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Duals of Some Constructed x-Frames by Equivalent x-Frames

Azadeh Alijani

ABSTRACT. Hilbert frames theory have been extended to frames
in Hilbert C*-modules. The paper introduces equivalent *-frames
and presents ordinary duals of a constructed *-frame by an ad-
jointable and invertible operator. Also, some necessary and suffi-
cient conditions are studied such that *-frames and ordinary duals
or operator duals of another x-frames are equivalent under these
conditions. We obtain a x-frame by an orthogonal projection and a
given *-frame, characterize its duals, and give a bilateral condition
for commutating frame operator of a primary *-frame and an or-
thogonal projection. At the end of paper, pre-frame operator of a
dual frame is computed by pre-frame operator of a general *-frame
and an orthogonal projection.

1. INTRODUCTION

Dual frames and operators corresponding to a frame play an impor-
tant role in decomposition of vectors in a Hilbert space or a Hilbert C*-
module. In this paper, we consider some properties about dual frames
and operators of a *-frame in a Hilbert C*-module.

The manuscript contains the results that hold for classical frames, but
we present them for the largest family of frames, x-frames. However,
the proving methods applied in the manuscript are operator-theorical
methods and are not involving boundary A-valued.

Throughout the paper, we fix the notations A and J for a unital C*-
algebra and a finite or countably infinite index set, respectively. Also,
the set H is a finitely or countably generated Hilbert A-module.

Some definitions of Hilbert modules and frames and their properties
are recalled in the following.
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Suppose A is a C*-algebra. A linear space H which is also an algebraic
left A-module together with an A-inner product 4(-,-) : H x H — A is
called a left pre-Hilbert C*-module if it satisfies the following properties.

(i) 4 (f, f) >0, for any f € H.

)

) a{f.9) = alg, f)", forany f,g € H.

) A(Mf,h) =Aa(f, h), forany A € C and f,h € H.
)

fig,h € H.
If ‘H is a Banach space with respect to the induced norm by the A-valued
inner product ||| = /|| (-,-) |4, then (H, 4 (:,-)) or 4H is called a left

Hilbert C*-module over A or, simply, a left Hilbert .A-module. Similarly,
a right Hilbert C*-module has been defined.

The notion of frames for Hilbert spaces had been extended by Frank-
Larson [5] to the notion of frames in Hilbert C*-modules. Then Alijani-
Dehghan [?] considered frames in Hilbert A-modules with A-valued
bounds as a countable family {f;};cs of a Hilbert A-module H sat-
isfying

(1.1) AU A< ST Ui f) < B UL B

jed

for all f € ‘H and strictly nonzero elements A and B in the A indepen-
dent of f. A frame with A-valued bounds in a Hilbert .4-module is called
to be a x-frame. If A = B = 14, then the x-frame is called a Parseval
frame (or Parseval x-frame). Also, their operators are introduced and
studied in [2]. If the sum in the middle of the inequalities (IZT) is conver-
gence in the norm of H, then the *-frame is called a standard *-frame.
In this paper, all x-frames are standard but “standard” is omitted for
rest.

Let {fj}jes be a *-frame for H with A-valued bounds A and B. The
pre-frame operator 0 : H — k(A) defined by 0x(f) = {(f, fj)}jes
is an injective and closed range adjointable A-module map and ||0£| <
| B||. Also, the frame operator S : H — H is defined by

SF=> (L) 15

jedJ

that is positive, invertible and adjointable, and the reconstruction for-
mula f=3.; (f,S71f;) f; holds for all f € H [2].

Every element of a Hilbert space (or a Hilbert C*-module) has a de-
composition with respect to every its frame. Dual frames are important
in this decomposition because coefficients are given from a dual frame.
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In [m, @], the authors extended dual frames to generalized dual frames
in Hilbert spaces and Hilbert C*-modules.

Let {f;j}jes be a *-frame for H. If there exists a *-frame {g;};cs for
‘H such that

F=Y 90 i, VfeH,
jed
then x-frame {g;};es is called a dual frame of {f;};c;. Also, assume
that {f;};jes and {g;}jcs are two *-frames for H. If there exists an
invertible and adjointable .A-module map I' on ‘H such that

f=Y _(Tt.g)f;, VfeH,

jedJ

then ({g;};es,T") is said to be an operator dual of {f;};e.

In this study, we will consider some properties about ordinary duals
and operator duals of x-frames. The proves of presented results are given
only about operator duals if they are the same with ordinary cases, else
every two cases are investigated independently.

The paper is organized as follows. The first section introduces equiv-
alent x-frames and shows that ordinary duals of a *-frame {{f;};c; are
equivalent to ordinary duals of {f;};cs, where £ is an adjointable and
invertible operator. A necessary and sufficient condition is given for a
relation between two arbitrary x-frames and also a relation between ordi-
nary frames and operator duals is obtained by the concept of equivalent
frames. Moreover, it is shown that the Grammian matrices of equiv-
alent *-frames are equal. The second section presents some properties
of some constructed *-frames. All operator duals of s-frames {{f;};cs
are characterized where £ is an adjointable and invertible operator. An
example is given for equivalent *-frames and their operator duals. Also,
a x-frame is constructed by an orthogonal projection and its duals are
studied. It is seen that an orthogonal projection and the frame opera-
tor of a primary *-frame commute under a bilateral condition. Finally,
the paper calculates the pre-frame operator of a dual of a given *-frame
by the pre-frame operator of the primary *-frame and an orthogonal
projection.

2. EQUIVALENT *-FRAMES

In [B], equivalent sequences have been defined for sequences (frames)
in Hilbert spaces. In this section, we extend this notion for sequences
(frames) in Hilbert C*-modules. Also, some properties of them will be
studied.
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Definition 2.1. Two sequences { f;}cs and {g;}es in H are said to be
equivalent sequences if there exists an adjointable and invertible operator
A on H such that Af; = g;, for j € J.

For every x-frame, we have a family of x-frames by invertible and
adjointable operators on H. Now, the set of duals of these *-frames is
characterized with respect to the primary *-frame. Firstly, we see the
result about *-frames and then we investigate their duals.

Theorem 2.2 ([2]). Let {fj}jcs be a *-frame for H with the frame
operator S and lower and upper *-frame bounds A and B, respectively.
Then an adjointable operator & on H is surjective if and only if {&f;}jer

is a x-frame for H. In this case, S¢ := £SE*, A||(§£*)_1||_%, and B|€]|
are the frame operator and lower and upper frame bounds for {£f;} e,
respectively.

Theorem 2.3. Let {fj}jcs be a x-frame for H and let & be an ad-
jointable and invertible operator on H. Then every dual of the x-frame
{&fj}jes is equivalent to a dual of {f;}jcs, and converse of the relation
1s valid.

Proof. First, suppose that {g;};e is a dual of {f;}jcs. Then for f € H,
we obtain

f=eEhys
=&Y A g

jeJ
=> L€ g)Eh
JjeJ

So {(¢71)*g;} is a dual for {£f;} s, and it is also equivalent to {g;}jes.
Now, Suppose that {h;};es is a dual frame for {{f;}jcs. Set g; = £*hy,
for j € J. Then for f € H,

S g =) (FEh) S,

jeJ jed
= Do Ed
JjeJ
=S
= f.
Then {g;}jes is a dual for {f;}jes and h; = (£71)*g;. O
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The following theorem constructs an equivalent *-frame by a combi-
nation of frame operators of two given x-frames that is equivalent to one
of the given *-frames and its frame operator is the same as the frame
operator of another x-frame.

Theorem 2.4. If {f;j}jes and {g;};jcs are x-frames with the frame op-
erators Sy and Sg, respectively, then there exists a *-frame that is equiv-
alent to {gj}jcs and its frame operator is Sr.

Proof. For the adjointable and invertible operator
11
§= 83557,

the sequence {{g;};je is a *-frame with the frame operator S¢ = £Sg¢*,
by Theorem 2. So

Se 1= £8g¢"

11 1 _1\*
= <S}Sg 2) Sg <S]%Sg 2)
=Sr.

g

In the frame theory, the question to be considered is that “Dose the
relation between two frames in a space exist”. Up to now, duals or op-
erator duals corresponding to a given frame are defined that are related
to the primary frame. Here, we give an answer to the question, and
characterize a lager family than duals or operator duals. On the other
hand, in [}, it is shown that every dual frame is an operator dual but
we now see an another relation between dual frames and operator dual
frames of a x-frame by the equivalency relation between x-frames.

Theorem 2.5. Let {f;}jes and {g;j}jcs be *-frames for H. Then the
following statements are valid.

(i) {gj}jes is equivalent to a dual frame of {f;}jcs if and only if
there exists an adjointable and invertible operator & on H such
that

&= _(f 1) g, VfeH
Jje€J
(ii) {g;}jes is equivalent to a dual frame of {f;};cs if and only if
there exists an adjointable and invertible operator I' such that
({gj}jes,T) is an operator dual for {f;}je.

Proof. (i) First, assume that {g;};es is equivalent to a dual frame of
{fj}jes- Then an adjointable and invertible operator I' on H exists
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such that {I'g;},cs is a dual for {f;};cs. Now, for f € H,
f=> (£ 1) Tg;.
jeJ
Set ¢ =I'"!, and it concludes

Ef=T7'f

=T (Do (f )Ty

jeJ

Jje€J

In the second step, suppose an adjointable and invertible operator £ on
‘H with the following property

§F=D _(fi 1) g5 VfeH.
jeJ

Since £ is invertible,

F=Y (£ f& g, Ve
J€J
It shows that {€7'g;};es is a dual for {f;};es, and is equivalent to
{9i}tjes-

(ii) For the proof of “if” part, assume that there exists a dual frame
{h;}jes for {f;}jer such that {h;} cs and {g;} e are equivalent. There-
fore, there is an adjointable and invertible operator A : H — H, with
Ag; = hy, for all j € J. By Theorem P32, the sequence {g;} e is a
x-frame. On the other hand, for f € H,

F= (Fh) 1
j€J
=Y (f.Ag) £
jed
=D (N f.9)) fj,
jeJ
then
F=Y _(NFfg)f
jeJ
It shows that {(g;,A*)} is an operator dual for {f;};es. The converse
part is clear by the last equalities. O
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By a brief modification in the proof of the first part of Theorem P43,
this subject can be considered for operator duals in the following form.

Theorem 2.6. Let {f;}jes and {g;}jcs be x-frames for H. Then
{9;}jer is equivalent to an operator dual frame of {f;};es if and only if
there exists an adjointable and invertible operator & on H such that

§F=) (fg)f; VfeH
JjeJ
Proof. Suppose {g;};ecs is equivalent to {h;};c; where ({h;}jes,I') is
an operator dual for {f;};es. Then there exists an adjointable and
invertible operator 6 on H such that 6g; = h;, for all j € J, and for
feH

f=2_(Cf.hy) fj
jedJ
= (Tf.09) f;
JjeJ
= Z <9*Pf7 gj> f]"
jeJ
Set ¢ = (6*T')~! and then the result is obtained. For converse, let ¢ be
an adjointable and invertible operator on H that

§F =Y _{f.95) fi

jedJ
Then
F=> (& g s VfEHR,
jeJ
and ({gj}jes,€71) is an operator dual of {f;};cs and {g;}jes is equiv-
alent to itself. O

Moreover, some equivalence frames have the same Grammian matri-
ces. These frames are introduced in the following proposition.

Proposition 2.7. Let {f;}jcs and{g;}jc.s be equivalent Parseval frames
forH, and let Gr and Gg are Grammian matrices of { f;}jes and {g;};cr,
respectively. Then Gr = Gg.

Proof. Scince two frames {f;};c; and {gj};cs are equivalence, there
exists an adjointable and invertible operator { : H — H by £f; = g;
for j € J. Since their frame operators are the identity operator on H,
then by Theorem 222

£€* = gide* = id.
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So £ is a unitary operator and then for 7,5 € J,
which shows that Gz = [(f;, fj)]ijes = [{9i, 9j))i.jes = Gg- O

3. CONSTRUCTED *-FRAMES AND SOME THEIR PROPERTIES

In Theorem P2, a family of x-frames have been obtained with respect
to a given *-frame. Now, we can characterize all operator duals of every
element of this family. This characterization is given in the following.

Theorem 3.1. Let {fj}jcs be a x-frame for H and let & be an ad-
jointable and invertible operator on H. Then the set ({gj}jes, TEY) is
all of operator duals of {{f;};cs, where ({gj}jes,T') is an operator dual

for {fi}jeu-
Proof. Let ({g;}jes,T') be an operator dual of {f;}jcs. Then for f € H,

ST gy eti =6 D (T fog) £
jedJ Jj€J
=&(ENf
= f.
It shows that ({g;}jes,[¢71) is an operator dual of {{f;}jcs. Now,
if ({gj};jes,T) is an operator dual for {£f;};cs, then it is enough to

set I' := I'¢ in the last equalities which follows that ({g;};es,I') is an
operator dual for {f;};cs. a

Example 3.2. Assume that H is the Hilbert C*-module of all diagonal
matrices in Msyx2(C) over itself. Let two series

Z‘aiP? Z|bi‘2ﬂ

€N 1€N

be converge to o and 3, respectively. The sequence

{Fi}tien = {[ aé b(z :|}z'€N’

\/g ]-tight x-frame for H. If

. €11 0
= ]
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is a real element of H such that det £/ # 0, then the operator AM = M E
is invertible and adjointable on H. So the sequence

{Gz}zGN — {AE}’LEN — { [ 0 bz‘€22 :| }Z’GN’
is a x-frame for #H that is equivalent to {F;};en. Now, if ({H,;}ien, ')
is an operator dual of {F;};en, then ({H;}ien,I') is an operator dual of
{Gi}ien. To see this fact, from commutativity of #, for any M € H, we
have
1€EN
SO
1eN
=Y ("M)H,F;EE""
1€EN
=> (TM)E'H,G;
1€EN
S o,
1€EN
=> (A'TM, H;)Gi.
1€EN

By an orthogonal projection, a x-frame will be obtained and a relation
will be also given for this projection. To see this, we must show that the
inverse of frame operator is unique in the reconstruction formula. So,
firstly this fact will be considered.

Theorem 3.3. If {f;}jcs is a x-frame for H, then there exists a unique
adjointable operator A on H such that

F=Y (LA 1 VIeH.
Jj€J
Proof. By the reconstruction formula, A = S~! exists. For the unique-
1
ness of S~! with this property, we know that {S™2 f;};c; is a Parseval
frame for H, so set g; = S_%fj, therefore f; = S%gj. Now, suppose that
A is an adjointable operator such that
F= (ML) fi, VfEH.
JjeJ
Therefore, we have

F=> (fAf)

JjeJ
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s (55 A f)

=SA*f, VfeH.
It concludes that SA* = id and then A* = S~!. More precisely, A is
self-adjoint, positive and invertible. O

Now, a x-frame is constructed by an orthogonal projection.

Proposition 3.4. Let {fj}jcs be a x-frame for H with the frame op-
erator S and *-frame bounds A and B. Also, suppose P is an or-
thogonal projection on H. Then {Pf;}jes is a x-frame for Rp with
x-frame bounds A and B. Moreover, if ({g;}jes, ') is an operator dual
of {fj}jes, then {PT*g;} ey is a dual frame for {Pf;}je.
Proof. For f € Rp,
S AL PEY (P =Y (PF i) (15 PF)
jeJ jed
JjeJ
and by the definition of the *-frame {f;};cs, we have
AL, 1) A" <> (L, PL) (Pf, f) < B(f, [) B".
jeJ
Now, if ({g;}jes,T') is an operator dual of {f;};cs, then for f € Rp,
f=Pf

=P (Z ('Pf,g;) fj)

jedJ
=Y " (f,PT*g)) Pf;.
JjeJ

If {gj}jes is also a dual of { f;};es, then {Pg;}jcsis a dual of {Pf;};c.
So the result is clear by I' = idy. O
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By the last theorem, a necessary and sufficient condition is found for
commutating a projection with the inverse of the frame operator of a
given x-frame.

Theorem 3.5. Let {f;}jcs be a x-frame for H with the frame opera-
tor S. Suppose P is an orthogonal projection on H. Then PS™1f; =
S;lej, for all j € J if and only if PS~™' = S~'P, where Sp is the
frame operator of the x-frame {Pf;}jc.

Proof. First, assume that PS™1f; = SISIPfj, for all j € J. Now, let
f € H. Then we have

Sp'Pf=Sp P> (£,57f) 1

jeJ
= (£.57'f;) Sp'Pf;
jedJ
=> (f,87 ;) PS7f
jeJ

= PS> (S5 ) £

J€J
=PS71y.

Therefore PS~!f = S;le, for all f € H, and so

Sp'P=pPS™'P = PS'P=pPSt
Also,

PSP =(PS7'P)* = (PS YH)*=5"1P.
For the proof of converse, suppose PS~! = S71P. Let f € Rp. Then
we have

f=Pf
=P (> (£ !
jeJ
=> (f,57'f) Pf;
jeJ
=Y (PLSTU) P
jeJ

=D (5, PST ;) P

Jj€J
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=> (f,87'Pf;) Pf;.

Jj€J
By Theorem B3 and the assumption, for j € J
S™Pf; =S, fj = Sp'Pfj=PS'f;,
and the proof is complete. O
Since the pre-frame operator of a given #-frame in a Hilbert A-module
has the closed range, the its range is orthogonal complement (comple-
mentable) and the orthogonal projection on its range is well-defined [f].

In the following theorem, the relation between pre-frame operators of a
Parseval frame in a Hilbert A-module and its dual is obtained.

Theorem 3.6. Let {f;}jes be a Parseval frame of H with pre-frame
operator O and let {g;}jes be a x-frame with the pre-frame operator
0g. Then ({gj}jes,I') is an operator dual for {f;};es if and only if
Py, 0" = 0r, where Py, is the orthogonal projection on the range of
Or.

Proof. Suppose that ({g;};es,T") is an operator dual for {f;};cs. Since
{f;j}jes is a Parseval frame, the pre-frame operator r is an isometry;

Orf,050) =D (L) h)y = (L), VfeH.
jed
Then for f € H,
(Por05Tf,0Ff) = (0T f, Py 0Ff)
= (06T f,0f)

= (> (Tf.95) fj7f>

jeJ
=(f,.f)
=(0rf,0F[).

Then Py,0gI' = 0. Conversely, since 0 is an isometry, by a similar
method, we have

(f.9)=(0rf,0F9)
= (P05 f,079)

= <Z (T'f. g5) fj,g>, VfeH,

jeJ

o~ o~

then
F=Y_(Cf.g5) f;, VfeH,

JjeJ
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and ({g;}jes,I') is a dual for {f;};es. O

Corollary 3.7. Let {fj}jcs and {gj}jcs be two *-frames for H with
per-frame operators r and Og, respectively. Then ({g;}es,T’) is an
operator dual for {f;};er if and only if 0% Py, 051 = id

Acknowledgment. The author would like to express her sincere grati-
tude to anonymous referees for their helpful comments and recommenda-
tions which improved the quality of the paper. The author is supported
by a research grant from Vali-e-Asr University of Research Office.

REFERENCES

—_

. A. Alijani, Dilations of x-frames and their operator duals, Under Review.

. A. Alijani and M.A. Dehghan, *-Frames in Hilbert C*-modules, U.P.B. Sci. Bull.,

Series A, 73 (2011), pp. 89-106.

P.G. Casazza, The art of frame theory, Taiw. J. Math., 4 (2000), pp. 129-201.

4. M.A. Dehghan and M.A. Hasankhani Fard, G-Dual frames in Hilbert spaces,
U.P.B. Sci. Bull., Series A, 75 (2013), pp. 129-140.

5. M. Frank and D.R. Larson, Frames in Hilbert C*-modules and C*-algebra, J.
Operator theory, 48 (2002), pp. 273-314.

6. E.C. Lance, Hilbert C*-modules, A Toolkit for Operator Algebraists, University

of Leeds, Cambridge University Press, 1995.

[]

o

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, VALI-E-ASR UNIVER-
SITY OF RAFSANJAN, P.O. Box 7719758457, RAFSANJAN, IRAN.
E-mail address: alijani@vru.ac.ir



	1. Introduction
	2. Equivalent *-frames
	3. Constructed *-frames and Some their Properties
	References

