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Richardson and Chebyshev Iterative Methods by Using

G-frames

Hassan Jamali1∗ and Mohsen Kolahdouz2

Abstract. In this paper, we design some iterative schemes for
solving operator equation Lu = f , where L : H → H is a bounded,
invertible and self-adjoint operator on a separable Hilbert space
H. In this concern, Richardson and Chebyshev iterative methods
are two outstanding as well as long-standing ones. They can be
implemented in different ways via different concepts.

In this paper, these schemes exploit the almost recently devel-
oped notion of g-frames which result in modified convergence rates
compared with early computed ones in corresponding classical for-
mulations.

In fact, these convergence rates are formed by the lower and
upper bounds of the given g-frame. Therefore, we can determine
any convergence rate by considering an appropriate g-frame.

1. Introduction and Preliminaries

In this paper, we will use g-frames to get some approximate solutions
for the operator equation

(1.1) Lu = f,

where L : H → H is a bounded, invertible and self-adjoint linear op-
erator on a separable Hilbert space H. Technically, numerical linear
algebra approaches the problem in different iteration schemes, which in
general case produces a sequence of vectors converging to the exact so-
lution of equation (1.1). In the meantime, Richardson iterative method
and Chebyshev polynomials are two prominent approaches which can be
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implemented in a different way [1, 6, 11]. In [11, 7], one can see some de-
velopments of adaptive numerical methods for solving the problem (1.1)
by using frames. G-frames naturally are the most recent generalizations
of frames and provide more choices on analyzing functions from frame
expansion coefficients. To recall the notion of g-frames, we refer to Sun
[12, 13]. Let J be a countable index set and let {Λj}j∈J be a set of
bounded operators from a separable Hilbert space H to another separa-
ble Hilbert spaces Vj for j ∈ J . The sequence {Λj}j∈J is called a g-frame
for H with respect to {Vj}j∈J , if there are two positive constants A and
B such that

A∥f∥2 ≤
∑
j∈J

∥Λjf∥2 ≤ B∥f∥2, ∀f ∈ H.(1.2)

The constants A and B are called the lower and upper g-frame bounds,
respectively. If A = B then {Λj}j∈J is called A-tight g-frame. The
g-frame operator S for a given g-frame {Λj}j∈J , for H with respect to
{Vj}j∈J with bounds A and B, is defined by

Sf =
∑
j∈J

Λ∗
jΛjf, ∀f ∈ H.(1.3)

The g-frame operator S is a bounded, invertible and self-adjoint operator
and

AI ≤ S ≤ BI,
1

B
I ≤ S−1 ≤ 1

A
I,

and reconstruction formula holds as follows

f =
∑
j∈J

Λ∗
j Λ̃jf =

∑
j∈J

Λ̃∗
jΛjf, ∀f ∈ H,(1.4)

where Λ̃j is called the canonical dual of Λj and their lower and upper
bounds are 1/A and 1/B, respectively [12]. Also, S−1 is the g-frame

operator of Λ̃j . For more details, we refer the reader to [5, 12].

2. Using g-frames in Richardson Iterative Method

In this section, by using g-frames, we want to solve the operator equa-
tion (1.1) via a Richardson-based iterative method. We review some
given results in [8, 9] which are needed for the next studying. For the
rest of the manuscript, suppose that {Λj}j∈J is a g-frame for H with
respect to {Vj}j∈J . Firstly, we see the exact solution by using a given
g-frame.

Theorem 2.1 ([9]). Let L : H → H be a bounded and invertible operator
and {Λj}j∈J be a g-frame for H. Then {ΛjL}j∈J is also a g-frame for
H.
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Remark 2.2. If L is a bounded and invertible on H and {Λj}j∈J and
{ΛjL}j∈J are g-frames with g-frame operators S and S′ (respectively),
then for all v ∈ H, we have S′ = LSL [9].

Now the following theorem gives the exact solution of the equation
(1.1) based on a g-frame.

Theorem 2.3 ([8]). Let u be the solution of the equation (1.1) and let
{Λj}j∈J be a g-frame for H with g-frame operator S. Then

u = S′−1LSf,

where S′ is the g-frame operator of the g-frame {ΛjL}j∈J .

Note that, by the given assumptions in Theorem 2.3 if {ΛjL}j∈J is

A-tight g-frame, then u = 1
ALSf . Therefore, in this case the exact

solution u could be obtained only by using the already known operators
L and S.

2.1. Richardson Iterative Method by Using G-frames. Reformu-
lating the equation (1.1) as a linear fixed-point iteration, regularly, gives
rise to an equation helps deriving an iteration sequence which converges
to the exact solution of (1.1). To this concern, Richardson iterative
method, discussing below, plays an important role in numerical linear
algebra. For more details, we refer the reader to [10].

Firstly, we write u = (I − L)u + f in the equation Lu = f . Let
u0 ∈ H be a given element of H, where I is the identity operator on H.
We define the sequence {uk} as follows.

(2.1) uk+1 := (I − L)uk + f, ∀k ∈ N.
Since Lu− f = 0, we can see

uk+1 − u = (I − L)uk + f − u− (f − Lu)

= (I − L)uk − u+ Lu

= (I − L)(uk − u).

Thus

∥ uk+1 − u ∥H≤∥ I − L ∥∥ uk − u ∥H .

So we can easily see that the sequence (2.1) converges if

(2.2) ∥ I − L ∥< 1.

To improve the convergence rate of the sequence (2.1), we might multiply
both sides of equation (1.1) in a matrix M ,

(2.3) MLu = Mf.

This is a common and effective technique for solving differential equa-
tions, integral equations, and related problems [2, 3]. For this purpose,
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we usually find a matrix M which approximates L−1 i.e. M ≈ L−1 or
ML ≈ I [10], which in this case, (2.2) would be satisfied much more as
well i.e. ∥ I −ML ∥≪ 1. Here, we want to seek M by using g-frames.
First of all, we consider the following theorem.

Theorem 2.4. Let {Λj}j∈J be a g-frame with g-frame operator S, and
let A and B be the g-frame bounds of the g-frame {ΛjL}j∈J . Then∥∥∥∥I − 2

A+B
LSL

∥∥∥∥ ≤ B −A

B +A
.(2.4)

Proof. For all v ∈ H, we have⟨(
I − 2

A+B
LSL

)
v, v

⟩
= ∥v∥2 − 2

A+B
⟨LSLv, v⟩

= ∥v∥2 − 2

A+B
⟨Sv, v⟩

≤ ∥v∥2 − 2

A+B
A∥v∥2

= ∥v∥2
(
1− 2A

A+B

)
= ∥v∥2

(
B −A

B +A

)
.

Similarly, we have for v ∈ H,⟨(
I − 2

A+B
LSL

)
v, v

⟩
= ∥v∥2 − 2

A+B
⟨LSLv, v⟩

= ∥v∥2 − 2

A+B
⟨Sv, v⟩

≥ ∥v∥2 − 2

A+B
B∥v∥2

= ∥v∥2
(
1− 2B

A+B

)
= ∥v∥2

(
A−B

A+B

)
,

which together with previous relation yields the result. □

By preceding theorem and the fact that B−A
A+B < 1, we can put M :=

2
A+BLS to precondition (1.1). Thus, by performing the Richardson iter-

ation (2.1) on preconditioned linear equation (2.3), we therefore arrive
at the following theorem.
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Theorem 2.5. Let {Λj}j∈J be a g-frame with g-frame operator S, and
let A and B be g-frame bounds of the g-frame {ΛjL}j∈J . Put u0 = 0
and for k ≥ 1,

uk = uk−1 +
2

A+B
LS(f − Luk−1),

then

∥u− uk∥ ≤
(
B −A

B +A

)k

∥u∥.

In particular, the vectors uk converge to u as k → ∞.

Proof. We have

u− uk = u− uk−1 −
2

A+B
LSL(u− uk−1)

=

(
I − 2

A+B
LSL

)
(u− uk−1)

=

(
I − 2

A+B
LSL

)(
u− uk−2 −

2

A+B
LSL

)
(u− uk−2)

=

(
I − 2

A+B
LSL

)2

(u− uk−2)

...

=

(
I − 2

A+B
LSL

)k

(u− u0),

thus

∥u− uk∥ ≤
∥∥∥∥I − 2

A+B
LSL

∥∥∥∥k ∥u∥.(2.5)

By inequalities (2.4) and (2.5), we obtain

∥u− uk∥ ≤
(
B −A

B +A

)k

∥u∥,

as desired. □
The convergence rate obtained by this approach is directly computed

via the bounds of the primary g-frame. Clearly, the optimum case (ex-
act solution) occurs when A-tight g-frame is applied as discussed after
Theorem 2.1.

In the sequel, concerning the preceding theorem we establish an al-
gorithm in which an approximate solution with prescribed accuracy of
the equation (1.1) is obtained. To do this, let {Λj}j∈J be a g-frame for
H with g-frame operator S and let A and B be bounds of the g-frame
{ΛjL}j∈J .
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Algorithm 1. [A,B, ϵ] → uϵ

(i) Let α0 =
B−A
A+B

(ii) k := 0, uk := 0
(iii) k := k + 1

(1) uk = uk−1 +
2

A+BLS (f − Luk−1)

(2) αk := (α0)
k ∥f∥

(iv) If αk ≤ ϵ stop and set uϵ := uk, if else go to (iii).

3. Chebyshev Method by Using g-frames

Before introducing our next method, we want to state some basic facts
about Chebyshev polynomials. These polynomials are defined by

cn(x) =

{
cos(ncos−1(x)), |x| ≤ 1;

cosh(n cosh−1(x)) = 1
2

(
(x+

√
x2 − 1)n + (x+

√
x2 − 1)−n

)
, |x| > 1,

(3.1)

and are satisfied the following recurrence relation.

c0(x) = 1, c1(x) = x, cn(x) = 2xcn−1(x)− cn−2(x), ∀n ≥ 2.

In the first place, the following lemma is illustrated.

Lemma 3.1 ([4]). Given any constants a ≤ b ≤ 1, set

Pn(x) =
cn

(
2x−a−b
b−a

)
cn

(
2−a−b
b−a

)
for x ∈ [a, b], then

max
a≤x≤b

| Pn(x) |≤ max
a≤x≤b

| Qn(x) |,

for all polynomials of degree n, Qn, with the condition Qn(1) = 1. Fur-
thermore

max
a≤x≤b

| Pn(x) |=
1

cn

(
2−a−b
b−a

) .
Now, let

hn =
n∑

k=1

ank
uk,

be a polynomial such that

n∑
k=1

ank
= 1,
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where {uk}k∈N is the approximate solution induced by the iterative
method presented in Theorem 2.5. Similar to the proof of Theorem
2.5, we have

u− hn =
n∑

k=1

ank
u−

n∑
k=1

ank
uk

=

n∑
k=1

ank
(u− uk)

=
n∑

k=1

ank

(
I − 2

A+B
LSL

)k

(u− u0).

Set R = I − 2
A+BLSL and

Qn(x) =
n∑

k=1

ank
xk,

we obtain

u− hn =
n∑

k=1

ank
Rk(u− u0) = Qn(R)(u− u0),(3.2)

which means that the error u − hn is a polynomial in R applied to the
initial error u− u0.

By the given inequalities in the proof of Theorem 2.5, for v ∈ H, one
obtains

−B −A

B +A
∥v∥2 ≤

⟨(
I − 2

A+B
LSL

)
v, v

⟩
≤ B −A

B +A
∥v∥2.

It concludes that the spectrum of R is a subset of the interval [−ρ, ρ]
where ρ = B−A

B+A . Since L is an invertible and self-adjoint operator and
also S is positive definite, LSL would be a positive definite operator.
Thus, the spectral theorem yields

∥u− hn∥ ≤ ∥Qn(R)∥∥u− u0∥ ≤ max
|x|≤ρ

| Qn(x) | ∥u− u0∥.(3.3)

In order to minimize the error ∥u− hn∥, we consider the following min-
imization problem

min
Qn(1)=1

max
|x|≤ρ

| Qn(x) |,(3.4)

where the minimum is taken over all polynomials of degree less than or
equal to n, with the property Qn(1) = 1. By Lemma 3.1, this problem
can be solved in terms of the Chebyshev polynomials.
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Firstly, we set a = −B−A
B+A and b = B−A

B+A in Lemma 3.1, and obtain
the following polynomial

(3.5) Pn(x) =

cn

(
2x+B−A

B+A
−B−A

B+A
B−A
B+A

+B−A
B+A

)
cn

(
2+B−A

B+A
−B−A

B+A
B−A
B+A

+B−A
B+A

) =
cn

(
x
ρ

)
cn

(
1
ρ

) ,
which solves (3.4). By (3.5) and the definition of cn(x), for n ≥ 2, we
have

cn

(
1

ρ

)
Pn(x) = cn

(
x

ρ

)
=

2x

ρ
cn−1

(
x

ρ

)
− cn−2

(
x

ρ

)
=

2x

ρ
cn−1

(
1

ρ

)
Pn−1(x)− cn−2

(
1

ρ

)
Pn−2(x).

Now, if x is replaced byR, and applying the resulting operator identity
to (u− u0), we get

cn

(
1

ρ

)
Pn(R)(u− u0) =

2R

ρ
cn−1

(
1

ρ

)
Pn−1(u− u0)− cn−2

(
1

ρ

)
Pn−2(R)(u− u0),

and since Pn(x) is the solution of minimization problem (3.4), by
virtue of (3.2) one implicates

cn

(
1

ρ

)
(u− hn)

2

ρ
cn−1

(
1

ρ

)
R(u− hn−1)− cn−2

(
1

ρ

)
(u− hn−2).

By R = I − 2
A+BLSL, we can see

cn

(
1

ρ

)
(u− hn) =

2

ρ
cn−1

(
1

ρ

)(
I − 2

A+B
LSL

)
(u− hn−1)− cn−2

(
1

ρ

)
(u− hn−2),

and

cn

(
1

ρ

)
u− cn

(
1

ρ

)
hn =

2

ρ
cn−1

(
1

ρ

)
u

+
2

ρ
cn−1

(
1

ρ

)(
−hn−1 −

2

A+B
LSL(u− hn−1)

)
− cn−2

(
1

ρ

)
u+ cn−2

(
1

ρ

)
hn−2,
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now, by the definition of cn, for n ≥ 2,

cn

(
1

ρ

)
hn =

2

ρ
cn−1

(
1

ρ

)(
hn−1 +

2

A+B
LSL(u− hn−1)

)
− cn−2

(
1

ρ

)
hn−2,

or equivalently,

hn =
2

ρ

cn−1(
1
ρ)

cn(
1
ρ)

(
hn−1 +

2

A+B
LSL(u− hn−1)

)
−

cn−2(
1
ρ)

cn(
1
ρ)

hn−2.

Now by setting

βn =
2

ρ

cn−1(
1
ρ)

cn(
1
ρ)

,

we observe that

1− βn = −
cn−2(

1
ρ)

cn(
1
ρ)

,

and finally it concludes that the following recurrence formula holds

hn =
2

ρ
βn

(
hn−1 +

2

A+B
LSL(u− hn−1)

)
+ (1− βn)hn−2,

which connects three successive hn polynomials. We note also here that,
by the definition of cn, we see

βn =

(
ρ

2

cn(
1
ρ)

cn−1(
1
ρ)

)−1

=

(
ρ

2

2
ρcn−1(

1
ρ)− cn−2(

1
ρ)

cn−1(
1
ρ)

)−1

=

(
1− ρ2

4
βn−1

)−1

.

Therefore, an approximate solution can be written based on the above
argument and Chebyshev polynomials. For this, let {Λj}j∈J be a g-
frame for H with g-frame operator S and let A and B be the bounds of
the g-frame {ΛjL}j∈J .
Algorithm 2. [A,B, ϵ] → uϵ

(i) put ρ = B−A
B+A , σ =

√
B+

√
A√

B−
√
A

set h0 = 0, h1 = 2
A+BLSf , β1 = 2,

n = 1
(ii) while 2σn

1+σ2n
∥f∥
m > ϵ

(1) n = n+ 1
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(2) βn = (1− ρ2

4 βn−1)
−1

(3) hn = 2
ρβn(hn−1 +

2
A+BLS(f − Lhn−1)) + (1− βn)hn−2

(iii) uϵ := hn.

The following theorem verifies the convergence of this algorithm.

Theorem 3.2. If u is the exact solution of the equation (1.1), then the
approximate solution hn satisfies

∥u− hn∥ ≤ 2σn

1 + σ2n

∥f∥
m

.

Consequently, the output uϵ of Algorithm2 satisfies

∥u− uϵ∥ < ϵ.

Proof. By Lemma 3.1 and relation (3.3), one sees for n ∈ N,

∥u− hn∥ ≤ 1

cn(
2+ρ−ρ
ρ+ρ )

=
1

cn(
1
ρ)

=
1

cn(
B+A
B−A)

=
1

1
2 [(

B+A
B−A +

√
(B+A
B−A)

2 − 1)n + (B+A
B−A +

√
(B+A
B−A)

2 − 1)−n]

=
1

σ2n+1
2σn

=
2σn

1 + σ2n
.

Hence,

∥u− hn∥ ≤ 2σn

1 + σ2n
∥u∥ ≤ 2σn

1 + σ2n

∥Lu∥
m

=
2σn

1 + σ2n

∥f∥
m

.

□
Remark 3.3. It is obvious that for every n > 1, 2σn

1+σ2n ≤ ρn. Therefore,
this algorithm presents an iterative method that its convergence rate is
faster than that of Richardson iterative method which is presented in
Theorem 2.5.

References

1. A. Askari Hemmat and H. Jamali, Adaptive Galerkin frame methods for solving
operator equation, U.P.B. Sci. Bull., Series A, 73 (2011), pp. 129-138.

2. K. Atkinson, W. Han, Theoretical Numerical Analysis, Springer, Third edition,
2009.



RICHARDSON AND CHEBYSHEV ITERATIVE METHODS BY ... 139

3. D. Braess, Finite Elements: Theory, Fast Solvers, and Applications in Elasticity
Theory, Cambridge, Third edition, 2007.

4. C.C. Cheny, Introduction to Approximation Theory, McGraw Hill, New York,
1966.

5. O. Christensen, An Introduction to Frames and Riesz Bases, Birkhauser, Boston,
2003.

6. S. Dahlke, M. Fornasier, and T. Raasch, Adaptive frame methods for elliptic
operator equations, Advances in comp. Math., 27 (2007), pp. 27-63.

7. H. Jamali and S. Ghaedi, Applications of frames of subspaces in Richardson and
Chebyshev methods for solving operator equations, Math. Commun., 22 (2017),
pp. 13-23 .

8. H. Jamali and N. Momeni, Application of g-frames in conjugate gradient, Adv.
Pure Appl. Math., 7 (2016), pp. 205-212.

9. A. Najati, M. H. Faroughi, and A. Rahimi, G-frames and stability of g-frames
in Hilbert spaces, Methods Funct. Anal. Topology, 14 (2008), pp. 271-286.

10. Y. Saad, Iterative methods for Sparse Linear Systems, PWS press, New York,
2000.

11. R. Stevenson, Adaptive solution of operator equations using wawelet frames,
SIAM J. Numer. Anal., 41 (2003), pp. 1074-1100.

12. W. Sun, G-frames and G-Riesz Bases, J. Math. Anal. Appl., 322 (2006), pp.
437-452.

13. W. Sun, Stability of g-frames, J. Math. Anal. Appl., 326 (2007), pp. 858-868.

1 Department of Mathematics, Vali-e-Asr University of Rafsanjan, Raf-
sanjan, Iran.

E-mail address: jamali@mail.vru.ac.ir; jamalihassan28@yahoo.com

2 Department of Mathematics, Vali-e-Asr University of Rafsanjan, Raf-
sanjan, Iran.

E-mail address: mkolahdouz@stu.vru.ac.ir; mkolahdouz64@gmail.com


	1. Introduction and Preliminaries
	2. Using g-frames in Richardson Iterative Method
	2.1. Richardson Iterative Method by Using G-frames

	3.  Chebyshev Method by Using g-frames
	References

