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Richardson and Chebyshev Iterative Methods by Using
G-frames

Hassan Jamali'* and Mohsen Kolahdouz?

ABSTRACT. In this paper, we design some iterative schemes for
solving operator equation Lu = f, where L : H — H is a bounded,
invertible and self-adjoint operator on a separable Hilbert space
H. In this concern, Richardson and Chebyshev iterative methods
are two outstanding as well as long-standing ones. They can be
implemented in different ways via different concepts.

In this paper, these schemes exploit the almost recently devel-
oped notion of g-frames which result in modified convergence rates
compared with early computed ones in corresponding classical for-
mulations.

In fact, these convergence rates are formed by the lower and
upper bounds of the given g-frame. Therefore, we can determine
any convergence rate by considering an appropriate g-frame.

1. INTRODUCTION AND PRELIMINARIES

In this paper, we will use g-frames to get some approximate solutions
for the operator equation

(1.1) Lu = f,

where L : H — H is a bounded, invertible and self-adjoint linear op-
erator on a separable Hilbert space H. Technically, numerical linear
algebra approaches the problem in different iteration schemes, which in
general case produces a sequence of vectors converging to the exact so-
lution of equation (IT). In the meantime, Richardson iterative method
and Chebyshev polynomials are two prominent approaches which can be
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implemented in a different way [, B, I]. In [IT, ], one can see some de-
velopments of adaptive numerical methods for solving the problem ()
by using frames. G-frames naturally are the most recent generalizations
of frames and provide more choices on analyzing functions from frame
expansion coefficients. To recall the notion of g-frames, we refer to Sun
(2, I3]. Let J be a countable index set and let {A;};c; be a set of
bounded operators from a separable Hilbert space H to another separa-
ble Hilbert spaces V; for j € J. The sequence {A;}c s is called a g-frame
for H with respect to {Vj},es, if there are two positive constants A and
B such that

(1.2) AIFIP <D I FIP < BIFI?, Vfe R

JjeJ
The constants A and B are called the lower and upper g-frame bounds,
respectively. If A = B then {A;} e is called A-tight g-frame. The

g-frame operator S for a given g-frame {A;};cs, for H with respect to
{V;}jes with bounds A and B, is defined by

(1.3) Sf=Y_MNAjf, VfeH

Jj€J
The g-frame operator S is a bounded, invertible and self-adjoint operator
and

1 1
Al < S < BI —I<St<og
— — b B - f— A M
and reconstruction formula holds as follows
(1.4) = NAf = NAjf, VfeH,

Jj€J Jj€J
where /{j is called the canonical dual of A; and their lower and upper

bounds are 1/4 and 1/B, respectively [12]. Also, S—1is the g-frame
operator of A;. For more details, we refer the reader to [5, [2].

2. USING G-FRAMES IN RICHARDSON ITERATIVE METHOD

In this section, by using g-frames, we want to solve the operator equa-
tion () via a Richardson-based iterative method. We review some
given results in [8, O] which are needed for the next studying. For the
rest of the manuscript, suppose that {A;};cs is a g-frame for H with
respect to {Vj}cs. Firstly, we see the exact solution by using a given
g-frame.

Theorem 2.1 ([4]). Let L : H — H be a bounded and invertible operator
and {A;}jes be a g-frame for H. Then {AjL} cy is also a g-frame for
H.
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Remark 2.2. If L is a bounded and invertible on H and {A;};c; and
{AjL} ;e are g-frames with g-frame operators S and S’ (respectively),
then for all v € H, we have S’ = LSL [d].

Now the following theorem gives the exact solution of the equation
(W) based on a g-frame.

Theorem 2.3 ([§]). Let u be the solution of the equation (1) and let
{Aj}ier be a g-frame for H with g-frame operator S. Then

uw=S"'LSf,
where S’ is the g-frame operator of the g-frame {AjL}jc .
Note that, by the given assumptions in Theorem P23 if {A;L};e is
A-tight g-frame, then u = %LS f. Therefore, in this case the exact

solution u could be obtained only by using the already known operators
L and S.

2.1. Richardson Iterative Method by Using G-frames. Reformu-
lating the equation (IZ) as a linear fixed-point iteration, regularly, gives
rise to an equation helps deriving an iteration sequence which converges
to the exact solution of (). To this concern, Richardson iterative
method, discussing below, plays an important role in numerical linear
algebra. For more details, we refer the reader to [I0].

Firstly, we write u = (I — L)u + f in the equation Lu = f. Let
ug € H be a given element of H, where [ is the identity operator on H.
We define the sequence {uy} as follows.

(2.1) U1 := (I — L)ug, + f, VkeN.
Since Lu — f = 0, we can see
up+1 —u= (I — L)ug + f —u— (f — Lu)

= —-Luy—u+ Lu

= (I — L)(ux — u).
Thus

R e e A [

So we can easily see that the sequence (21) converges if
(2.2) | I—L|<1.

To improve the convergence rate of the sequence (211), we might multiply
both sides of equation (1) in a matrix M,

(2.3) MLu= MFf.

This is a common and effective technique for solving differential equa-
tions, integral equations, and related problems [2, B]. For this purpose,
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we usually find a matrix M which approximates L™! i.e. M ~ L™! or
ML ~ I [10], which in this case, (22) would be satisfied much more as
well i.e. | I — ML ||< 1. Here, we want to seek M by using g-frames.
First of all, we consider the following theorem.

Theorem 2.4. Let {Aj}jcs be a g-frame with g-frame operator S, and
let A and B be the g-frame bounds of the g-frame {AjL};cs. Then

B-A
B+ A

2
(2.4) HI - ks <

Proof. For all v € H, we have

2 2
<<I— A+BLSL> v,v> = |||l A+B<LSLU,’U>
I = 5 (Sv,v)

u 2
=||v

A+B
< |2 = —=— Allv]|?
< ol - = Allo]

—lol? (1- g

B Hsz B-A
N B+A)
Similarly, we have for v € H,

2 a2
<<I— A—I—BLSL> v,v> = ||v|| A+B<LSLU,1}>

- i<SU7U>

Bljv|?

A+B

2B
_ 2 _
—mu(l r5)

A-B
_ 2
~ 1 (555

which together with previous relation yields the result. O

By preceding theorem and the fact that & ArB B < 1, we can put M :=
mLS to precondition (). Thus, by performing the Richardson iter-
ation (Z11) on preconditioned linear equation (233), we therefore arrive
at the following theorem.
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Theorem 2.5. Let {A;}jes be a g-frame with g-frame operator S, and
let A and B be g-frame bounds of the g-frame {A;L}je;. Put ug =0
and for k > 1,

Up = Up—1 + LS(f — Lug—1),

A+B

o —ael < (=AY .
B+ A

In particular, the vectors uy converge to u as k — oo.

Proof. We have

then

U= Up = U Up-1 LSL(u — ug—1)

B
:< )U—Uk 1
< )(u—uk 2_AiBLSL>(u_u’“—2)
:<I ) U— Up_2)

2 k
= <I— A—i—BLSL) (u — up),

thus
k

][

By inequalities (24) and (EZ3), we obtain

B-A\*
Hu—wHS<B+A>HML

as desired. 0

The convergence rate obtained by this approach is directly computed
via the bounds of the primary g-frame. Clearly, the optimum case (ex-
act solution) occurs when A-tight g-frame is applied as discussed after
Theorem P

In the sequel, concerning the preceding theorem we establish an al-
gorithm in which an approximate solution with prescribed accuracy of
the equation (I1) is obtained. To do this, let {A;};cs be a g-frame for
H with g-frame operator S and let A and B be bounds of the g-frame

{AjL}je.
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Algorithm 1. [A, B, €] — u,

(i) Let ag = %

(i) k=0, up =0

(iii) k o=k + 1
(1) up = up—1 + 5 LS (f — Lug—1)
(2) ay = (a0)* || ]l

(iv) If ap < e stop and set u, := uy, if else go to (iii).

3. CHEBYSHEV METHOD BY USING G-FRAMES

Before introducing our next method, we want to state some basic facts
about Chebyshev polynomials. These polynomials are defined by

(3.1)
en(z) = { cos(ncos~t(x)), lz| < 1;

cosh(ncosh™ (2)) =4 (z + Va2 —1)" + (z + Va2 - 1)™), |z > 1,
and are satisfied the following recurrence relation.
co(x) =1, ci(z) ==, cn(2) = 2zcph—1(x) — cp_a(z), Yn>2.
In the first place, the following lemma is illustrated.

Lemma 3.1 ([4]). Given any constants a < b <1, set

Pa() = X T ) ()

o 2—a—b
o (555)

<
max | Pu(7) [< max | Qn(2) |

for x € [a,b], then

for all polynomials of degree n, Q,, with the condition Q,(1) = 1. Fur-
thermore

Pu(z) |= ——.
Jé‘?%‘b [ Puf2) | c (2;a—b)
—Qa

Now, let

n
hy = Z Qpy Uk,
k=1

be a polynomial such that

n
g an,, = 1,
k=1
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where {ug}ren is the approximate solution induced by the iterative
method presented in Theorem PZF. Similar to the proof of Theorem
23, we have

n n
u— h, = Zanku — Zankuk
k=1 k=1
n
= Zankw
=S (15

)k(u—uo).

Set R=1— A+BLSL and
= Zankajk,
k=1
we obtain
(3.2) w—hy =3 an, R (u—up) = Qn(R)(u — ug),
k=1

which means that the error u — h,, is a polynomial in R applied to the
initial error u — wug.

By the given inequalities in the proof of Theorem P33, for v € H, one
obtains

_ <{(1- LSL
57 all —<( A5 )”’U> B+AH vl

It concludes that the spectrum of R is a subset of the interval [—p, p]
where p = g +f‘ Since L is an invertible and self-adjoint operator and
also S is positive definite, LSL would be a positive definite operator.
Thus, the spectral theorem yields

(3:3)  lu—hal <[[Q@u(B)[[lu = uoll < max | Qn(2) | [lu— uol|-

In order to minimize the error ||u — hy,||, we consider the following min-
imization problem

3.4 min max x) |,

(34 Qn(1)=Llz|<p | @n(@) |
where the minimum is taken over all polynomials of degree less than or
equal to n, with the property @,(1) = 1. By Lemma B, this problem
can be solved in terms of the Chebyshev polynomials.
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Firstly, we set a = —% and b = 8=4 in Lemma B, and obtain

. . B+A
the following polynomial
B—A_ B-—-A
c 22t Bia Bia -
n B—A | B—A =
BrAtB¥A o Cn (p)

- )
2+%_M 1
+A B+A =
Cn <B—AB—A En\p

(3.5) Po(z) =

B+A + B+A

which solves (B4). By (BH) and the definition of ¢,(z), for n > 2, we
have

o (5 rr=e ()

_ 2;%1 (;) Po1(2) — cns (;) Py o).

Now, if x is replaced by R, and applying the resulting operator identity
to (u — ug), we get

e (;) Po(R) (1 — uo) =
s (;) Pa 1= wg) — e s (;) Pa-a(R)(u — u).

and since P,(z) is the solution of minimization problem (84), by
virtue of (872) one implicates

e (;) (u— hn>/2)cn_1 (;) Rt~ b 1) — s (;) (10— B ).

By R=1- A%BLSL, we can see

MO

2 1 2
—Ccn—1 | — —hp-1 — ——=LSL(u— h,_
+ an 1 <p) < hp—1 A+ B S (u hy 1))

1 1
—cp2| - Jutcna|—)hn 2,
p p
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now, by the definition of ¢,, for n > 2,

1 2 1 2
A=) =2 (=) (oo + —"—LSL(u— h,_
‘ (p> P 1<p>< 1+A+B SLi 1)>
1
— Cp—2 <> hn—27
p

or equivalently,

;)

2 Cnfl(%) 2 P
)

Y hn— + —
P Cn(%) < ! A+ B

Now by setting

Can(
nip

QCn—l(%)
B = =152,
P Cn(;)
we observe that
1
Cn—2(;)
1-— Bn = - 1\
CN<;)

and finally it concludes that the following recurrence formula holds

n — iﬁn < n—1+ ﬁLSL( hn—l)) + (1 - Bn)hn—27

which connects three successive h,, polynomials. We note also here that,
1
cn()
1

by the definition of ¢,, we see
Bn =
2 Cn— 1( )

(p2eani() —eaa ()T
N 2 Cnfl(;)

2 -1
= (1 - p4ﬁn1> .

Therefore, an approximate solution can be written based on the above
argument and Chebyshev polynomials. For this, let {A;};es be a g-
frame for H with g-frame operator S and let A and B be the bounds of
the g-frame {A;L}cy.

Algorithm 2. [A, B, €] — u,

(i) put p = 574, 0 = VB4 set hy = 0, by = 425LSF, Bi =2,

n=1

(i) while {225 /1 > ¢

(H)n=n+1
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A o A
(3) hyp = %Bn( n—1+ A+BLS(f Lhy, 1)) + (1 - Bn)han
(iil) we := hy,.
The following theorem verifies the convergence of this algorithm.

Theorem 3.2. If u is the exact solution of the equation (I3), then the
approximate solution h, satisfies
W< 20" Ul
o m
Consequently, the output u. of Algorithm?2 satisfies

Ju —

lu —u|| <e.

Proof. By Lemma B and relation (BZ3), one sees for n € N,

[ = hn|| <

Hence,
l 20™ || Lul| _ 20" M
“1+0 m 1+o02 m

fu=hall < o

g

Remark 3.3. Tt is obvious that for every n > 1, 7 + =2 < p". Therefore,
this algorithm presents an iterative method that its convergence rate is
faster than that of Richardson iterative method which is presented in
Theorem 3.
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