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Meir-Keeler Type Contraction Mappings in c0-triangular

Fuzzy Metric Spaces

Masoomeh Hezarjaribi

Abstract. Proving fixed point theorem in a fuzzy metric space
is not possible for Meir-Keeler contractive mapping. For this, we
introduce the notion of c0-triangular fuzzy metric space. This new
space allows us to prove some fixed point theorems for Meir-Keeler
contractive mapping. As some pattern we introduce the class of
α∆-Meir-Keeler contractive and we establish some results of fixed
point for such a mapping in the setting of c0-triangular fuzzy metric
space. An example is furnished to demonstrate the validity of these
obtained results.

1. Introduction

In order to generalize the well known Banach contraction principle,
many authors introduced various types of contraction inequalities. One
of them was introduced by Meir and Keeler [8] in 1969. Meir-Keeler’s
fixed point theorem has been extended and generalized in many direc-
tions (e.g., see [5, 6, 9] and references therein).

In 1965, Zadeh [13] introduced the interesting and important con-
cept of fuzzy set and it is known that there are various types of fuzzy
metric spaces in fuzzy topology. One of these fuzzy metric spaces was
introduced by Kramosil and Michálek [7] which can be a suitable gener-
alization of the statistical (probabilistic) metric spaces. Evidently, this
notion provides an important basis for the establish of fixed point theory
in fuzzy metric spaces.
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Next, Grabiec [4] introduced the notion of G-complete fuzzy metric
space and then established the Banach contraction principle in setting of
G-complete fuzzy metric space. Afterwards, George and Veeramani [3]
modified the notion of the G-Cauchy sequence introduced by Grabiec.

Also, they modified the definition of fuzzy metric space of Kramosil
and Michálek and so introduced a Hausdorff and first countable topol-
ogy. Thereafter, the concept of a complete fuzzy metric space defined
by George and Veeramani has appeared as another characterization of
completeness.

Now we know such a metric space as a complete fuzzy metric space.
There are many papers related to fixed point theory in the setting of
the above two kinds of complete fuzzy metric spaces (e.g., [1, 2, 12] and
the references therein).

Proving fixed point theorem in a fuzzy metric space is not possible
for Meir-Keeler contractive mapping. For this, we introduce the notion
of c0-triangular fuzzy metric space. This new space allows us to prove
some fixed point theorems for Meir-Keeler contractive mapping.

As some pattern we introduce the class of α∆-Meir-Keeler contractive
and we establish some results of fixed point for such mapping in the
setting of c0-triangular fuzzy metric space. An example is furnished to
demonstrate the validity of the obtained results.

We are going to recall some necessary concepts, required definitions
and primary results to coherence with the literature.

Definition 1.1 ([3], Schweizer and Sklar). A binary operation ⋆ : [0, 1]×
[0, 1] → [0, 1] is called a continuous t-norm if it satisfies the following
assertions:

(T1) ⋆ is commutative and associative;
(T2) ⋆ is continuous;
(T3) a ⋆ 1 = a for all a ∈ [0, 1];
(T4) a ⋆ b ≤ c ⋆ d when a ≤ c and b ≤ d, with a, b, c, d ∈ [0, 1].

Definition 1.2 ([3], George and Veeramani). A fuzzy metric space is
an ordered triple (X,M, ⋆) whence X ̸= ∅, ⋆ is a continuous t-norm and
M is a fuzzy set on X×X× (0,+∞) satisfying the following assertions,
for all x, y, z ∈ X and t, s > 0:

(F1) M(x, y, t) > 0;
(F2) M(x, y, t) = 1 if and only if x = y;
(F3) M(x, y, t) = M(y, x, t);
(F4) M(x, y, t) ⋆ M(y, z, s) ≤ M(x, z, t+ s);
(F5) M(x, y, ·) : (0,+∞) → (0, 1] is continuous.

Definition 1.3 ([3], George and Veeramani). Let (X,M, ⋆) be a fuzzy
metric space. Then
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(i) a sequence {xn} converges to x ∈ X, if and only if

lim
n→+∞

M(xn, x, t) = 1,

for all t > 0,
(ii) a sequence {xn} in X is a Cauchy sequence if and only if for all

ϵ ∈ (0, 1) and t > 0, there exists n0 whence

M(xn, xm, t) > 1− ϵ,

for all m,n ≥ n0,
(iii) a fuzzy metric space is called complete if every Cauchy sequence

converges to some x ∈ X.

In recent years, Samet et al. [11] defined the notion of α-admissible
mappings as follows.

Definition 1.4 ([11]). Let T be a self-mapping on X and let α : X ×
X → [0,+∞) be a function. We say that T is an α-admissible mapping
if and only if

x, y ∈ X, α(x, y) ≥ 1 ⇒ α(Tx, Ty) ≥ 1.

Finally, we recall that Karapinar et al. [6] introduced the notion of
triangular α-admissible mapping as follows.

Definition 1.5 ([6]). Let α : X ×X → [0,+∞) be a function. We say
that a self-mapping T : X → X is triangular α-admissible

(i) if x, y ∈ X and α(x, y) ≥ 1 then

α(Tx, Ty) ≥ 1,

(ii) if x, y, z ∈ X, then α(x, z) ≥ 1

α(z, y) ≥ 1
⇒ α(x, y) ≥ 1.

Lemma 1.6 ([6]). Let f be a triangular α-admissible mapping. Assume
that there exists x0 ∈ X such that α(x0, fx0) ≥ 1. Define the sequence
{xn} by xn = fnx0. Then

α(xm, xn) ≥ 1 for all m,n ∈ N with m < n.

2. c0-Triangular Fuzzy Metric Spaces

In this section, we introduce the concept of c0-triangular fuzzy metric
spaces which allows us to prove some fixed point theorems for Meir-
Keeler contractive mapping. Note that the notion of triangular fuzzy
metric was introduced in [2].
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Definition 2.1. Let (X,M, ∗) be a fuzzy metric space and

M−1(x, y, t) =
1

M(x, y, t)
,

for all x, y ∈ X and t > 0. Let c0 > 0. We say the fuzzy metric (X,M, ∗)
is a c0-triangular fuzzy metric space when

M−1(x, y, c0)− 1 ≤ M−1(x, z, c0)− 1 +M−1(z, y, c0)− 1,

for all x, y,∈ X.

Definition 2.2. Let {xn} be a sequence in a c0-triangular fuzzy metric
space (X,M, ∗).

• {xn} is said to be c0-convergent to x in X, written xn
c0−→ x as

n → ∞, if
lim
n→∞

M(xn, x, c0) = 1.

• {xn} is said to be c0-Cauchy if

lim
n,m→∞

M(xn, xm, c0) = 1.

• X is said to be c0-complete if every c0-Cauchy sequence is a
c0-convergent sequence.

Definition 2.3. Assume that (X,M, ∗) be a c0-triangular fuzzy metric

space. Let {xn} and {yn} be two sequences in X such that xn
c0−→ x

and yn
c0−→ y. Let f : X × X → D ⊂ R be a function. We say f is

c0-continuous if limn→∞ f(xn, yn) = f(x, y).

Definition 2.4. Assume that (X,M, ∗) be a c0-triangular fuzzy metric

space. Let {xn} be a sequence in X such that xn
c0−→ x. Let T : X → X

be a self mapping. We say T is c0-continuous if M(xn, x, c0) → 1 as
n → ∞ implies M(Txn, Tx, c0) → 1 as n → ∞ .

Definition 2.5. We say the c0-triangular fuzzy metric space (X,M, ∗)
is c0-regular if, M(x, y, c0) = 1 implies, M(x, y, t) = 1 for all t > 0 (or
x = y).

Lemma 2.6. Assume that (X,M, ∗) is a c0-triangular fuzzy metric
space. Then the function M is c0-continuous.

Proof. Let {xn} and {yn} be two sequences in X such that xn
c0−→ x

and yn
c0−→ y. Then we can write,

M−1(xn, yn, c0)− 1 ≤ M−1(xn, x, c0)− 1 +M−1(yn, x, c0)− 1

≤ M−1(xn, x, c0)− 1 +M−1(yn, y, c0)− 1

+M−1(x, y, c0)− 1,
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and

M−1(x, y, c0)− 1 ≤ M−1(x, xn, c0)− 1 +M−1(xn, y, c0)− 1

≤ M−1(x, xn, c0)− 1 +M−1(xn, yn, c0)− 1

+M−1(yn, y, c0)− 1,

and hence by taking limit as n → ∞ in the above inequalities we get,

lim
n→∞

M−1(xn, yn, c0) = M−1(x, y, c0),

or

lim
n→∞

M(xn, yn, c0) = M(x, y, c0).

□

Throughout this paper, Fix(T ) denotes the set of all fixed points of
a self mapping T in c0-triangular fuzzy metric spaces.

3. Main Results

Assume that (X,M, ∗) is a c0-triangular fuzzy metric space. Denote
by Γ∆ the family of functions ∆ : X × X → [−1,∞) whence ∆ is
c0-continuous.

Remark 3.1. Note that, M−1(x, y, , c0) + ∆(x, y) ≥ 0 for all x, y ∈ X
and t > 0. Also if x ̸= y then, M−1(x, y, , c0) + ∆(x, y) > 0.

Now we define the notion of α∆-Meir-Keeler contractive mapping as
follows.

Definition 3.2. Let (X,M, ∗) be a c0-triangular fuzzy metric space and
T be a self-mapping on X. Also, suppose that ∆ ∈ Γ∆ and α : X×X →
[0,+∞) is a function. We say that T is α∆-Meir-Keeler contractive if
for each ϵ > 0 and x, y ∈ X there exists δ > 0 such that

(3.1) ϵ ≤ M−1(x, y, c0) + ∆(x, y) < ϵ+ δ

then

α(x, y)
[
M−1(Tx, Ty, c0) + ∆(Tx, Ty)

]
< ϵ.

Remark 3.3. Let (X,M, ∗) be a c0-triangular fuzzy metric space and
T be an α∆-Meir-Keeler contractive mapping. Then

α(x, y)[M−1(Tx, Ty, c0) + ∆(Tx, Ty)] < M−1(x, y, c0) + ∆(x, y),

for all x, y ∈ X with x ̸= y.
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Proof. From Remark 3.1, we know that M−1(x, y, c0) + ∆(x, y) > 0 for
all x, y ∈ X with x ̸= y. Assume, δ > 0 and ϵ = M−1(x, y, c0)+∆(x, y).
Now we can write

ϵ ≤ M−1(x, y, c0) + ∆(x, y)

< M−1(x, y, c0) + ∆(x, y) + δ

= ϵ+ δ,

and then by using (3.1) we derive,

α(x, y)
[
M−1(Tx, Ty) + ∆(Tx, Ty)

]
< ϵ

= M−1(x, y, c0) + ∆(x, y).

□
Remark 3.4. Let (X,M, ∗) be a c0-triangular fuzzy metric space and
T be an α∆-Meir-Keeler contractive mapping. Then

α(x, y)[M−1(Tx, Ty, c0)− 1] ≤ M−1(x, y, c0)− 1,

for all x, y ∈ X with ∆(x, y) = −1.

Proof. From Remark 3.3, we know that

α(x, y)[M−1(Tx, Ty, c0)− 1] < M−1(x, y, c0)− 1,

for all x, y ∈ X with x ̸= y and ∆(x, y) = −1. If x = y then
M−1(Tx, Ty, c0) = 1. Thus,

α(x, y)[M−1(Tx, Ty, c0)− 1] = 0

≤ M−1(x, y, c0)− 1,

and these two arguments show that

α(x, y)[M−1(Tx, Ty, c0)− 1] ≤ M−1(x, y, c0)− 1,

for all x, y ∈ X with ∆(x, y) = −1. □
Now we are ready to prove our first theorem.

Theorem 3.5. Let (X,M, ∗) be a complete c0-triangular fuzzy metric
space with c0 regular and T : X → X be a self-mapping. Assume that
the following assertions hold:

(i) T is a triangular α-admissible mapping,
(ii) T is α∆-Meir-Keeler contractive,
(iii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1,
(iv) T is a c0-continuous mapping,
(v) if α(x, y) ≥ 1 for x, y ∈ X, then, ∆(x, y) = −1.

Then T has a fixed point z ∈ X such that ∆(z, z) = −1. Further, if
α(x, y) ≥ 1 for all x, y ∈ Fix(T ) then T has a unique fixed point.
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Proof. Let x0 ∈ X such that α(x0, Tx0) ≥ 1. Suppose {xn} is a Picard
sequence starting from x0, i.e., xn = Tnx0 = Txn−1 for all n ∈ N. Since
T is a triangular α-admissible mapping then by applying Lemma 1.6 we
have,

α(xm, xn) ≥ 1 for all m,n ∈ N with m < n,

and then by (v) we have,

∆(xm, xn) = −1 for all m,n ∈ N with m < n.

If xn0 = xn0+1 for some n0 ∈ N∪{0}, then evidently T has a fixed point.
Hence, we suppose that xn ̸= xn+1 for all n ∈ N ∪ {0}.

Therefore by using Remark 3.3 we have,

M−1(xn, xn+1, c0)−1 < M−1(xn−1, xn, c0)−1 < · · · < M−1(x0, x1, c0)−1.

This shows that, the sequence
{
cn := M−1(xn, xn+1, c0)− 1

}
is non-

increasing. So, the sequence {cn} is convergent to c ∈ R+. We will show
that c = 0. Suppose, to the contrary, that c > 0. Hence, we have

0 < c < M−1(xn, xn+1, c0)− 1, for all n ∈ N ∪ {0}.

Let ϵ = c > 0. Then by hypothesis, there exists δ(ε) > 0 such that (3.1)
holds. On the other hand, by the definition of ϵ, there exists n0 ∈ N
such that

ϵ < cn0

= M−1(xn0 , xn0+1, c0)− 1

< ϵ+ δ.

Now by (3.1), we have

cn0+1 = M−1(xn0+1, xn0+2, c0)− 1

≤ α(xn0 , xn0+1)[M
−1(xn0+1, xn0+2, c0)− 1]

= α(xn0 , xn0+1)[M
−1(Txn0 , Txn0+1, c0)− 1]

< ϵ.

That is,

cn0+1 < ϵ,

which is a contradiction. Hence c = 0. That is,

lim
n→∞

[M−1(xn, xn+1, c0)− 1] = 0.

For given ϵ > 0, by the hypothesis, there exists a δ = δ(ϵ) > 0 such
that (3.1) holds. Without loss of generality, we assume that δ < ϵ. Since
c = 0 then there exists N0 ∈ N such that

(3.2) cn−1 = M−1(xn−1, xn, c0)− 1 < δ, for all n ≥ N0.
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We will prove that for any fixed k ≥ N0,

(3.3) M−1(xk, xk+l, c0)− 1 ≤ ϵ, for all l ∈ N,
Note that (3.3), by (3.2), holds for l = 1. Suppose the condition (3.3) is
satisfied for some m ∈ N. That is,
(3.4) M−1(xk, xk+m, c0)− 1 ≤ ϵ, for some m ∈ N.
For l = m+ 1, by (3.2) and (3.4), we get

M−1(xk−1, xk+m, c0)− 1 = M−1(xk−1, xk+m, c0)− 1(3.5)

≤ M−1(xk−1, xk, c0)− 1

+M−1(xk, xk+m, c0)− 1

< ϵ+ δ.

Now if

M−1(xk−1, xk+m, c0) + ∆(xk−1, xk+m) = M−1(xk−1, xk+m, c0)− 1 ≥ ϵ,

then by (3.1) and (3.5) we get,

M−1(xk, xk+m+1, c0)− 1 = M−1(Txk−1, Txk+m, c0)− 1

≤ α(xk−1, xk+m)[M−1(Txk−1, Txk+m, c0)− 1]

= α(xk−1, xk+m)

×
[
M−1(Txk−1, Txk+m, c0) + ∆(Txk−1, Txk+m)

]
< ϵ,

which implies
M−1(xk, xk+m+1, c0)− 1 < ϵ,

and hence (3.3) holds.
If M−1(xk−1, xk+m, c0)−1 < ϵ, then by applying Remark 3.4 we have,

M−1(xk, xk+m+1, c0)− 1 = M−1(Txk−1, Txk+m, c0)− 1

≤ M−1(xk−1, xk+m, c0)− 1

< ϵ.

Consequently, (3.3) holds for l = m+ 1. Hence,

M−1(xk, xk+l, c0)− 1 ≤ ϵ, for all l ∈ N.
Thus, we have proved that {xn} is a c0-Cauchy sequence. The com-

pleteness ofX ensures that there exists x∗ ∈ X such thatM(xn, x
∗, c0) →

1 as n → +∞. Now, since T is a c0-continuous mapping then
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M(xn+1, Tx
∗, c0) = M(Txn, Tx

∗, c0) → 1 as n → +∞.

Equivalently we can write, M−1(xn+1, Tx
∗, c0) → 1 as n → +∞. From

M−1(x∗, Tx∗, c0)− 1 ≤ M−1(x∗, xn+1, c0)− 1+M−1(xn+1, Tx
∗, c0)− 1,

taking limit as n → +∞, we get

M−1(x∗, Tx∗, c0) = 1 or M(x∗, Tx∗, c0) = 1,

and hence x∗ = Tx∗, because M is c0-regular. Thus, T has a fixed point.
Let α(x, y) ≥ 1 for x, y ∈ Fix(T ). So, ∆(x, y) = −1.

Now if x ̸= y, then from Remark 3.3 we have,

M−1(x, y, c0)− 1 = M−1(Tx, Ty, c0)− 1

< M−1(x, y, c0)− 1,

which is a contradiction. So, x = y. That is, T has a unique fixed point
when α(x, y) ≥ 1 for all x, y ∈ Fix(T ).

Also, since ∆ is c0-continuous and

∆(xn, xm) = −1, ∆(x∗, x∗) = −1.

□

For a self-mapping which is not continuous we have the following
result.

Theorem 3.6. Let (X,M, ∗) be a complete c0-triangular fuzzy metric
space with c0 regular let T : X → X be a self-mapping. Assume that the
following assertions hold:

(i) T is a triangular α-admissible mapping,
(ii) T is α∆-Meir-Keeler contractive,
(iii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1,
(iv) if {xn} is a sequence in X where α(xn, xn+1) ≥ 1 for all n ∈

N ∪ {0} with xn → x as n → +∞, then α(xn, x) ≥ 1,
(v) if α(x, y) ≥ 1 for x, y ∈ X, then ∆(x, y) = −1.

Then T has a unique fixed point z ∈ X such that ∆(z, z) = −1. Further,
if α(x, y) ≥ 1 for all x, y ∈ Fix(T ), then T has a unique fixed point.

Proof. Let x0 ∈ X be such that α(x0, Tx0) ≥ 1. As in the proof of
Theorem 3.5, we deduce that a Picard sequence {xn} starting from x0
is c0-Cauchy and so converges to a point x∗ ∈ X and

α(xn, xm) ≥ 1, ∆(xn, xm) = −1, for all n < m.
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By (v), α(xn, z) ≥ 1. Then, ∆(xn, z) = −1. Therefore, by Remark
3.4, we have

M−1(xn+1, Tx
∗, c0)− 1 = M−1(Txn, Tx

∗, c0)− 1

≤ M−1(xn, x
∗, c0)− 1,

for all n ≥ 0. Then

lim
n→+∞

[M−1(xn+1, Tx
∗, c0)− 1] = 0.

That is,

lim
n→+∞

M−1(xn+1, Tx
∗, c0) = 1,

and hence

M−1(x∗, Tx∗, c0)− 1 ≤ lim
n→+∞

[M−1(x∗, xn+1, c0)− 1

+M−1(xn+1, Tx
∗, c0)− 1]

= 0.

Thus, we get x∗ = Tx∗. The other statements follow as in the proof of
Theorem 3.5. □

Example 3.7. Let c0 > 0 and X = R be endowed with the c0-complete
c0-triangular fuzzy metric

M(x, y, c0) =


c0

c0+|x|+|y| , if x ̸= y,

1, if x = y,

for all x, y ∈ X. Define T : X → X, α : X × X → [0,+∞) and
∆ : X ×X → [−1,∞) by

Tx =



x2, if x ∈ (−∞, 0),

1
8x

2, if x ∈ [0, 1],

3x, if x ∈ (1, 2),

x104, if x ∈ [2,+∞),

α(x, y) =

 1, if x, y ∈ [0, 1],

0, otherwise,
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and

∆(x, y) =

 −1, if x, y ∈ [0, 1],

1, otherwise.

Let α(x, y) ≥ 1, then x, y ∈ [0, 1]. On the other hand, Tw ∈ [0, 1]
for all w ∈ [0, 1]. Thus α(Tx, Ty) ≥ 1. Also, let α(x, y) ≥ 1 and
α(y, z) ≥ 1. So, x, y, z ∈ [0, 1]. i.e., α(x, z) ≥ 1. Then T is a triangular α-
admissible mapping. Further, if α(x, y) ≥ 1 then x, y ∈ [0, 1]. Therefore,
∆(x, y) = −1.

If {xn} is a sequence in X such that α(xn, xn+1) ≥ 1 with xn → x as
n → +∞, then xn ∈ [0, 1] for all n ∈ N and so x ∈ [0, 1]. This ensures
that α(xn, x) ≥ 1 for all n ∈ N. Clearly, α(0, T0) ≥ 1.

Let α(x, y) = 1, ϵ ≤ M−1(x, y, c0) + ∆(x, y) < ϵ + δ where ϵ, δ > 0.
Then we have x, y ∈ [0, 1] and

1

c0
(|x|+ |y|) < ϵ+ δ.

Hence we have,

M−1(Tx, Ty, c0) + ∆(Tx, Ty) =
1

c0
(|Tx|+ |Ty|)

=
1

8c0

(
|x|2 + |y|2

)
≤ 1

8c0
(|x|+ |y|)

<
1

8
(ϵ+ δ).

Otherwise, α(x, y) = 0 and then evidently,

α(x, y)[M−1(Tx, Ty) + ∆(Tx, Ty)] = 0

<
1

8
(ϵ+ δ).

Now, by taking δ ≤ 7ϵ (for all ϵ > 0) the condition (3.1) holds. That
is, T is an α∆-Meir-Keeler contractive mapping. Thus all conditions of
Theorem 3.6 hold and T has a fixed point (here x = 0 is a fixed point
of T ).

If in Theorem 3.6 we take ∆(x, y) = −1 for all x, y ∈ X, then we have
the following Corollary.

Corollary 3.8. Let (X,M, ∗) be a c0-complete c0-triangular fuzzy met-
ric space with ω regular and T : X → X be a self-mapping. Assume that
the following assertions hold:

(i) T is a triangular α-admissible mapping,
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(ii) for each ϵ > 0 and x, y ∈ X there exists δ > 0 such that

ϵ ≤ M−1(x, y, c0)− 1 < ϵ+ δ(ϵ),

then
α(x, y)[M−1(Tx, Ty, c0)− 1] < ϵ,

(iii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1,
(iv) if {xn} is a sequence in X whence α(xn, xn+1) ≥ 1 for all n ∈

N ∪ {0} with xn → x as n → +∞, then α(xn, x) ≥ 1.

Then T has a fixed point. Further, if α(x, y) ≥ 1 for all x, y ∈ Fix(T ),
then T has a unique fixed point.

If in the above Corollary we take α(x, y) = 1 for all x, y ∈ X, then we
have the following Corollary.

Corollary 3.9. Let (X,M, ∗) be a c0-complete c0-triangular fuzzy met-
ric space with c0 regular and T : X → X be a self-mapping. Assume
that for each ϵ > 0 and x, y ∈ X there exists δ > 0 such that

ϵ ≤ M−1(x, y, c0)− 1 < ϵ+ δ(ϵ)

then
M−1(Tx, Ty, c0)− 1 < ϵ.

Then T has a unique fixed point.

4. Some Meir-Keeler Type Fixed Point Results in
c0-triangular Fuzzy Metric Space Endowed With a

Partial Order

The existence of fixed points in partially ordered metric spaces has
been considered in [10]. Let X is a nonempty set. If X be a c0-triangular
fuzzy metric space and (X,⪯) is a partially ordered set, then X is called
a partially ordered c0-triangular fuzzy metric space. Two elements x, y ∈
X are called comparable if x ⪯ y or y ⪯ x. A mapping T : X → X is
said to be non-decreasing if x ⪯ y implies Tx ⪯ Ty for all x, y ∈ X.

In this section, we will show that many Meir-Keeler type fixed point
results in c0-triangular fuzzy metric spaces endowed with a partial order
⪯ can be deduced easily from our presented theorems.

Definition 4.1. Let (X,⪯) be a partially ordered c0-triangular fuzzy
metric space and T be a self-mapping on X. We say that T is partially
∆-Meir-Keeler contractive if for each ϵ > 0 and x, y ∈ X with x ⪯ y
there exists δ > 0 such that

ϵ ≤ M−1(x, y, c0) + ∆(x, y) < ϵ+ δ,

then
M−1(T (x), T (y), c0) + ∆(Tx, Ty) < ϵ.
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Theorem 4.2. Let (X,M, ∗ ⪯) be a c0-complete partially ordered c0-
triangular fuzzy metric space with c0 regular and T : X → X be a
self-mapping. Assume that the following assertions hold:

(i) there exists x0 ∈ X such that x0 ⪯ Tx0,
(ii) T is c0-continuous,
(iii) T is an increasing mapping,
(iv) T is a partially ∆-Meir-Keeler contractive mapping,
(v) if x ⪯ y then ∆(x, y) = −1.

Then T has a fixed point z ∈ X such that ∆(z, z) = 0. Further, if x ⪯ y
for all x, y ∈ Fix(T ), then T has a unique fixed point.

Proof. Define α : X ×X → [0,+∞) by

α(x, y) =

{
1, if x ⪯ y,
0, otherwise.

At first we show that T is a triangular α-admissible mapping. Let
α(x, y) ≥ 1. Then x ⪯ y. By (iii), we get Tx ⪯ Ty. That is,
α(Tx, Ty) ≥ 1. Also, let α(x, y) ≥1 and α(y, z) ≥ 1. So, x ⪯ y and
y ⪯ z. Then x ⪯ z. i.e. α(x, z) ≥ 1. So T is a triangular α-admissible
mapping. By (i) there exists x0 ∈ X such that x0 ⪯ Tx0. That is,
α(x0, Tx0) ≥ 1. Further if α(x, y) ≥ 1, then x ⪯ y. Hence by (v) we get
∆(x, y) = −1. Assume that for each ϵ > 0 there exists δ(ϵ) > 0 such
that α(x, y) ≥ 1 and

ϵ ≤ M−1(x, y, c0) + ∆(x, y) < ϵ+ δ(ϵ).

This implies x ⪯ y and

ϵ ≤ M−1(x, y, c0) + ∆(x, y) < ϵ+ δ(ϵ).

Now, since T is a partially ∆-Meir-Keeler contractive mapping,

M−1(T (x), T (y), c0) + ∆(Tx, Ty) < ϵ.

That is, T is an α∆-Meir-Keeler contractive mapping. Therefore condi-
tions (i)-(v) of Theorem 3.5 hold and T has a fixed point. Also, if x ⪯ y
for all x, y ∈ Fix(T ) then, α(x, y) ≥ 1 for all x, y ∈ Fix(T ). Hence in
this case T has a unique fixed point. □

Theorem 4.3. Let (X,M, ∗ ⪯) be a c0-complete partially ordered c0-
triangular fuzzy metric space with ω regular and T : X → X be a self-
mapping. Assume that the following assertions hold:

(i) there exists x0 ∈ X such that x0 ⪯ Tx0,
(ii) T is an increasing mapping,
(iii) T is a partially ∆-Meir-Keeler contractive mapping,
(iv) if x ⪯ y then ∆(x, y) = −1,
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(v) if {xn} be an increasing sequence in X with xn → x as n → ∞,
then, xn ⪯ x for all n ∈ N ∪ {0}.

Then T has a fixed point z ∈ X such that ∆(z, z) = −1. Further, if
x ⪯ y for all x, y ∈ Fix(T ), then T has a unique fixed point.

Proof. Define the mapping α : X × X → [0,+∞) as in the proof of
Theorem 5.3. Similar to the proof of Theorem 5.3, we can prove that
the conditions (i)-(iii) and (v) of Theorem 3.6 are satisfied. Let {xn} be
a sequence inX such that α(xn, xn+1) ≥ 1 for all n ∈ N∪{0} and xn → x
as n → ∞. Then xn ⪯ xn+1 for all n ∈ N ∪ {0}. By (v) we get xn ⪯ x
for all n ∈ N∪{0}. That is, α(xn, x) ≥ 1 for all n ∈ N∪{0}. Therefore,
conditions (i)-(v) of Theorem 3.6 hold and T has a fixed point. Also,
if x ⪯ y for all x, y ∈ Fix(T ) then, α(x, y) ≥ 1 for all x, y ∈ Fix(T ).
Hence in this case T has a unique fixed point. □

5. Some Integral Type Contractions

Let Φ denotes the set of all functions ϕ : [0,+∞) → [0,+∞) satisfying
the following properties:

• every ϕ ∈ Φ is a Lebesgue integrable function on each compact
subset of [0,+∞),

• for any ϕ ∈ Φ and any ϵ > 0,∫ ϵ

0
ϕ(τ)dτ > 0.

Following arguments similar to those in Theorem 3.5 and 3.6, we can
prove the following Theorems.

Theorem 5.1. Let (X,M, ∗,⪯) be a c0-complete c0-triangular fuzzy
metric space with c0 regular and T : X → X be a self-mapping. As-
sume that the following assertions hold:

(i) T is a triangular α-admissible mapping,
(ii) for each ϵ > 0 and x, y ∈ X there exists δ > 0 such that∫ M−1(x,y,c0)+∆(x,y)

0
ϕ(τ)dτ < ϵ+ δ,

implies

α(x, y)

∫ M−1(Tx,Ty,c0)+∆(Tx,Ty)

0
ϕ(τ)dτ < ϵ,

(iii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1,
(iv) T is a c0-continuous mapping,
(v) if x ⪯ y then ∆(x, y) = −1.

Then T has a fixed point z ∈ X such that ∆(z, z) = −1. Further, if
α(x, y) ≥ 1 for all x, y ∈ Fix(T ), then T has a unique fixed point.
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Theorem 5.2. Let (X,M, ∗,⪯) be a c0-complete c0-triangular fuzzy
metric space with c0 regular and T : X → X be a self-mapping. As-
sume that the following assertions hold:

(i) T is a triangular α-admissible mapping,
(ii) for each ϵ > 0 and x, y ∈ X there exists δ(ϵ) > 0 such that∫ M−1(x,y,c0)+∆(x,y)

0
ϕ(τ)dτ < ϵ+ δ(ϵ)

implies

α(x, y)

∫ M−1(Tx,Ty,c0)+∆(Tx,Ty)

0
ϕ(τ)dτ < ϵ,

(iii) there exists x0 ∈ X such that α(x0, Tx0) ≥ 1,
(iv) if {xn} is a sequence in X whence α(xn, xn+1) ≥ 1 for all n ∈

N ∪ {0} with xn → x as n → +∞, then α(xn, x) ≥ 1.

Then T has a fixed point z ∈ X such that ∆(z, z) = −1. Further, if
α(x, y) ≥ 1 for all x, y ∈ Fix(T ), then T has a unique fixed point.

Theorem 5.3. Let (X,M, ∗,⪯) be a c0-complete partially ordered c0-
triangular fuzzy metric space with c0 regular and T : X → X be a
self-mapping. Assume that the following assertions hold:

(i) there exists x0 ∈ X such that x0 ⪯ Tx0,
(ii) T is c0-continuous,
(iii) T is an increasing mapping,
(iv) for each ϵ > 0 there exists δ(ϵ) > 0 such that∫ M−1(x,y,c0)+∆(x,y)

0
ϕ(τ)dτ < ϵ+ δ(ϵ),

implies ∫ M−1(Tx,Ty,c0)+∆(Tx,Ty)

0
ϕ(τ)dτ < ϵ,

for any x, y ∈ X with x ⪯ y.

Then T has a fixed point z ∈ X such that ∆(z, z) = −1. Further, if
x ⪯ y for all x, y ∈ Fix(T ), then T has a unique fixed point.

Theorem 5.4. Let (X,M, ∗,⪯) be a c0-complete partially ordered c0-
triangular fuzzy metric space with c0 regular and T : X → X be a
self-mapping. Assume that the following assertions hold:

(i) there exists x0 ∈ X such that x0 ⪯ Tx0,
(ii) T is c0-continuous,
(iii) T is an increasing mapping,
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(iv) for each ϵ > 0 and x, y ∈ X with x ⪯ y there exists δ > 0 such
that ∫ M−1(x,y,c0)+∆(x,y)

0
ϕ(τ)dτ < ϵ+ δ(ϵ),

implies ∫ M−1(Tx,Ty,c0)+∆(Tx,Ty)

0
ϕ(τ)dτ < ϵ,

(v) if {xn} be an increasing sequence in X with xn → x as n → ∞,
then xn ⪯ x for all n ∈ N ∪ {0},

(vi) if x ⪯ y then ∆(x, y) = −1.

Then T has a fixed point z ∈ X such that ∆(z, z) = −1. Further, if
x ⪯ y for all x, y ∈ Fix(T ), then T has a unique fixed point.
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