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Functors Induced by Cauchy Extension of C*-algebras

Kourosh Nourouzi'* and Ali Reza?

ABSTRACT. In this paper, we give three functors ‘B, [|x and §
on the category of C*- algebras. The functor B assigns to each
C*-algebra A a pre-C*-algebra PB(A) with completion [A]x. The
functor [k assigns to each C*-algebra A the Cauchy extension [A]x
of A by a non-unital C*-algebra F(A). Some properties of these
functors are also given. In particular, we show that the functors
[[]x and § are exact and the functor 9 is normal exact.

1. INTRODUCTION

Given a complex C*-algebra A, the algebra A[[Z]] consists of all se-
quences (a, ), in A with pointwise linear operations and Cauchy prod-
uct

((an)nzo) ((bn)nzo) = (cn)nzo;
where each ¢, = ) agbp—k. It is natural to think of elements of A[[Z]]

as the formal power series in one variable Z of the form ) a, Z™ with
product

o [o.¢] oo
D anZm ) (D b2 | =D enZ,
n=0 n=0 n=0

where c,’s are as above. One may consider the complex subalgebra
o0 oo
AlZ] =Y "anZ ) lan < o0 p,
n=0 n=0
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of A[[Z]]. It is of interest to find a C*-algebra via A[Z] to be an extension
of A. Recall that an extension B of C by A is a short exact sequence

(1.1) 0sALBSC o,

of C*-algebras (see, e.g., [1], [5], [6], [9]). For any subset Kof [—1,1] such
that 0 is a limit point of K, we will define a pre-C*-norm on A[Z]. The
completion of A[Z], denoted by [A]x, is an extension of A (Proposition
270 (iii)) which will be called the Cauchy extension of A.

The outline of this work is as follows. In Section B, we introduce
pre-C*-algebra A[Z]. In Proposition 23, it is shown that A[Z] is not a
C*-algebra. Proposition 274 shows that the completion [A]x of pre-C*-
algebra A[Z] is an extension of A. We also introduce the functors 3,
[]x and § on the category of C*-algebras. The functor 3 assigns to each
C*-algebra A a pre-C*-algebra B(A) = A[Z]. The functor [-]x assigns
to each C*-algebra A an extension [A]g of A by a non-unital C*-algebra
§(A), where the C*-algebra §(A) is the completion of the ideal

A = {ZanZ" € AlZ]:ag = 0} ,
n=0

of A[Z]. Some properties of functors P, [-]x and §F are listed in Propo-
sition 210. In Section B we show that the functors [/|x and § are exact.
In Section B, using the notion of normal exact sequence of the normed
spaces introduced by Yang [I6], we prove that the functor 8 is normal
exact. More precisely, for any short exact sequence of C*-algebra (I)
the corresponding short exact sequence

0 A2] L Bl2) % clz] — o,

is a normal exact sequence of pre-C*-algebras. That is, B(Z)/ker g —
C[Z] is an isometry. Among other results, we also show that for any
closed ideal Z of a C*-algebra A, the pre-C*-algebra Z[Z] is a closed
ideal of A[Z] (Proposition 210 (iii)) and the quotient A[Z]/Z[Z] is a pre-
C*-algebra (Theorem B3) which is isometric *-isomorphic to (A/Z)[Z]
(Theorem E4). Finally in Section H, we show that the Cauchy exten-
sion [A]g of a C*-algebra A can be considered as a C*-subalgebra of
Cy(K,.A), the C*-algebra of all bounded continuous functions from K
to A (Theorem B (i)). In particular, if K is compact, then [A]x is
s-isomorphic to C (K, A). We also give some other results in Theorem
B, A minimax type result is given in Corollary B=2.

2. CAUCHY EXTENSION OF C*-ALGEBRAS

Let A be a complex Banach algebra and A[[Z]] be the complex algebra
consisting of all formal power series in A. If A has a unit, then an element
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F=F(Z) =% ,a,2" € A[|Z]] is invertible if and only if ag is an
invertible element in A. In particular, 1+ Z? is invertible in A[[Z]] and
we have

(2.1) (14 2% (i(wzz’") = (i(l)"z%> (14 2%)
n=0 n=0

The subalgebra

{ZanZ" € Az Z lan|| < oo}

can be equipped with a norm as

(2.2) 1]l = Z lanll,

for all F(Z) =3 ja, Z" € A[Z].

Proposition 2.1. Let A be a Banach algebra. Then A[Z] with the norm
given in (22) is a Banach algebra.

Proof. To show that A[Z] is a Banach algebra, let

(Fi) = (Z aknzn> :

n=0

be a sequence in A[Z] such that

o
> |IF]| < oo
k=0
Then
oo oo (o] o
D2 Mawll =3 > llawnll < oo
k=0n=0 n=0 k=0
Let

[o¢] o
Cp = g A s F= E AL
k=0 n=0

Then F' € A[Z]. Let € > 0 be given. There exists a positive integer N

such that
o0 oo
Do D Ml <e

k=N+1n=0
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We have
N 00 o]
D= Fll =D (3 a2
) [eS)
=D | > am
n=0 |[[k=N+1
) o9
<Y D llawall
n=0k=N+1
o0 [eS)
= 2 D lakl
k=N+1n=0

<e.

This completes the proof.
Proposition 2.2. Let A be a Banach algebra. If

F(Z) = i anZ" € A7),
n=0

then

N
> anZ" — F(2),
n=0

as N — oo.

Proof. Since

N
F(Z)=> anZ"
n=0

= > laal,

n=N+1

we get the desired limit.

Now one can consider any element
oo
F(Z)=> anZ" € AlZ],
n=0

as a convergent series in A[Z].
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If A is a C*-algebra, we can define an involution * in A[Z] by
o0
F*(2)=>_a,Z",
n=0
for any F(Z) € A[Z]. In this case, A[Z] equipped with this involution
and the norm given in (Z3) is a *-Banach algebra.

Proposition 2.3. Let A be a C*-algebra. There is no norm on in-
volutive algebra (A[Z],*) which makes it a C*-algebra. In particular,
(A[Z], %) equipped with the norm given in (E34) is not a C*-algebra.

Proof. We suppose on the contrary that there exists a norm ||-|| such that
(A[Z],*,] - ||) is a C*-algebra. Suppose that A is unital. By (EI), the
element 1 + Z?2 is not invertible in A[Z]. This implies that —1 € o(Z?)
which is a contradiction. Now let .4 be non-unital and a € A be self-
adjoint with ||a|| > 1. Applying (Z0) for aZ we get that 1 + a2Z? is
not invertible in (A @ C)(Z). That is —1 € o(a?Z?), which is again a
contradiction. O

For a C*-algebra (A, | -||) if

F(Z) = i anZ" € AlZ],

n=0

and —1 <t <1 then

[e.9] o0
D llant™ <Y llan]l < oo
n=0 n=0

Hence
o0
F(t)=Yant",
n=0

is norm-convergent in A.
For any F(Z),G(Z) € A[Z] and X € C,t € [—1,1] we have
2.3 (\F(2))(t) = A (1),
(2.4 (F(2)+ G2)(0) = F(t) + (o),
(2.5) (F(2)G(2))(t) = F()G(@).
Note that the equalities (233) and (P) are clear and the proof of (E23)
is similar to that of complex case (see [I4, p. 74]).

The following proposition has a straightforward proof which is omitted
here.
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Proposition 2.4. Suppose that K is a subset of [—1,1] such that 0
is a limit point of K and (an)52 is a sequence in C*-algebra A. If
F(Z) =0 ganZ™ with Y o2 |lan]| < 0o and F(t) =0 for any t € K,
then an, =0 for all n.

Hereafter, throughout the paper, K will denote a subset of [—1,1]
such that 0 is a limit point of it.

Proposition 2.5. The following statements hold:
(i) The functional || - ||k defined by

oo
S 0
n=0

for all F = F(Z) =" qanZ™ € A[Z], is a norm;
(i1) (A[Z],*,] - ||x) is a pre-C*-algebra but not a C*-algebra;
(iii) [|F|lx < ||F|| for all F € AlZ];
(iv) If F(Z) =" ganZ", then
N
> anZ" - F(Z),
n=0
as N = oo in ||| x

Proof. (i) From (£23), (24), (25) and Proposition P34 it is easily seen
that || || x is a norm. (ii) By the definition of || - || x, we have the identity
|F*F||x = ||F||%. Therefore (A[Z],*, | - ||k) is a pre-C*-algebra which
by Proposition E23 is not a C*-algebra. (iii) By the definition of | - ||k
is clear. (iv) The proof follows from Proposition 2 and Part (ii). O

We call the completion [A]x of pre-C*-algebra (A, *,| - | x) the K-
Cauchy or simply the Cauchy extension of A. It is clear that [A]x is a
C*-algebra.

Proposition 2.6. Let A be a C*-algebra. The following hold:

(i) If 3 is an ideal of A[Z] then the completion J of (J,| - ||x) is a
closed ideal of [A]k
(ii) If Z is a closed ideal of A then [Z]k is a closed ideal of [A]xk

Proof.

(i) Let J be an ideal of A[Z]. Then the completion J of (3J,]| - ||x) is a
closed ideal of [A] . Choose any element ' € J and G € [A]x. Let (F},)
and (Gj) be two sequences in J and A[Z], respectively, converging to
FeJand G e [Alk. For any k,n > 1 we have F,Gy, Gy F, € J. This
implies that FGg,GipF € J, for all k > 1 and so FG,GF € J. That is
J is a closed ideal of [A]x

[1F s = sup
teK
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(ii) Consider F' € Z[Z] and G € A[Z]. 1t is clear that F'G,GF € I[Z],
i.e., Z[Z] is an ideal of A[Z]. Now, Part (i) implies that (Z[Z]) = [Z]x
is a closed ideal of [A]x. O

For a C*-algebra A define

Ag = {F(Z) = ZanZ” € A[Z]) : ap =0 for n > 0} ;
n=0

A = {F(Z)—ianZ"E.A[Z]:aO—O}.
n=0

Denote the completion of A; by Ay, Tt is clear that A; is an ideal
of A[Z] and by Proposition 28, A; is a closed ideal of [A]x. Hence
if A # 0, then [A]x has a proper closed ideal A;. Consequently no
simple C*-algebra is a Cauchy extension of some C*-algebra. It is worth
mentioning that there is no ideal Z of A such that Z[Z] = A;. Since
Ay is naturally s-isomorphic to A we always use A instead of Ay as a
subalgebra of A[Z].

Suppose that A, B, are C*-algebras such that B is an ideal of £. It
is said to be £ an extension of A by B if there is a short exact sequence

O—>B—i>€£>A—>O,

where i(B) = ker p and i, p are injective and surjective *-homomorphisms,
respectively (see, e.g.,[0]).

Proposition 2.7. Let A be a C*-algebra. The following statements
hold:

(i) Every element F of [A]k has a unique representation F = a+G,
where a € A and G € /I1;
(i) llallx = llal|l < |la+ G|k, for alla € A and G € Ay;
(iti) [A]x is an extension of A by A;

~

(iv) A; is not unital as a C*-subalgebra of [A] k.

Proof. (i) Let (F)) be a Cauchy sequence in (A[Z],] - ||x), where
Fp =Y agnZ"™ € A[Z]. Let ¢ > 0 be given. Then |Fj —
Fu|lx < e for sufficiently large k, k. Suppose that (¢,,) is a
sequence in K such that t,, — 0 as m — oco. By the definition

of || - ||k we have
oo
lako — aoll = lim || " (arn — awn)ty,
m—ro0 =0
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[e.9]

< sup Z(akn - ak’n)tn
teK ||5=5

= |Fx — Full
<e,

for sufficiently large k, k’. Furthermore

o0

Z(akn - ak’n)tn

n=1

sup < 2e.

teK

Therefore the sequences (axg) and

<§: aknzn> )
n=1

are Cauchy in A and Aj, respectively. For F € [A]g, let F =
lim Fj, where
k—o00

oo
Fp =Y amZ" € AlZ].
n=0
Then F = a + G, where aig — a € A and

o0
Za,mZ” —GeA

n=1

as k — oo. Since A; N A = 0, this representation is unique.
Hence [A]g is the internal direct sum of subspaces A and Aj,
le, [Alxk = A ./il.

Note that if a € A and

o0
G=1lim Y ap,Z"c A
k%oo; kn 1

then

(e,
a-+ Z apnt”

n=1

o
a+ E appZ"|| = sup
= PSS

for all £ > 1. A similar method to that used in Part (i)
implies that

)

lall <

)

K

00
a+ Z a;mZ”
n=1
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for all & > 1. Therefore ||a|| < ||la + G||, for all a € A and
G e Al.

(iii) Define pa : [Alx — A by pa(a+G) =a, for alla € Aand G €
AL Tt is easily seen that p4 is a surjective *-homomorphism
and kerpy = A;. Therefore we have the short exact sequence

(2.6) 0= A <5 Al 24 Ao

This shows that [A]x is an extension of A by A;.

(iv) Suppose on the contrary that A; is unital with unit U(Z). Since
aZU(Z) = aZ for all a € A, we have taU(t) = ta for any t € K
and a € A. This implies that aU(t) = a for all ¢ # 0 and
therefore lim;_,o U(t) # 0, which is a contradiction.

O

Remark 2.8. Each x-homomorphism f : A — B of C*-algebras induces
a *-homomorphism f : A[Z] — B[Z] between pre-C*-algebras A[Z] and
B[Z] by

(2.7) f (Z anZ”> => flan) 2",
n=0 n=0
where

i an 2" € AlZ].
n=0

Remark 2.9. If we define P(A) = A[Z] for any C*-algebra A and
PB(f) = f, for any s-homomorphism f : A — B of C*-algebras, then
B is a functor from the category of C*-algebras to the category of pre-
C*-algebras. Each s-homomorphism f : A[Z] — B[Z] defined by (£22)
induces a *-homomorphism f : [Alx — [B]x. It is easy to see that
[k is a functor from the category of C*-algebras to itself as [f]x = f.
Now, defining § (A) = A, and F(A 5 B) = fl; : A — By, for C*
algebras A, B and *-homomorphism f, we get a functor on the category
of C*-algebras which assigns, by Proposition EZ7 (iv), to any C*-algebra
a non-unital C*-algebra.

By A = B we mean that the C*-algebras A and B are *-isomorphic.

Proposition 2.10. Let f : A — B be a x-homomorphism of C*-algebras.
Then

f 18 a contraction;

f and f are isometries provided that f is an isometry;

f
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(v) ker f = (ker f)[Z];
(vi) Imf = (Imf)[Z];
(vii) IfZ is a closed ideal of A, then Z[Z] is a closed ideal of (A[Z],]|-
lx). In particular,

0= TZ] = A[Z] B A[Z]/T]Z] = o,
and
0 I[2] = AlZ] & (A/T)[2] — 0,
are short exact sequences;
(viii) [A® Blx = [Alk & [Blx
(ix) (A® B), = A @ By.

Proof.
(i) Suppose that F(Z) =>">" ja,Z™ € A[Z]. We have

Zf an)Z

= sup Zf(an)t”

teK ||5=5

b5

1F () =

K

teK =

oo

< sup Z ant"™

teK |25

= [IFllx-

(i) If f is an isometry, then the proof of (i) shows that || f(F)||x = | F| x,
for all F' € A[Z]. That is f and consequently f is an isometry.

(iii) Let f be surjective and G = > 7 b, Z" € B[Z]. For any integer
n > 0, there exists a,, € A such that b, = f(ay). For any integer n > 0
there exists aj, € ker f such that

(2.8) lan + ap|| < llan + ker f|| +27".
Since A/ ker f = B, we have
(2.9) Han +ker f|| = [If(an)]l = [[bnll

Define a!! = ay + a),, for all n > 0. Now we see from (ZR) and (E79)
that F(Z) = 307, ”Z" € A[Z] and f(all) = by, for each n > 0, and
therefore f(F) = G.

(iv) The proof of (iv) follows from (ii) and (iii).

(v) The proof of (v) is straightforward.
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(vi) The proof of (vi) is straightforward.

(vii) Exactness of the first diagram is clear. Part (iii) shows that A[Z] &
(A/Z)[Z] induced by the projection A % A/Z is surjective. By (v)
kerp = Z[Z] is a closed ideal of A[Z]. This completes the proof.

(viii) It is easily seen that

T:AlZl & B[Z] — (A& B)[Z],

defined by
T (Z A an"> = (an,bn) 2",
n=0 n=0 n=0
for all

i anZ" € AlZ], i b, 2" € B|Z],
n=0 n=0

is a *-isomorphism.
(ix) The proof of (ix) is similar to Part (viii). O

3. EXACTNESS OF THE FUNCTOR [-|g

In this section we show that [-]x is an exact functor. We first recall
some definitions of the category theory [IT].
Recall that a map X L Yina category € is called an epimorphism

if for all maps Y % Z and Y M Zin ¢ with go f = ho f, we have
g = h. In the category of C*-algebras, a *-homomorphism f: A — B is
an epimorphism if and only if it is surjective [T3].

Suppose that X i) Y is a map in a category € with zero object. A
mapZ%Xisakerneloffiffoj:OandforanymapZ’gX
in € such that f o g = 0, there exists a unique map Z’ M 7 such that

joh =g. For example, if A i> B is a *-homomorphism of C*-algebras,
then the inclusion ker f < A is a kernel of f.

Theorem 3.1. The functor ||k is exact.
Proof. Suppose that
0-ALBLc oo,

is a short exact sequence of C*-algebras. We must show that

(3.1) 0 [Alx 5 Bl 5 [Clic — 0.

is a short exact sequence of C*-algebras. We first show that if f : A — B
is a surjective *-homomorphism of C*-algebras, then f : [A]x — [Blx
is also a surjective *-homomorphism of C*-algebras. To do this suppose



38 K. NOUROUZI AND A. REZA

that [B]x 2 ¢ and [B]x % C are *-homomorphism of C*-algebras such
that ho f = go f. From Proposition P10 (iii), we have f(A[Z]) = B[Z].
So for any G(Z) € B[Z] there exists an element F(Z) € A[Z] such that

WG(2)) = h(f(F(2)))

= (go f)(F(2))
= 9(G(2)).

This implies that h|gz = QIB[Z] and therefore ¢ = h. Hence f is an
epimorphism and consequently is surjective by [I3].

Now we show that if A i> B is a #-homomorphism of C*-algebras,
then ker f = [ker f]x. To prove this, suppose that C 5 [A]x is a -
homomorphism of C*-algebras such that fog =0. If goc = pao g and
c S [C]k is the injection, then gc o i¢c = g. Since ker f <y A'is a kernel
of f, there exists a unique *-homomorphism C M ker f such that the
diagram

ker f < A d B
N
C

is commutative. Since ||k is a functor, we have the following commu-
tative diagram:

er flie 2 [Alx —— Bk
\ﬁ\ Jgc
[Clx

Putting A’ = hoic we get joh/ = g, since jo h = Jgc. Now we show that
R’ is unique. Suppose that there is a *-homomorphism C LA [ker f]x
such that jok = g = joh'. Since j is an injection, we have k = h’ which
proves the uniqueness of &’. It is clear that ker f = [ker f]x. Now the
Parts (ii), (v) and (vi) of Proposition 10 imply that (B1) is a short
exact sequence of C*-algebras, or equivalently [|x is an exact functor.
The diagram
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[ker f]k [Al ke Bk

O

shows the detials above.

Corollary 3.2. If T is a closed ideal of a C*-algebra A, then [A/T]x =
[Alx/[T]xk-

Proof. By Theorem B, the short exact sequence
0TI —A—A/T—0,
induces the short exact sequence
0— [Zlxk = [Alk — [A/I]k — 0,
which implies that [A]x/[Z]x = [A/T]k. O

In the following corollary we use 3 x 3 lemma in homological algebra
for the C*-algebras as complex vector spaces (see, e.g., [I4]).

Corollary 3.3. If
0—-A ENY; A 0,
s a short exact sequence of C*-algebras, then

= fla, s dlg s
0—>.A1 i;lBl —B>1C1—>0,

s also a short exact sequence of C*-algebras, i.e., § is an exact func-
tor (see Remark 23). Furthermore, if T is a closed ideal of A, then

(Z/\I)l = A/Th.

Proof. In the following commutative diagram
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fl 4, v lp,
B

; A
0 Ak Bl —L— [Clx 0
pPA PB pc
0 A f B g C 0
0 0 0

the middle row is exact by Theorem BTl and all the columns are exact
by (28). Now 3 x 3 Lemma [I4] shows that the top row is also exact.
By a similar argument as in Corollary B2, we get

(Z/\I)l = Al/fl'
Il

Recall that an ideal Z of a C*-algebra A is called modular if there is
an element u € A such that ua — a,au — a € A, for all element a € A.
Note that Z is modular if and only if A/Z is unital [T2].

Corollary 3.4. Let T be a closed ideal of a C*-algebra A. Then T is a
modular ideal of A if and only if [Z|k is a modular ideal of [A]k .

Proof. We first show that a C*-algebra B is unital if and only if [B]x is
unital. It can be easily seen that if B is unital, then [B]x is also unital.
Now, by Proposition 272 (i), suppose that [B]x is unital with unit a + G
for some a € B and G € B;. Consider an arbitrary element b+ F € [B]x
with b € B and F € B;. Then (b+ F)(a + G) = b+ F or equivalently
ba+FG+ Fa+bG = b+ F. Tt follows that ba—b = H, for some H € Bj.
Since BN B = 0, we have ba = b. Similarly, ab = b. This shows that a
is the unit of B. Now let Z be a closed ideal of A. Then by Corollary
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B2, 7 is modular if and only if [A/Z]|x = [A]k/[Z]Kk is unital. Hence Z
is modular if and only if [Z]x is modular. O

4. NORMAL EXACTNESS OF THE FUNCTOR 13

Suppose that A is a C*-algebra and Z is a closed ideal of A. It follows
from Proposition 210 (vii) that A[Z]/Z[Z] is a normed algebra with
the usual quotient norm. In this section, we show that A[Z]/Z[Z] is
a pre-C*-algebra. Also using Five Lemma and Theorem B=4 below, we
will show that A[Z]/Z[Z] is isometric *-isomorphic to (A/Z)[Z]. This
implies that the functor 8 is, in fact, normal exact.

We remind that the Five Lemma in homological algebra (see, e.g.,
[4]) says that in the commutative diagram

Ay Az A3 Ay As
ty to t3 ty ts5
B1 BQ Bg B4 B5

of commutative R-modules with exact rows if 1, t2, t4 and ¢5 are isomor-
phisms, so is t3.

Definition 4.1. [[6] The exact sequence
---%AnﬁﬁAnH Tng1 Apyo =,

of normed spaces with contraction f, (||fn]| < 1 for any n) is called
normal exact if the induced map A, /ker f,, — f,(A;) defined by x +
ker f, — fn(z), is an isometry. Note that any short exact sequence of
C*-algebras is normal exact.

The following theorem is the main one in [I6].
Theorem 4.2. Suppose that
0-Y S5X B 750,
1s a normal exact sequence of normed spaces. Then
075X 2250,
18 a normal exact sequence of corresponding completion Banach spaces.

Theorem 4.3. LetZ be a closed ideal of a C*-algebra A. Then A[Z]/Z[Z]
s a pre-C*-algebra.

Proof. We first show that
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(1) If (ur)rea is an approximate unit for A then (u)y)jea is also an
approximate unit for A[Z];

(ii) If (up)aea is an approximate unit for Z then for any F(Z) €
A[Z] we have

IF(2)+ (2]l = lim | F(2) = usF(Z) |
= i || F(2) = F(Z)w .

To prove (i), let
F(Z)=) anZ" € AlZ],
n=0

and € > 0 be given. Since

)
> llan] < oo,
n=0

there is a positive integer N such that

[e.9]

Z 2||an|| < e.

n=N+1
Now for any A € A we have

o0

Z(an —uyan)Z"

n=0

I1F(Z) —urF(Z)|lx =

K
00

< Z lan — uran||

=0
N 00

n
:ZHan_uAanH"i_ Z |an — uran||
n

=0 n=N-+1

N
< Z llan — uran|| + €.

n=0
Therefore
liinsup |F(Z) —urF(Z)||x <e.

Since € > 0 is arbitrary, we have

lim |[F(Z) = urF(Z)l|x = 0.



FUNCTORS INDUCED BY CAUCHY EXTENSION OF C*-ALGEBRAS 43

Similarly, we get
li)r\n |F(Z) — F(Z)uy||x = 0.

To prove (ii) let

a=|F(Z)+I[Z]| = mt{[|F(Z) + H(Z)|[x : H(Z) € 1[Z]} .
Let ¢ > 0 be given. There exists an element G(Z) € Z[Z] such that
|F(Z)—G(Z2)||k < a+¢e. We have
a < ||F(Z2) = F(Z)uxlx
<[I(F(2) = G(2)) = (F(2) = G(2))ullk + G(2) = G(Z)uxlx
= (F(2) = G(2))1 —w)llk + IG(2) = G(Z)uxl x
<|F(Z2) = G(2)|lk + 1G(Z2) = G(Z)ual
<a+e+||G(Z) - G(Z)uy| k-

Since € > 0 is arbitrary, we have o = limy || F'(Z) — F(Z)uy|| k. Similarly,
o = limy | F(Z) — usF(Z) .

To prove the theorem, let (uy)aea be an approximate unit for Z. If
F(Z) € A[Z] and G(Z) € I|Z], by Parts (i), (ii) and Proposition 23 (i)

we have
IF(2) +Z1Z)|* = lim || £(Z) ~ F(Z)u|%
= m{|(1 —u) FX(Z)F(Z)(1 — uy)llx
< Um |1 —un)(F(2)F(Z) + G(2))(1 — wy)llx
+im (1 - u\)G(2) (1~ wn)llx
<[ FH2F(Z) + G(2)|k-

Therefore
IF(Z) + 22| < |F*(2)F(Z) + Z]Z]|,
and consequently we get the equality
IF(Z) +Z2)|)* = |F*(2)F(Z) + Z]Z]|,
which completes the proof. O

Now we are ready to show that the functor 9 is normal exact.

Theorem 4.4. The functor P is normal exact.
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Proof. Let T be a closed ideal of a C*-algebra A. First we show that there
exists an isometric *-isomorphism between A[Z]/Z[Z] and (A/T)[Z].
Define T': A[Z]/I]Z] — (A/Z)[Z] by

T (i anZ" + I[Z]) - i(an +1)Zm,
n=0 n=0

for all -
> anZ" € AlZ).
n=0

It is clear that T' is well defined, linear and preserves the involution. We
are going to show that
(a) T is injective,
(b) T is surjective,
(¢) T is a contraction, and
(d) T is an isometry.
We proceed as follows:
(a) If F(Z) =" yanZ" € A[Z], with T(F) = Z, then

oo

> (an+1)2" =1,

n=0
ie. ay, € T for n = 0,1,2,.... Therefore F(Z) € Z[Z] and so T is
injective.
(b) Let

o0
G=) (an+1)Z" € (A/T)[Z].
n=0
For each n = 0,1,2,... there is an element b,, € Z such that ||a, + b, || <
llan + Z|| +27™. Consider ) °  c,Z", where ¢, = an + by, for each
n=20,1,2,.... Since

(o)
> lan + I < oo,
n=0

we have F(Z) € A[Z]. Therefore
T(F(2)+1Z]) = i(cn +7)7"
n=0

=> (an+1)2"

n=0

:G7

that is T is surjective.
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(c) Let F(Z) =Y yanZ™ € A[Z]. Then

o
IT(F(2) + TZ) | = | S (an + )27
n=0 K
o0
= sup an + )"
o Z< "+ D)
= sup ant™ + 7
= f t"+b
= spief Zan :
< inf t"+b
jnf sup Zan +
= inf su ant™ + G(t)
G(2)eriz] ek Z "

— it |F(2) + GUD)
= IF(2) + (2],

that is T' is a contraction (Note that supinf f < infsup f for every real
valued function f in two variables).

(d) Suppose that (A[ﬂ/\I[Z]) is the completion of A[Z]/Z[Z] with re-
spect to the quotient norm and

T: (A[Z]/Z(2)) - [A/T]x

is the extension of 7. By Theorem HZ3, T is a x-homomorphism of
C*-algebras. Now we show that T is a *-isomorphism. The diagram

/

Yol ganZ" L Yol ganZ" + 17

|, I

> meo anZ" L’ Yomeolan +T)2Z"

shows that the diagram
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0 117) < A7) —2 A1z)/712) 0
T
0 117) < A7) —2 s (a/1)(2) 0

of pre-C*-algebras is commutative, where p’ is the quotient map and p
is the map induced by the projection A 2 A/Z (see Definition EZR).
The exactness of two rows follow from Proposition 210 (vii). Now, the
commutative diagram

0 T — [Alx (A[Z]/T12)) 0
.
0 ()i —[Alx ——— [A/T)x 0

of C*-algebras has exact rows. In fact, the exactness of the first row is a
consequence of Theorem B2 and the second one follows from Theorem
B. Applying Five Lemma for commutative diagram

Tk —— [Alx —— (A[Z]/Z[Z]) 0 0
t to ty =T t4 { t5 k
Tk —— (Al — 2 (AT 0 0

with exact rows shows that 7' is a x-isomorphism. This implies, partic-
ularly, that T is an isometry. Now consider the short exact sequence of
C*-algebras

0TS A% B0

Applying functor 8 we get a short exact sequence of pre-C*-algebras

(4.1) 0= T(2] & AlZ] % BlZ] — 0.

Note that we have the *-isomorphism g¢; : A/Z — B, induced by g. By
Part (d) we have the composition of isometric *-isomorphism of pre-C*-
algebras

A(2)/Z(2) 5 (A/T)(2) 2 B(2)
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such that
oo [e.e] oo
Y anZ"+I[Z) = Y (an+D)Z" = glan)Z".
n=0 n=0 n=0

That is the induced map A[Z]/Z[Z] — B[Z] by § is an isometry. There-
fore, () is a normal exact sequence of pre-C*-algebras. O

From (c) and (d) of Theorem B4 we have:
Corollary 4.5. Suppose that T is a closed ideal of a C*-algebra A and

ap, a1, az, ... is a sequence in A such that Y |lan|| < co. Then
o0 oo
inf sup ant"™ + b|| = sup inf Z ant™ + b|| .
beT tc K¢ r teK beT o

5. CAUCHY EXTENSION [A]x AS C*-SUBALGEBRA OF Cy(K,.A)

In this section, we characterize the Cauchy extensions of C*-algebras
as C*-valued function spaces. Using the obtained characterization, we
give some results on the Cauchy extensions of C*-algebras.

Recall that for a C*-algebra A and a topological space X, Cy(X,.A)
is the set of all bounded continuous functions from X to A. The ad-
dition, scalar multiplication and the product on Cj(X,.A) are defined
pointwise. The involution can be defined as o*(x) = (a(x))*, for all
a € Cp(X, A) and z € X. Furthermore, defining ||| = sup,ex || (2)]|
for all & € C(X, A), the algebra Cp(X, A) becomes a C*-algebra. If X is
a locally compact Hausdroff space, then Cy(X,.A) consisting of all con-
tinuous functions f € Cp(X,.A) vanishing at infinity is a C*-subalgebra
of Cp(X, A) (see [12, p.37] ). If X is a compact Hausdorff space then

Ch(X,A) =Co(X, A) =C(X,A).
It is easy to see that for C*-algebras A;, As,...,A,, we have
(5.1) Co(X, 1D DA, ZCL(X, A DD Ch(X, Ap).

In particular, if A = C, we use C(X),Cp(X) and Cp(X) for C(X,C),
Cy(X,C) and Cy(X, C), respectively. Recall that a C*-algebra A is called
nuclear if for each C*-algebra B, there is a unique C*-norm on tensor
product A® B. An ideal Z of a C*-algebra A is called essential if aZ = 0
implies that a = 0.
Theorem 5.1. Suppose that A and B are two C*-algebras and K C J =
[—1,1] such that 0 is a limit point of K. Then

(i) [A]k is %-isomorphic to a C*-subalgebra of Cy(K,A);

(ii) If K is a compact interval, then [Alx = C(K,A);

(iti) [Alx = {flx : f € C([-1,1],A)};
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(iv) If K is compact then [A|g = C(K, A). Furthermore, [AQB]|k =
[Alx ® B= A® [Bk;

(v) There is a closed ideal Ty of [A]y such that [A]j/Trk = [Alk;

(vi) A is nuclear if and only if [A]x is nuclear;

(vil) Z is an essential ideal of A if and only if [I|k is an essential
ideal of [A]k;

(viii) If 0 ¢ K and K is a locally compact subspace of J such that
K' = K U {0} is compact then [Alxg = C(K', A). If A is fi-
nite dimensional, then M(A;) = Cy(K,.A) where M(Ay) is the
multiplier algebra of Ay ;

(ix) A = B if and only if [Alx = [B]k for any compact K.

Proof.

(i) It is clear that for any sequence (a,) in A with "> [|a,| < oo the
summation f(t) = > 7 ant" where t € K, defines a function from K
to A. Denote the set of all such functions by A(K). It is clear that f
is a bounded continuous function on K and A(K) is a *-subalgebra of
Cy(K,A). Now the map T : A(K) — A[Z] defined by

(o) (o)
T <Z ant"> = Z anZ",
n=0 n=0

is an isometric *-isomorphism. That is [A]x is *-isomorphic to a C*-
subalgebra of Cy(K, A).

(ii) For the case A = C, since C(K) is a self-adjoint subalgebra of C(K)
which separates points of K and contains the constant functions, one can
see, by Stone-Weierstrass Theorem (see [IH, p.165]), that [C]x = C(K).
Now for any C*-algebra A and any compact interval K one can use
approximate Berstein Theorem (see [2, p.182] ), as follows: We may
assume that K = [0,1]. Let f € C(K,A). Because f is uniformly
continuous (see [8, p.60] ), define the Bernstein Polynomials

i) = 3 s () =

for any t € K and integer n > 0. Note that 3, € A(K) for any

n =1,2,3,.... By a similar argument as in the proof of the Berstein
Theorem, we see that (5, is convergent uniformly to f. This shows that
[Alx = C(K, A).

(iii) Define T : A(J) — A(K) by T(f) = fl|k, for each f € A(J). It is
clear that T is a bijective bounded linear operator. We claim that the
extension T : [A]; — [A]x is surjective. Note that Parts (i) and (ii)
imply that 7" is of the form T'(g) = g|x for all g € [A];. Suppose that
H,G : [Alx — B are two *-homomorphisms such that GoT = Ho T



FUNCTORS INDUCED BY CAUCHY EXTENSION OF C*-ALGEBRAS 49

This implies that H o T\A(J) =Go T|A(J) or H|A(K) = G|A(K)- Since
A(K) = A[Z] is dense in [A]g, we have H = G. Hence T is surjective
(see [13]). By (ii) we have [A]; = C(J,.A) and therefore [A]x = {f|k :
feC(J, A}

(iv) By Tietze’s Theorem ([9, Theorem 4.1]), any continuous function
f : K — A has a continuous extension f; : J — A. This fact together
with Part (iii) show that [A]x = C(K,.A). From ([3, 11.6.4.4]) we have
C(K, A) = C(K)® A and therefore

A@Bxk2C(K)® (A®B) 2 [Alxk @ B2 AR [B)k.

(v) Let T : [A]; — [A]x be the given surjective x-homomorphism in Part
(iii). Tf Zre = ker T then [A];/Zx = [A]k. In fact, [A]; is an extension
of any Cauchy extension [A]x.

(vi) Let A be nuclear. By Part (ii) we have [A]; = C(J, A). Since C(J)
is nuclear (see [12, Theorem 6.4.15]) and C(J, A) = C(J) ® A (see 3,
11.6.4.4]) we conclude that [A]; is nuclear (see [3, IV.3.1.1]). Since every
closed ideal of a nuclear C*-algebra is nuclear (see [3, 11.9.6.3]), A; is
nuclear. In particular, the closed ideal Zx (given in part (v)) is nuclear.
Since [A]j/Zk is nuclear (see [3, IV 3.1.13]), Part (v) implies that [A]x
is also nuclear. Conversely, if [A]k is nuclear the ideal Ay is nuclear. By
(28), we have A = [A]x/A; which shows that A is nuclear, too.

(vii) Let Z be an essential ideal of A. By Part (i), we can consider [A]x
as a C*-subalgebra of Cp(K, A). Choose G : K — A in [A]x such that
fG =Gf =0forany f: K - 7 € [Z]g. For any t € K we have
f#)G(t) = G(t)f(t) = 0. Let b be an arbitrary element in Z and let
fo : K — 7 be a constant function with value f;(t) = b. Now for any
t € K we have

fo®)G(t) = Gt) fo(t) = 0,
or
bG(t) = G(t)b = 0.
This implies that G(t) = 0 for all ¢t € K. Therefore, [Z]x is an essential
ideal of [A]x. The converse statement can be proved similarly.

(viii) Suppose that C1(K) = {f € C(K) : f(0) = 0}, where C(K) is as
given in Part (i). For f € Ci(K) and € > 0, suppose that X = {t €
K :|f(t)] > ¢} and x is a limit point of X. Then = # 0 and z is a
limit point of K’, and therefore x € K. This implies that X is compact.
That is f vanishes at infinity, so C1(K) C Cy(K). Now suppose that
0# a € C and g(z) = za for all x € K. Then g € C;(K) and for any
t € K we have g(t) # 0. In addition, for any ¢; # t2 in K, g(t1) # g(t2),
that is, C1(K) strongly separates points of K. It is clear that C;(K) is
self-adjoint. By the Stone-Weierstrass Theorem (see [, p.151]), we have
C1 = Cy(K) and therefore [Clx = C @ Co(K) = C(K') (see [3, p.53]).
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Parts (iii) and (iv) and the fact that || f||x = || f|| k- for any f € C(J,.A)
imply that the map f|x — f|g is a *-isomorphism between [A]x and
C(K', A). Now suppose that A is a finite dimensional C*-algebra. By
([12, p.194]) we have

(5.2) A=M, (C)® M,,(C)&--- & M,,, (C).
We first show that for any positive integer n, (]\4/(\@)) M,,(C

1). T
see this, note that the completion of C;(K) is #-isomorphic to Co(K )
Now the map G : (M,(C))1(K) — M,(Ci(K)) defined by G(F') = (Fj;),

where
= Bnt™ = (F;(1)),
m=1

and Fj; € C(K), for any 4,j = 1,2,...,n is an isometric *-isomorphism
Wlth norm |[|(Fy;)|| = supsex HFU( )| = ||F||. Suppose that F' = (Fj;) €

M, (Co(K)). Then Fi; € Co(K) for i, = 1,2,...,n. There exist se-
quences (F;;) in Ci(K) for i,j = 1,2,...,n such that F,;; — Fj; as
m — oo in norm || - ||g. If FF: K — M,(C) is a continuous function
such that for any t € K, F(t) = (F;;(t)), then

1(Fimig) = (Fig)ll = sp | (Fmis (8)) = By ()]

< sup F ) — Fy(t
teKZH mi( poll

< sup || Finij (t) — Fij(t)]].
> sup o (1) — Fig (1)

This implies that (Fy,i;) — (Fj;) as m — oo. Now, by completion we
see that

(5.3) (M (C)); = Ma(Co(K)) 2= My (C1).
Also, we have clearly the %-isomorphism
(5.4) My (Cy(K)) = Cy(K, Mn(C)).

Suppose that B, A1, Ao, ..., A, are C*-algebras. We have the following
for the multipliers algebras (see [4, p.84] and [B, p.155])

(5.5) M (Mn(B)) = Mn(M(B))

(5.6) MA@ A @ dA,) X M(A) S M(A) @& M(Ay).

We also have M (Cy(K)) = Cp(K) (see [12, p.83]). Now from (B)-
(6@), and Proposition 210 (ix), we have

Ay = M, (Co(K)) & My, (Co(K)) & -+ @® My, (Co(K)).
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M(Ay) = M(My, (Co(K))) @ -+ & M (M, (Co(K)))
> Cy(K, My, (C)) @ - - @ Cy(K, M, (C))
>~ Cy(K, My, (C) & -+ - & M, (C))
~ Oy (K, A).

(ix) If A = B then [A]g = [B]x by Proposition Z10 (iv). Let ¢y, :
[Alkx, — [Blk, be a x-isomorphism between [A]g, and [B|g,, where
K, =[-1/n,1/n] for n =1,2,3,.... It is clear that (K,,) is nested with
Moo, K, = {0}. Now ([A]k,,Pn)pey is a direct sequence of C*-algebras,
where each map

Pn - [‘A]Kn — [A]Kn+l7

defined by f|x, = flK,,, for all f € [A]x is a *-homomorphism. Part
(iv) and [3, I1.6.4.4] show that

for all n. Furthermore by [3, I11.9.6.5], we have the direct limit
lim[A], = lim(C(K,) @A)
= (h_r)n C(Kyp)®A

=C({0}) @A
=“CoA
= A

From the commutative diagram

©n

(Al k., (B k.,

| E

Pn+1
[A]Kn+1 I [B]Kn+l

where ([B|k,,qn)>; is the direct sequence defined by ¢,(pn(f)) =
Oni1(f|Knsy ), for any f € [A]k,, we conclude that

A2 lim[A|g, = lim([B|g, = B,
— —
as desired. 0

Any C*-algebra of the form
B = My, (C[alv bl]) & & My, (C[am bn])v
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where a; < b; for i = 1,2,...,n are real numbers, is a Cauchy extension
of some C*-algebra. In fact

B My, (CI=1,1]) & Moy (CI-L,1]) & - & M, (C[-1, 1))
Therefore B = [A] 7, where A is the C*-algebra defined in (572).

Corollary 5.2. Suppose that A is a C*-algebra and T is a closed ideal
of A. If K =[0,1] and F € C(K, A), then

inf sup || F(t) + b|| = sup inf | F(¢) + b||.
beT tc K teK bel

Proof. Let € > 0 be given. By Theorem B (ii), there exists an element
F, € A(K) such that sup;c || F(t) — Fi(t)|| < e. For any t € K we have

[E () + bl < |[F(t) = Fa@)ll + [|Fa(t) + bl <&+ [[Fu(t) + b]l.
On the other hand,
[En(t) + 0l < |[Fu(t) = F@)I + [1F(E) + bll < e+ [[F(t) +bll,
for any t € K. By Corollary B, we have
inf F(t)+10| < inf EF,(t)+0b
inf sup | (t) +b]| < & + fnf sup | Fu(t) + ]

= ¢+ supinf || F,(¢) + b]|
te K beT

< 2+ inf ||F'(t) + b]|.

_EE%M)H

Since € > 0, was arbitrary, we have

inf sup || F(t) + b|| < sup inf || F(¢) + b]].
inf sup |[F(t) + bl| < sup nf [|F7(¢) + ]

This completes the proof. O
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