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The Uniqueness Theorem for the Solutions of Dual Equations
of Sturm-Liouville Problems with Singular Points and
Turning Points

Seyfollah Mosazadeh

ABSTRACT. In this paper, linear second-order differential equations
of Sturm-Liouville type having a finite number of singularities and
turning points in a finite interval are investigated. First, we obtain
the dual equations associated with the Sturm-Liouville equation.
Then, we prove the uniqueness theorem for the solutions of dual
initial value problems.

1. INTRODUCTION

This paper focuses on the boundary value problem L := L (q (t), 82 (t), 3)
generated by

(1.1) " +q(t)y =" (t)y, te[0,1],
and the boundary conditions
(1.2) y(0,0) =1 ¢ (0,N)=0=y(s,A) =0,

where A is a complex spectral-parameter, the potential ¢ and the weight
function ¢? are real, and s € (0,1). (We write the weight function as
squared to simplify the formulas in the next sections.) Moreover, let for
sufficiently small fixed € > 0, I1 . := [0,t2 — €] and I, = [t; + ¢, 1], we
assume that for v = 1, 2, the functions

¢V,O : L/,a — R, (bV,O (t) = (t - tV)il(bZ (t) )
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are not vanishing and realanalytic, and for ¢ € I, ., t # t,, the function
q (t) has the form

q (t) = Al/ (t - tu)_l + qo (t) y

where A, is positive constant, and go (¢) is a bounded real-analytic func-
tion.

There are several methods for studying the inverse spectral problems.
Most methods lead to a proof of the uniqueness of the potential func-
tion. For example, the transformation operator method which was
first used for the interval (—oo,+00) or an finite interval, was referred
by Marchenco (for more details see [I0]). Using this method, Gelfand
and Levitan provided necessary and sufficient conditions to determine
the Sturm-Liouville operator [6]. Further, recently, in [I1] we used this
method for investigating an inverse Sturm-Liouville problem on finite
intervals. Poschel and Trubowitz studied the inverse spectral theory
in [I4]. Freiling and Yurko [4, b] used the Weyl function method, and
solved the most of the inverse problems of recovering the operator. Using
the concept of the Weyl function and its generalizations, they formulated
and studied inverse problems for various classes of operators (for other
examples, see also [[3, I7-19, 22, 23]). Recently, some authors used the
nodal points of boundary value problems to study the inverse problems.
Some applications of this method were given in [2, B, [, 8, [6, 20, 21].
In [0], Barcilon presented an other approach to obtain the solution of
the inverse problem associated with the equation (II) with ¢ () = 0
on the interval [0, L], under the boundary conditions y (0) = 0 = y(L)
for the vibrating string, and investigated the density of ¢ (t) given the
length L and two spectra {\,} and {u,} which satisfying the property
0 <A <1 <Ag<pg<---. The spectrum {\,} is associated with the
boundary value problem consisting of the equation (1) and the bound-
ary condition y (0) = 0 = y(L), and {u,} is associated with () and
the boundary condition 3’ (0) = 0 = y(L). He obtained the spectrum
{A\ (1)} and {un (t)} on the interval [t, L] for ¢t € [0,L), and by using
the factorization of the solution in terms of these spectral information,
the following dual equations were derived:

2
w2 MO (1-3)
- _ T
dt (L =) [Ti>1,in (1 - ?\?((:)))
2(t)
dpii, Mot (- 545)

it 0?0 (L-1) o)
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Then he proved the uniqueness theorem for the solution of the dual
equation by a special technique. For another example, in the case when
equation (D) has one turning point of order 4m + 1, see [R].

In studying inverse spectral problems with singularities and turning
points it is needed to investigate the uniqueness theoerm. In this paper,
first we present the asymptotic form of the eigenvalues of (I)-(I2),
and prove some properties of them. Then, using the canonical form of
the solution of L, we obtain the dual equations associated with equation
(W), and prove the uniqueness theorem for the solution of the dual
problems.

2. THE EIGENVALUES AND THE CANONICAL SOLUTION

We know from [IZ] that in the sector
S = {ﬁ‘ — % < arg(V\) §O},

for 0 < t < t1, the boundary value problem L has a countable set of the
eigenvalues {\,, (£)}5°; of the form
n?m? nm?

where fy (t) = fg |¢ (x) |dz, and for t € wj;, j = 1,2, the spectrum of
the boundary value problem L consists of two sequences of negative and

positive eigenvalues {ji, j (£)}01, {nn,; ()52, as

n2n? nm2
Mn,j(t) :—%—FW—FO(l),

T, (t) = FHO) - 2¢7(t) +0(1),

(2.1)

where w1 = (t1,t2), wy = (t2, 1),
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Furthermore, since for any fixed ¢ € (0,¢1), y (¢, \) is an entire function

of the parameter \ of order %, it can be represented in the form

A
(2.2) v =10]] (1 - W) ,

where f (t) is a function independent of A\ but may depend on ¢, and
An (t), n > 1, are the eigenvalues of L on [0,¢] for 0 < ¢ < t;. Moreover,

_ 2
(23)  y(t.A) = %WO) o} [T L2 O= RO

2 y
n>1 Cn
where .
Re(®)= [ Vmax{0,67 @) do.
0
and (,, n =1,2,..., are the positive zeros of J}, derivative of the Bessel
2

function of order % Similarly, for ¢t € w;, j = 1,2, y (¢, \) is an entire
function of the parameter A of order % Thus, for t € wj, y (¢, A) is the

form

(2.4) y(t,A) =h; (0 ] (1 - A) 11 (1 - nn,j\(t)) ’

n>1 Hnj (2) n>1

where h; (t) is a function independent of A but may depend on t. Fur-
thermore, we have

(25) () =L {160) 6@ R () Ry (0}
[t )R 5) pp (ams (- ) ()

2 52 ’
n>1 In n>1 Jn

where

R (1) = / Va0, ~ 2 (2)} da.

$1 = 29 = t, 20 = t1, 8o = tg, and }n, n = 1,2,..., are the positive
zeros of Ji. The representations (23) and (E=5) are called the canonical
form of the solution y (¢, A).

In the following lemma, some properties of the eigenvalues of L are
proved.

Lemma 2.1. Let {n, ; (t)}5%, {pn,; (0)}02,, 7 = 1,2, be the positive
and negative eigenvalues of the boundary value problem L on (t1,t2) U
(t2,1), respectively. Then, for j =1,2,

(2:6) Dy (1) Y (g (8) = mag (1)) =0 (1),

kn,k>1
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2.7) png (8) Y (g (8) — iy (£) "1 =0 (1),

kn,k>1

Mg () 35 1y O Ang; () = ey (g ()} =0 (1),
(2 8) k#n,k>1

. (t) k; Py O {1k (8) = gy () g ()} 1 =0 (1)
Proof. From (21), we get for t € (t1,t2) U (t2, 1),

n2772 TL7T2

) 2620

Mn,j (1) = +0(), j=12

Thus,

2 —n
g‘jﬂ(zt) (g (£) = s (1) = (k* = n?) = (k 5 ) +0(1)

:(kQ—nQ){1_k_”+O(1>}‘

2 (k%2 — n?)

So, we can write

2 1 2(k+n)+1
% (k5 (8) =y (1)) = 2 (k2 —n?) (k+n)

2
G | 0 ()= (0)

o)
2 (k2 —n2)*
Hence,
(29) > 7 g () Oy () = may ()}
k#n,k>1

B 2(k+n)+1
_k¢%>12(k2—n2)(k+n)
7(k—n+0(1)

* 29, (1) (k2 — n?)

2
{ )} (1 (£) — 1y (1))
ktn k>1

o)
* Z 2 (k2 —n2)*

ktn k>1
On the other hand, we know from [I5] that

1 3 1 1
(2.10) > T = o > (162—79)2:0(712)'

k#n,k>1 k#n,k>1
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Therefore, we derive

(2.11) k#nk>1
' m(k—n+0(1)) 2:: _3
kig%ZI{mﬁaxkhqﬂ)} O(n7?).
Moreover, it follows from
1< 2(k+n)+1 < §,
- k+n -2
that
1 2(k+n)+1
(2.12) Z RIS Z 2 2
b1 k2 —n o 2 (k%2 —n?)(k+n)
)
<Y
= 2 _ 2
k#n,k>1 4 (k n )
Thus, according to (Z10) and (EI2) we obtain
2(k+n)+1 L
(2.13) > s —0((n?).
b 2 (k? —n?) (k+n)

The relation (2Z13) together with (279) and (EZIT) yields
Y. (hy—mg) =077,
ken,k>1
Thus, since 0, ; = O (nQ), we conclude that
g (8) D (g () =g (D) =0(1), j=12
kn k>1

Therefore, (28) is proved. By a similar method, we can prove (222).
Now, since ;. ; () (1,5 )t = 3+0 <1n,(€k)), using (28) we get for
J=12,

Mg ()Y iy () {05 () =g () ma (D} 1= 0 (1)

k#n,k>1

uniformly on compact sets of (0,1]. Similarly, it is indicated that

Mg () >t (8) {5 () = pig () ()} 1 =0 (1).

k>1

This completes the proof. O
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We can similarly obtain the following formula:

(2.14)
) Y MO DE) - MM} =0(1), te(0,t).
k;ﬁn k>1
3. DuAL EQUATIONS AND UNIQUENESS THEOREM

In this section, the system of dual equations associated with the equa-
tion () are presented in Theorems B and B2, and in Theorem B3
we prove the associate uniqueness theorem.

Theorem 3.1. The eigenvalues Ay, (t), n =1,2,3,..., satisfy

10
, BYONE
x5 o {in (-5
/ 2
—2(;\\:((5)))_0, 0<t<ty,
where
L 2
P =5 (6l T 2050,

n>1

and A, (t), n > 1, are the eigenvalues of boundary value problem L on
0], Cn, n=1,2,..., are positive zeros of Jy, and
2

- /0 /max{0, 8 ()} dz.

Here, J' is the derivative of the Bessel function of order %
2

Proof. For n = 1,2,3,..., the functions A\, () are twice continuously
differentiable. Thus, from y (¢, A, (¢)) = 0 and by the implicit function

theorem, for ¢t € (0,¢;) we have % + ;Tyn)\;l (t) = 0. Therefore,
0%y 0? 0%y

y Jy
57 2gaa (0 grr (4 (0)"+ 5N (0 =0

Since y (t, Ay, (t)) = 0, from (E2) we get

2
(3.2) afaA M) + g)\z (N, ()2 + aTn/\g (t) = 0.
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By virtue of (E2), the conclusions are

oy . —f (t> An (t)
(3.3) N, (&, An (1)) = An (£) H (1 Y (ﬂ) ’

k#n,k>1

()
) k¢g21 (1 Ak (t)> '
Also, according to (214, the series
PR OPAORPAOEPHOPHG) I

k#n,k>1

is uniformly convergent on (0,¢;). Thus, it follows from (E4) that

35 2V (1, () = { _ 1@

N0t M () A2 ()

—rw Y Al

k#n,k>1 (t)

8
>
=<

~—

X

(1-34

~—

TN

IOPA0 1 (. MmO\

)2 e (-50) }
()
,#Hk<1 )

Substituting (B33)-(83) into (B2) we arrive at (8). Moreover, from
(22)-(23) we obtain

1 2
(6@ 16 13 T LB

2 9
ol Ci

f(t) =

0<t<ty.

N | —

The proof is complete. g

Theorem 3.2. Fort € wj, j = 1,2, the positive and negative eigenval-
ues M (t), pn,j (t), n > 1, satisfy the equations

(3.6)

g (8) + 205 (8) (g () )y (8) = 2 (0fy 5 (8))7 (g (8) "+ 2005 (8) 7 (1)
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w (1) i () (e ()71 |
., 7&%;21 0~ g 070y () = g O =m0 [ "
(3.7)
pin 5 () 20 () (g ()™ 5 (8) =2 (11 (0) (g ()™ 4 210 (£) 105 (1)
e ; (1) ey () (g (D)7
. . g;x 135 (6) =t (2) pin g () " =ty (8) =g (1) )
where

D=

(3.8) hj (t) = I{|¢>(0) 16 () |7 R- (t) Ry ()}
XH Mnj( ( )Hnn,y() ( 5)

n>1 n n>1 ]n

where s1 = 290 = t, 29 = t1, 89 = t2, and {}n}nzl, is the sequence of the
positive zeros of Ji (here, Ji is the derivative of the Bessel function of
the first order).

Proof. Since ny; (t), pmj (t), n > 1, j = 1,2, are twice continuously
differentiable functions, thus for ¢t € w;, j = 1,2, the conditions

y (t, Tin,j () =0, y (1, Hn,g (t) =0,
give the equations

dy ay,

(t)=0, =2 gl () =0,
and
Oy .1 ¢ 2 Py t 9%y / t 2 =0
( ) ONn; nn,j ( ) + Oton,, nn,j ( ) + 37772”_ nn,] ( ) - Y
3.9 ’

Oy 92y / o2 y 2
oot b (8) + 2t 5 (0 + o (w0 () =0,
Further, for ¢t € wj, j = 1,2, from (Z4) we have
(3.10)

oy s 0) =20 T (1- Wt)g( ).

Nn,j (1) kot k> 1 77k:J t

(3.11)

bty ) = 2200 T (1 ) IO e),

M. (t) ket k>1 Mk, ( fk,j (1)
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A(t) = Z (Mg (8) — g (8) ™" + Z (g () — 1y (1)

k#n,k>1 k>1

On the other hand, it follows from (EZ8) that

o) Y e

wdgior Mg (8) = g () M (8)°

and

!
1y, 5 (t)
Mg (8) ) : ,
" kin k>1 1y () = g (£) 1 g (1)

are uniformly convergent on w; U wa. Therefore, we get by virtue of
(B1M) that

(3.12)
&y oy My () 1y (1)
oxar 1 (1) = k;éng <1 Mk, j (75)> P <1 I4k.j (t)>
@ () AB ;@)
" { @ T (a%,j T IC “)> } ’
where
1, (t) P g (1)

B(t) = + :

. g,;m Moy (8 =1y (O)mng (8) ) 220 w5 (8) =t (8) Mg (2)
Substituting (BOM0)-(BI2) into (B), we arrive at (BH). Similarly, for
tnj (t), j = 1,2, we get (BZ0). Also, using the relations (24)-(23) we
obtain (B3). O

The system of (B), (88) and (B7) is dual to the equation (). For
t € (0,t1), dividing (B) by A/, and integrating from a fixed number
a # 0 to t, we obtain

Y f () A (t) N ®MO®)
An (1) = A (@) oy eXP —k;ﬁ%N/a 2 (t)k_ A

Similarly, for t € wj, j = 1,2, dividing (88) by 1, ; (t) and (1) by
”;w‘ (t), and integrating from ¢ to 1, we calculate

(3.13) s (8) = o5 (1) {,’MM <t>} ,
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(3.14) i () = (1) {

where

) =ep{ ¥ [ OO,
k#n k>1 ’

nk] = Mk,j ( )7771,] (t)
ng ) . (1) -
+kZ/ W20 — ik (g (0 }

Theorem 3.3. (Uniqueness theorem) Let Ly and Ly be the dual initial
value problems consisting of (BI3) with initial condition 1y, 2(1) = 1.2,
and (BTA) with condition pin2(1) = pin2, n > 1, respectively. Then, the
dual problems L1 and Lo have unique solutions.

Proof. The problems L, and Lo can be written as

CC% =p(r), T =7:={ma2(1),m2(1),n32(1),...},
Taro), o)== {ua (1) 2 (1), sz (),
respectively, where
2
319) ) ==t () {2 B0 0]
2
310 o) =r =m0 {2 o]

From (201), (B]) and k2 (t) = O (1), we have nn 2 (£) = O (n?) , pn,2 (t) =
O (n2) So, since 1p2(1) = Np2, fin2(1) = fin2, We get

2

Tha() { 2B = 0 (nY),
2

oo {2t} =0 ().

Also, according to (Z3), the series

(3.17)

Z 772;,2 (t) M2 (t) Z U;az (t) n,2 (t)
iigior Mho () = M2 (2 ()7 i (8) = paip () M2 (1)
are uniformly convergent on (to, 1]. Therefore, the integration and sum-

mation in (BIH)-(BOH) are interchanged. Thus, from (E8) it is calcu-
lated that

exp{ Z/ 771” ) nj (t) dr

k#n,k>1 nk’ J = Nk, (£) M. (t)
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—G—Z/ /‘k] nn,J()'()dT}:O(l).

k>1 Mkj = Mg () 1 (¢

This together with (B7I5)-(B8I1) gives p,(1) = pp = O (n?), rp(o) =
rn =0 (n4) . Now, we define the following normed space

{ wnnlnwn—z'ﬁ” }

Let A* C A be a subset containing nonzero members of A of the form

2 1
(:I:n:F4> +0(1), n=1,23,...,

nm

K2
where K is a fixed number. It is easy to show that A* contains the
eigenvalues 7, ; and i, 5, n > 1, j = 1,2. Also, from p, (1) = O(n?) and
(o) = O(n*), we can conclude that the functions p and r are two maps
from A* into A. Moreover, since A* is a convex space, so for 0 < § <1
and 71,72 € A*, the functions p,, (6v1 + (1 —6)v2) and 7, (6v1 + (1 —5)2)
are entire with respect to § on [0, 1]. Therefore,

P =

dpn
dd

1) = 1 0) = 7 (1) = (00) = G|

Pn(1) =P (0) = pp (1) — Pn (12) =

)

0=0n

for some &, gn € [0,1]. On the other hand, p,, and r, are the functions
of 7,2 and py 2, respectively. So,

dpy, > dpn, ~
3.18 n — Dn = — = U — Uk ),
( ) P (71) — P (72) ds s = dnm 5 (v k)
dry, > dry, -
3.19 — = = E _
< ) Tn (fyl) Tn (72) d5 5:gn — d,va72 g (Uk Uk):

n

where v1 = ()72, 72 = (Uk)52;. Computing the coefficients dﬁ2,
di’;" from (BIH)-(BOIH), and substituting into (BIR)-(BTU), we conclude
that

(3.20)

P (1) = b (32) = kmm{vk_vk <__2 / ctr dT)}

), T = Uplp + (1 — 6,)0k, and
I NOLA0 7 (1)
0= G0 O OO G D) — 7 (P

where p,, = pp (110, + (1 — 6n)Y2
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(2 ()70 (8) = 7 (8))7 (1)
= :

(e (&) — 7 OV (1)
Moreover,
(3.21)
T (1) = Tn (12) = T Z {(Uk—vk <——2/ D (o da>}

k#n,k>1
where 7, = pn(’ylgn +(1- g )Y2), ke = de +(1- (5 )Uk, and
_ fin (t) iy, (t) iy, (t)
PO = G0 = 0t O, © T o () — Foa O
(20 () fin () — i3y (t))ﬂk (t)
(B (t) = Fon ()20 (1)

=11 Nt

Since A* is a convex space, SO T, fr € A* Z" = Z =0 (1), and
3 / —omY), % / —0 ().
k#n,k>1 (ke = ktn k>1 (f — Mn

Thus, there exists positive numbers M, My such that dividing (B=20)-
(B21) by (2n)° and summing with respect to n, the following inequalities
are obtained:

lPn (1) = on (72) | < Mi|lvr —2lls e (1) — 70 (92) | £ Ma|[v1 — 72]|-

Consequently, the functions p and r satisfy the Lipschitz condition.
Therefore, the dual initial value problems L; and Lo have unique so-
lutions. ]
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