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A Class of Hereditarily ¢,(cy) Banach Spaces

Somayeh Shahraki! and Alireza Ahmadi Ledari®*

ABSTRACT. We extend the class of Banach sequence spaces con-
structed by Ledari, as presented in “A class of hereditarily ¢; Ba-
nach spaces without Schur property” and obtain a new class of
hereditarily ¢,(co) Banach spaces for 1 < p < co. Some other
properties of this spaces are studied.

1. INTRODUCTION

We follow the same notations and terminology as in [6]. Let Y be
a subspace of X. Then we say that X contains Y hereditarily if every
infinite dimensional subspace of X contains an isomorphic copy of Y.
Thus, if X hereditarily contains Y, then we naturally expect to have
the interior properties of X to be close to those of Y. Any exception
may be of interest. For example, it is well known that ¢; possesses the
Schur property, while there are hereditarily ¢; Banach spaces without
the Schur property [0, 2, B, 4, [7].

In this paper, we use £, spaces to introduce and study a new class
of hereditarily £,(co) spaces. Indeed, if p1 > pa > --- > 1, the subspace
Zy for p € [1,00) U {0} of

oo
Xp = Z @gw,Pn ’
n=1 P

is hereditarily ¢,(cp). Other properties of these spaces are investigated.
In this article, we show that under some conditions for p € [1,00) U{0},
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the natural operator from ¢, , to Z, is unbounded. Also the natural
operator from Z, to £, is unbounded.

Let w = (wy,) be a fixed nonnegative real sequence. We recall the
definition of 4, , (1 < p < 00), the weighted ¢, Banach sequence space.
We know

[ee) p
g(wap) = {x = (m17$2,~-) S R,Zwi |$Z‘ < OO}

i=1
For any x € ¢(w, p), define

oo »
Iz, = (Z wi|$i|p>
=1

1

For any 4, let ¢; = [ 0,...,0, (%)p,(),... . We know that {e; : i € N}
i—1 Z

is a normalized basis for ¢(w,p). Now we go through the construction

of the spaces X, analogous of the space of Popov. Let w = (wy) be a

fixed sequence, and (€y,p, )i a sequence of Banch spaces as above with

00 > pp > po > --- > 1. The direct sum of these spaces in the sense of

¢y is defined as the linear space

X, = (Z @ewmn) ,
n=1 p

with p € [1,00) which is the space of all sequences z = (xl,x ,...),
2" € lyp,, n=1,2,..., with

1
ol - (zuxnrm) <o

The direct sum of the spaces (£, p, ) in the sense of ¢ is the linear space

XO = <Z @fw,pn) )
n=1

0
of all sequences = = (:cl,a:Q,...), " € lyp,, n = 1,2,..., for which
lim, [[z"(,, ,, = 0 with norm
[zllp = max][z"[|,, -
The construction and idea of the proof follow from [R], but the nature

of these spaces is different. So for similar results, we omit the details of
the proofs.
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In fact these spaces are a rich class of spaces which depend on the
sequences w = (w;) and (p,) as above. Fix a sequence w = (w;) of reals
which satisfies the above conditions and a sequence (p,) of reals with
00 > p1 > pa > --- > 1. Consider the sequence space X, as above. For
each n > 1, denote by (€in);o, the unit vector basis of Ly p, and by
(€in)oey its natural copy in X,:

ei,n: 07"'70761',11,0,-.. GXp.
~——
n—1

Let 6, > 0 and A = (§,,) such that

and lim,d,, = 0 and max,d, = 1 if p = 0. For each i > 1 put

0o
zZi = E 5nei,n-
n=1

Then

8
3 =

|ZZ|| <ZH5 eanwpn)

(52

=1,

[y

since [leinl,,, =1 and
[2illg = maXH‘sneian”w,pn =1

It is clear that for any sequence (t;), of scalars,

= E (52 E tiem
P n=1 i=1

, if 1< p<oo,

w,Pn

= maxdy, , if p=0.
n

m m
E tiz; E ti€in
i=1 0 i=1 w,pn

Let Z, be the closed linear space of (2;)7°,. For each I C N the pro-
jection Py denotes the natural projection of X, on to [e;n, : i € N,n € I].
Denote also Qn = Py p1,..)-

We recall the main properties of 4, , (1 < p < 00) and Z; spaces [4].
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Theorem 1.1. For 1 < p < oo, l(w,p) is hereditarily isometrically

isomorphic to {p,
n n
o] =Y
i=1 i=1

Theorem 1.2. Let w; > 1 for anyi € N and w = (w;). For1 < ppy1 <
Pn < 00, £(w, pny1) CL(w,py). In particular ||z, , < |z

p

w?p

w,Pn W,Pn41"

Theorem 1.3. Z; is a hereditarily {1 Banach space which fails the Schur
property.

2. THE RESuULT

Now, we show that Z, is hereditarily ¢,(co) for p € [1,00) U {0}.
But first, we collect some basic facts about our spaces in the following
lemmas.

Lemma 2.1. Let Ey be an infinite dimensional subspace of Zp, n,m, j €
N(n > 1), and € > 0. Then there are {z;}"; C Ey and {u;}[", C Z,
such that the k’th component of u; is of the form
Jit1
Us | = O Z Aj,sVs,
S:‘]l-f—l

where j = j1 < jo < -+ < jm41- The v;’s are obtained from the proof of
Theorem I, for p = p, such that

Jit1 c

ST olais =1, s — 2] < = [ludll

, m
s=7;+1

foreachi=1,...,m.

Proof. Put By = Eg N [zz];’ij 41+ Since Ej is infinite dimensional and
[zl]fij 41 has finite codimension in Z,, F; is infinite dimensional as well.
Put j; = j and choose any Z; € E; \ {0} such that the k’th component
of z1 has the form

Take z; and use Lemma 2.2 of [§] to obtain z; and u; with above
properties and continue the procedure of that lemma to construct the
desired sequence. O

Lemma 2.2. Let Eg be an infinite dimensional subspace of Z,,, j,n € N,
and € > 0. Then, there exist v € Ey, x # 0, and u € Z, such that

(1) 1@Qnull = (1 — &) [lull,
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(i) flz —ul <elu].

Proof. Choose m € N so that

1 L .L
—m?Pr-1 Pn g

On

Using Lemma P70, choose {z;}"; € Ep and {u;}{*; C Z, so that
satisfy the claims of lemma and put

m m
:1::5 xiandu:g Uj.
i=1 i=1

First, we prove (ii). We know that ||u;| < ||u| for i =1,...,m and

m
lz —ull < llwi — uil
i=1

el
B m
i=1
= ¢ lul
To prove (i), we first show that
1
[ull = [[Qnul| <mm-t.

Anyway, [lul| — |Qnull < ||pg1,..n—13u||- Hence, by Theorem Il and
Theorem 2, for p > 1, we have

n—1 m Jit1 P
(lall = Quul? < "o 323 aseuy
k=1 =1 s=7;+1 WPk
n—1 m Jit1 P
SR> D aws
k=1 i=1 s=7;+1 S
P
n—1 m Jitl Pn—1
=22 X e
k=1 i=1 s=7;+1
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And for p = 0, we have

[ull = [ Qnul

IN
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» n—1
= mpnfl E (52
k=1

P

On the other hand, for p > 1, we have

[l = 7,

< mPn-1.
m  Jitl
max dy, g E a; sVs
1<k<n 1 1
1=1 s=1;
Ji W,Pk
m  Jitl
max 0y, E E a; sVs
1<k<n 1 st 1
YR ST W,Pn—1
A 1
m Jit1 Pn—1
max 0y E g la; s[P"
1<k<n . - ’
i=1 s=7;+1
1
m Pn—1
max 0y, E 1
1<k<n °
=1
1
max dpmPn—1
1<k<n
1
mPn—1,
m  Jitl P
§ § Qj,sVs
i=1 s=j,+1
! s=ait w,Pn
) D
m Ji+1 Pn
p
DD laisl™
p
Pn -
m Jit1 Pn_1 \ "
. |Pn—1
E § , |ai,s|™"
i=1 \s=j;+1
P
m Pn
2.1
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And for p = 0, we can write

m Jit+1
||u” = %12’1\)](516 Z Z Qj,5Vs
=1 s=7;+1 w.pk
m Jitl
> 571 5 5 A sVs
i=1 s=7;+1 w.pn
) 1
m  Ji+l Pn
— p
= 671 E E |ai,8| "

1
Thus, anyway ||u| > d,m?~, and hence,

1
Qe _mET 1 e
HUH N 5nmﬁ on ’
and [|@nul| = (1 =€) [[ul]. O

The following theorem is the main result of this paper:

Theorem 2.3. (i) The Banach space Z, is hereditarily ¢, for 1 <
p < 0.
(ii) The space Zy is hereditarily cg.

Proof. For the proof of our main results we need the following Lemma
an Theorem from Popov [¥] (see Lemma P4 and Theorem P3). O

Lemma 2.4. Suppose € > 0 and €5 for s € N are such that
(1) 2es<ceifp=1,

o0
(i) 3 (265)? <e?if 1 <p < o0 where L + ¢ =1,

s=1

(iif) i_ojl (2e5) < e if p=0.
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If for given vectors {us}o, C S(Zp), where Z, = Zy(P), there is a
sequence of integers 1 < ny < ng < --- such that, for each s € N, one
has

(1) [Jus — Qn us|l < e,
(i) || @, rusl| < e,

then {us}>2, is (14 ¢€) (1 — 3¢) " ‘-equivalent to the unit vector basis of
£, (respectively, cp).

Theorem 2.5. The Banach space Z, = Z,(P) is hereditarily £, if 1 <
p < oo and is hereditarily co if p = 0.

The proos of Lemma 4 and Theorem P35 are based on the definition
of @; and the norm on Z,. In fact by the conditions of this lemma and
for any sequence (as)7" of scalars, it follows that

(1 - 3¢) <Z|a5|p> éau (1+e¢) (Zlaslp>

for 1 <p < 00, and

(1 —3e) max |as| <

(1+¢) max |asl,
1<s<m

1<s<m

g asUs

for p = 0. Then by using the stablhty properties of the bases ([G], p. 5)
and Lemma 27, we conclude the proofs.

Definition 2.6. Let X be an arbitrary Banach space. Then

a) X has the nowhere Schur property if X contains no infinite
dimensional closed subspace with the Schur property.

b) X has the nowhere dual Schur property if X contains no infinite
dimensional closed subspace such that its dual has the Schur
property.

Definition 2.7. A Banach space X has the Schur property if every
weak convergent sequence is norm convergent.

Theorem I3 in this paper and Theorem 1.3 of [6] have the following
consequence.

Theorem 2.8. 7 possesses the nowhere dual Schur property.

3. OPERATORS

Definition 3.1. Let X and Y be any of the spaces £,,, (1 < p < 00), or
Zp (1 < p < oo) with their natural bases (x,)52; and (y,)5;, respec-
tlvely The formal (possibly unbounded) operator T': X — Y which
extends by linearity and continuity the equality Tz, = ¥, is called the
natural operator from X to Y.
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Theorem 3.2. Letp € [1,00) and py > p2 > -+ > 1.

(i) If infp, < p, then the natural operator from Ly, ) to Z, is un-
n

bounded.
(ii) If i%fpn > p, then the natural operator from Z, to Ly, is un-
bounded.
Proof. For constant scalars a; = as = -+ = a,, = 1, we have
m p 00 m p 00 Y
Zzi :Z(Sﬁ Zei’" :Z&’;mﬁ,
i=1 |l n=1 i=1 wpn =1
if 1 <p< oo
On the other hand,
m P
Z €; =1m,
i=1  lwp
if 1 <p< oo
Therefore, for 1 < p < oo, we have
m p m p
Z Tei Z Z3 00
ITIP 2 o = o = 2 Shmin
> €i > €i n=1
=1 lwp =1 luwp

If inf p,, < p, then there exists ng such that p,, < p, and hence,
n

[e.e]
P L1
IT|P > " dhmea =" > 68 mma " — oo,
n=1
as m — o0.
Now assume that inf p, > p. In this case, we have pﬂ —1 < 0 for each
n n

n. Given ¢ > 0, we choose n, so that

o0

S

n=ng
Then we choose mg such that
P p 4 €
max 60, | mPo < —
1<n<ng 2ng
for m > mg. So, for such m, we have
1
P>
7P >

Z Opm Pn

n=1
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1
 no P4 00 4
Z 571,)men —|— Z 557’)’],1071
n=1 n=ng+1
S 1
- Do 4 P _q S P 1
S (maxd, )| men =+ > Shmen
n=1 \1<n<ng n=ng+1
N 1
> o>,
2 2
as m — oo. [l
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