, 2k, c0) — 1
+ M~ xp, Tppm, co) — 1
<e+6.
Now if

M ™M @p—1, Thtm, €0) + A@h—1, Thtm) = M (Th—1, Thtms co) — 1 > €,
then by (B) and (B3H) we get,

M@, Tpymir,c0) = 1= M~ (Tag_1, Txpym, co) — 1
< (@1, Tym) (M (T 1, Thpm, o) — 1]
= a(Tg—1, Thtm)
X [M™H(Tag1, Txppm, o) + A(Tzp—1, Txhim)]
<€,
which implies
M (@, Thsms1,c0) — 1 <€,
and hence (B33) holds.
If M~ (2p_1,Tkim,co)—1 < €, then by applying Remark B4 we have,

M (@g, Thsme1, c0) — 1 = M (Tap_1, T2him, co) — 1
< M N@po1, Tpgms co) — 1
< €.
Consequently, (B33) holds for [ = m + 1. Hence,

M*I(xk,xkﬂ,cQ) —1<e¢ forallleN.

Thus, we have proved that {x,} is a cy-Cauchy sequence. The com-
pleteness of X ensures that there exists * € X such that M (x,,, 2", co) —
1 as n — +oo. Now, since T is a cp-continuous mapping then
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M(xpi1, Tz, co) = M(Txy, Tx*, co) — 1 as n — +o0.

Equivalently we can write, M ~(z,41, T2*, co) — 1 as n — +oo. From

M_l(a:*,Ta:*,co) —-1< M_l(x*,xn+1,co) — 1+M_1(xn+1,Tx*,co) -1,

taking limit as n — 400, we get

M~ z* Ta*,co) =1 or M(z* Ta*, co) =1,
and hence x* = T'x*, because M is co-regular. Thus, T has a fixed point.
Let a(z,y) > 1 for z,y € Fiz(T). So, A(x,y) = —1.
Now if x # y, then from Remark BZ3 we have,

M Yz,y,c0) =1 =M Tz, Ty,co) — 1
< Mﬁl(q%y?c[)) - 17

which is a contradiction. So, x = y. That is, T has a unique fixed point
when a(z,y) > 1 for all z,y € Fix(T).
Also, since A is ¢g-continuous and

Az, xm) =—1, A(z*,z") = —1.
g

For a self-mapping which is not continuous we have the following
result.

Theorem 3.6. Let (X, M,*) be a complete co-triangular fuzzy metric
space with co reqular let T : X — X be a self-mapping. Assume that the
following assertions hold:

(i) T is a triangular a-admissible mapping,
(ii) T is aA-Meir-Keeler contractive,
(iii) there exists xg € X such that a(xg, Txo) > 1,
(iv) if {xn} is a sequence in X where oy, Tnt1) > 1 for all n €
NuU {0} with z,, - x as n — 400, then a(zp,x) > 1,

(v) if a(x,y) > 1 for x,y € X, then A(x,y) = —1.
Then T has a unique fived point z € X such that A(z,z) = —1. Further,
if a(x,y) > 1 for all z,y € Fix(T), then T has a unique fixed point.

Proof. Let xg € X be such that a(zg,Txo) > 1. As in the proof of
Theorem B, we deduce that a Picard sequence {z,} starting from z
is cop-Cauchy and so converges to a point z* € X and

(T, Tm) > 1, A(xp, zm) =—1, foralln <m.
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By (v), a(zy,z) > 1. Then, A(x,,z) = —1. Therefore, by Remark
B4, we have

M71($n+1,T$*,co) —1= Mﬁl(T:cn,Tx*,co) -1
< M Yz, 2%, o) — 1,
for all n > 0. Then
lim [M~(z,1, T2, co) — 1] = 0.

n—4o0
That is,

lim MY zpir, Tx*, co) = 1,
and hence

M= z*, Tz*, o) —1< lim [MYz* zp41,c0) — 1
n——+0oo

+ M (2pg1, Ta*, co) — 1]
=0.
Thus, we get * = Tx*. The other statements follow as in the proof of
Theorem B33. 0

Example 3.7. Let ¢g > 0 and X = R be endowed with the cy-complete
co-triangular fuzzy metric

co+|czo\+|y|’ if # Ys
M(IIZ‘7 Y, CO) =
1, if x =y,

for all z,y € X. Define T : X - X, a: X x X — [0,+00) and
A:X x X —[~1,00) by

(22, ifx € (—00,0),

22, ifx €10,1],

Tx =
3z, ifxe(l,2),
219 if 2 € [2, +00),
1, ifz,y €]0,1],
afz,y) =

0, otherwise,
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and
-1, ifz,y €10,1],
A(.%',y) =
1, otherwise.
Let a(z,y) > 1, then z,y € [0,1]. On the other hand, Tw € [0,1]
for all w € [0,1]. Thus «(Tz,Ty) > 1. Also, let a(x,y) > 1 and
a(y,z) > 1. So, z,y,z € [0,1].1.e., a(x,z) > 1. Then T is a triangular a-
admissible mapping. Further, if a(z,y) > 1 then z,y € [0, 1]. Therefore,
A(z,y) = —1.
If {x,} is a sequence in X such that a(z,,z,11) > 1 with x,, — = as
n — +oo, then z, € [0,1] for all n € N and so = € [0,1]. This ensures
that a(zy,x) > 1 for all n € N. Clearly, a(0,70) > 1.
Let a(z,y) =1, e < MY (x,y,¢c0) + A(x,y) < €+ where €,6 > 0.
Then we have z,y € [0, 1] and

1
—(l=| + |y]) < e+4.
Co
Hence we have,
1
MY Tz, Ty,co) + ATz, Ty) = . (|Tz| + [Tyl)
0
1 2 2
= oo (ol + )
< = (la] + Iy
—(|x
~ 8co y
< e+
gle .

Otherwise, a(z,y) = 0 and then evidently,

a(z,y)[M (T, Ty) + A(Tz, Ty)] = 0

1

Now, by taking § < 7e (for all € > 0) the condition (B) holds. That
is, T' is an aA-Meir-Keeler contractive mapping. Thus all conditions of

Theorem B8 hold and 7" has a fixed point (here z = 0 is a fixed point
of T).

If in Theorem B8 we take A(z,y) = —1 for all z,y € X, then we have
the following Corollary.

Corollary 3.8. Let (X, M, x) be a cy-complete co-triangular fuzzy met-
ric space with w regular and T : X — X be a self-mapping. Assume that
the following assertions hold:

(i) T is a triangular a-admissible mapping,
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(ii) for each € >0 and x, y € X there exists 6 > 0 such that
e < M Ya,y,co) —1 < e+ d(e),

then
oz, y)[M YTz, Ty, co) — 1] <,
(iii) there exists xo € X such that a(xo, Txo) > 1,
(iv) if {zn} is a sequence in X whence a(xy, Tpt1) > 1 for alln €
NU {0} with x,, = x as n — +o0, then a(xy,,z) > 1.
Then T has a fixed point. Further, if a(x,y) > 1 for all x,y € Fix(T),
then T has a unique fixed point.

If in the above Corollary we take a(x,y) = 1 for all z,y € X, then we
have the following Corollary.

Corollary 3.9. Let (X, M, x) be a cy-complete co-triangular fuzzy met-
ric space with ¢y reqular and T : X — X be a self-mapping. Assume
that for each € > 0 and x, y € X there exists d > 0 such that

e < M Yz, y,c0) —1 < e+d(e)

then
M YTz, Ty,co) —1 <e.

Then T has a unique fized point.

4. SOME MEIR-KEELER TYPE FIXED POINT RESULTS IN
co-TRIANGULAR FUzzy METRIC SPACE ENDOWED WITH A
PARTIAL ORDER

The existence of fixed points in partially ordered metric spaces has
been considered in [[0]. Let X is a nonempty set. If X be a cp-triangular
fuzzy metric space and (X, <) is a partially ordered set, then X is called
a partially ordered cyp-triangular fuzzy metric space. Two elements z,y €
X are called comparable if xt <y or y < x. A mapping T : X — X is
said to be non-decreasing if x < y implies Tx < Ty for all z,y € X.

In this section, we will show that many Meir-Keeler type fixed point
results in cp-triangular fuzzy metric spaces endowed with a partial order
= can be deduced easily from our presented theorems.

Definition 4.1. Let (X, <) be a partially ordered cp-triangular fuzzy
metric space and 1" be a self-mapping on X. We say that T is partially
A-Meir-Keeler contractive if for each € > 0 and z, y € X with x <y
there exists § > 0 such that

€< M_1(337y700)+A(9572/) < 6+5a

then
M YT (2),T(y),co) + A(Tz, Ty) < e.
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Theorem 4.2. Let (X, M,* <) be a co-complete partially ordered cg-
triangular fuzzy metric space with co reqular and T : X — X be a
self-mapping. Assume that the following assertions hold:

(i) there exists xg € X such that xo < Txo,
(ii) T is co-continuous,
(iii) T is an increasing mapping,
(iv) T is a partially A-Meir-Keeler contractive mapping,
(v) if x 2y then Ax,y) = —1.
Then T has a fized point z € X such that A(z,z) = 0. Further, ifz <y
for all x,y € Fix(T), then T has a unique fized point.

Proof. Define av: X x X — [0, +00) by

]_, if x < Y,
a(z,y) = { 0, otherwise.

At first we show that T is a triangular a-admissible mapping. Let
a(z,y) > 1. Then z =< y. By (iii), we get Tz =< Ty. That is,
a(Tz,Ty) > 1. Also, let a(z,y) >1 and a(y,z) > 1. So, z < y and
y =X z. Then z < z. i.e. a(z,z) > 1. So T is a triangular a-admissible
mapping. By (i) there exists zp € X such that 9 < Txg. That is,
a(xg, Txo) > 1. Further if a(x,y) > 1, then < y. Hence by (v) we get
A(z,y) = —1. Assume that for each € > 0 there exists d(¢) > 0 such
that a(x,y) > 1 and

e < MY (z,y,c0) + Az, y) < e+ (e).

This implies x < y and
e < M Yz, y,co) + Az, y) < e+ 6(e).

Now, since T is a partially A-Meir-Keeler contractive mapping,
M~YT(2),T(y),co) + ATz, Ty) < e.

That is, T is an aA-Meir-Keeler contractive mapping. Therefore condi-
tions (i)-(v) of Theorem B3 hold and T has a fixed point. Also, if x <y
for all z,y € Fiz(T) then, a(zr,y) > 1 for all z,y € Fiz(T). Hence in
this case T has a unique fixed point. O

Theorem 4.3. Let (X, M,* =) be a co-complete partially ordered co-
triangular fuzzy metric space with w regular and T : X — X be a self-
mapping. Assume that the following assertions hold:

(i) there exists xg € X such that xo = Tz,
(ii) T is an increasing mapping,
(iii) T is a partially A-Meir-Keeler contractive mapping,
(iv) if x <y then A(z,y) = —1,
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(v) if {xn} be an increasing sequence in X with x, — = as n — 0o,
then, x, < z for alln € NU {0}.
Then T has a fized point z € X such that A(z,z) = —1. Further, if
x Ry for all z,y € Fix(T), then T has a unique fizved point.

Proof. Define the mapping o : X x X — [0,400) as in the proof of
Theorem B33. Similar to the proof of Theorem B3, we can prove that
the conditions (i)-(iii) and (v) of Theorem BT are satisfied. Let {x,} be
a sequence in X such that a(x,, zn4+1) > 1 for alln € NU{0} and z,, — =
as n — oo. Then x,, =< x,,41 for all n € NU{0}. By (v) we get z, < x
for all n € NU{0}. That is, a(zp,x) > 1 for all n € NU{0}. Therefore,
conditions (i)-(v) of Theorem B® hold and T" has a fixed point. Also,
if x <y for all z,y € Fix(T) then, a(x,y) > 1 for all z,y € Fix(T).
Hence in this case T has a unique fixed point. O

5. SOME INTEGRAL TYPE CONTRACTIONS

Let ® denotes the set of all functions ¢ : [0, +00) — [0, +00) satisfying
the following properties:
e every ¢ € ® is a Lebesgue integrable function on each compact
subset of [0, +00),
e for any ¢ € ® and any € > 0,

/06 o(T)dT > 0.

Following arguments similar to those in Theorem B& and B, we can
prove the following Theorems.

Theorem 5.1. Let (X, M,*,=<) be a co-complete co-triangular fuzzy
metric space with ¢y reqular and T : X — X be a self-mapping. As-
sume that the following assertions hold:

(i) T is a triangular a-admissible mapping,

(ii) for each € > 0 and x, y € X there exists 6 > 0 such that

M_l(mvy’CO)'i'A(mvy)
/ o(T)dT < €+ 0,

0
implies
/vM1 (Tz,Ty,co)+A(Tz,Ty)

a(z,y) (T)dT < e,

0
(iii) there exists xo € X such that a(xg, Txo) > 1,
(iv) T is a co-continuous mapping,
(v) if x 2y then Ax,y) = —1.
Then T has a fixed point z € X such that A(z,z) = —1. Further, if
a(z,y) > 1 for all x,y € Fix(T), then T has a unique fized point.
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Theorem 5.2. Let (X, M,x,=<) be a co-complete co-triangular fuzzy
metric space with cy reqular and T : X — X be a self-mapping. As-
sume that the following assertions hold:

(i) T is a triangular a-admissible mapping,

(i) for each € >0 and x, y € X there exists 6(€) > 0 such that

M_l(m,y,co)+A(m,y)
/ o(T)dr < e+ d(e)

0
implies

o(T)dT < €,

M~Y(Tz,Ty,co)+A(Txz,Ty)
atey) |

0
(iii) there exists xg € X such that o(xo, Txo) > 1,
(iv) if {xn} is a sequence in X whence o(Tpn,xnt1) > 1 for alln €
NU {0} with x,, = = as n — +o0, then a(xy,,z) > 1.
Then T has a fived point z € X such that A(z,z) = —1. Further, if
a(z,y) > 1 for all x,y € Fix(T), then T has a unique fized point.

Theorem 5.3. Let (X, M,*,=) be a co-complete partially ordered cp-
triangular fuzzy metric space with co reqular and T : X — X be a
self-mapping. Assume that the following assertions hold:

(i) there exists xg € X such that xo = Tz,

(ii) T is co-continuous,
(iii) T is an increasing mapping,
(iv) for each € > 0 there exists d(e) > 0 such that

M_l(r,y,CQ)—l-A(z,y)
/ o(T)dT < €+ 0(e),

0
implies

MY (Tx,Ty,co)+A(Tz,Ty)
/ o(T)dr <,

0
for any x, y € X with z < y.
Then T has a fixed point z € X such that A(z,z) = —1. Further, if
x Ry for all x,y € Fix(T), then T has a unique fized point.

Theorem 5.4. Let (X, M, *,=) be a co-complete partially ordered co-
triangular fuzzy metric space with co regular and T : X — X be a
self-mapping. Assume that the following assertions hold:

(i) there exists xg € X such that xo = Tz,
(ii) T is co-continuous,
(iii) T is an increasing mapping,
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(iv) for each € >0 and x, y € X with x <y there exists 6 > 0 such
that

Mﬁl(l‘,yﬁo)-‘rA(I,y)
/ $(r)dr < e + 5(¢),

0
implies

MY (Tz,Ty,co)+A(Tz,Ty)
/ o(T)dr <,

0
(v) if {zn} be an increasing sequence in X with x, — x asn — oo,
then x,, <z for alln € NU {0},
(vi) if x <y then A(z,y) = —1.

Then T has a fived point z € X such that A(z,z) = —1. Further, if
x Ry for all x,y € Fix(T), then T has a unique fixed point.
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