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Common Fixed Point in Cone Metric Space for
s — p-contractive

Hamid Shojaei'*, Neda Shojaei?, and Razieh Mortezaei®

ABSTRACT. Huang and Zhang [@] have introduced the concept of
cone metric space where the set of real numbers is replaced by an
ordered Banach space. Shojaei [d] has obtained points of coinci-
dence and common fixed points for s-Contraction mappings which
satisfy generalized contractive type conditions in a complete cone
metric space.

In this paper, the notion of complete cone metric space has been
introduced. We have defined s — p-contractive and obtained com-
mon fixed point theorem for a mapping f, s which satisfies s — -
contractive.

1. INTRODUCTION

Huang and Zhang [4] have introduced the concept of cone metric
space where the set of real numbers is replaced by an ordered Banach
space, and they have established some fixed point theorems for contrac-
tive type mappings in a normal cone metric space. Subsequently, some
other authors [, 2] have generalized the results of Huang and Zhang
[@] and studied the existence of common fixed points of a pair of self-
mappings satisfying a contractive type condition in the framework of
normal cone metric spaces. In [8] Bari and Vetro obtained some results
on the points of coincidence and common fixed points in non-normal
cone metric spaces. Shojaei [d] obtained points of coincidence and com-
mon fixed points for s — contraction mappings satisfying generalized
contractive type conditions in a complete cone metric space.
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In 1969, Boyd and Wong [2] have introduced the notion of pcontraction.
Generalization of the above Banach contraction principle has been a
heavily investigated branch research, (see, e.g., [2, 10, 4]). In 2003, Kirk
et. al., [ introduced the notion of cyclic representation.

We have introduced the notion of s — @-contractive mappings in a con
metric space and proved some propositions.

Throughout this paper, we have denoted by N the set of positive integers,
by R the set of real numbers and E will be a Real Banach Space.

Definition 1.1. Suppose E is a Real Banach Space and P is a subset
of E. P is called a Cone if and only if:

(i) P is nonempty, closed and satisfies P # {0} ,
(ii) If a,b € R, such that, a,b > 0 and x,y € P , then ax + by € P,
(iii) If € P and —x € P then z = 0.

For a Cone P C F, we defined a partial ordering < with respect to P
by x < yiff y —xz € P. We shall write z < y iff x < y and = # vy,
and x < y iff y — x € intP, where intP is the interior of P. From
now on, it is assumed that intP # (). The cone P is called normal if
there is a number K > 1 such that, for all z,y € E, 0 < x < y implies
[zl < K [y I

Here, the least positive integer K satisfying this inequality is called
the normal constant of P. P is said to be regular if every increasing
sequence which is bounded from above is convergent, that is, if {z, }n>1
is a sequence such that x1 < xo < -+ <y for some y € E, then there is
x € E such that limy,_0l|zn — x| = 0.

Equivalently, the cone P is regular if and only if every decreasing
sequence which is bounded from below is convergent.

Lemma 1.2. Suppose that E is a real Banach space with a cone P.
Then;
(i) Ifz 2y and 0 < a < b then ax < by,
(ii) Ifz Ry and u v thenx +u <y +v,
(iii) If xp = yn for alln € N and lim z, = z, lim y, = y then
n—oo n—oo

Tz =Xy.
Proof. The proof is simple. O

Lemma 1.3. If P is a cone, x € P,a € R,0 < a <1 and z =X ax then
x=0.

Proof. Since * < ax then ax — z = (o — 1)z € P. Since z € P,
0 < a < 1, we have by Definition (IZ0)(ii) that (1 — a)x € P. It follows
by Definition (IT)(iii) that = 0. O

Lemma 1.4. see [4, G
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(a) Ewvery regular cone is normal.

(b) For each k > 1, there is a normal cone with normal constant
K > k.

(¢c) The cone P is regular if every decreasing sequence which is
bounded from below is convergent.

Definition 1.5. Let X be a non-empty set. Suppose that the mapping
h: X x X — FE satisfies:

(a) 0 < h(x,y) for all z,y € X,

(b) h(x,y) =0 if and only if x =y,

(c) h(z,y) = h(z,2) + h(z,y) for all z,y € X,

(d) h(z,y) = h(y,z) for all z,y € X.
Then h is called a cone metric on X, and the pair (X, h) is a cone metric
space, (CMS).

It is quite natural to consider cone normed space, (CNS).

Definition 1.6. Let X be a vector space over R. Suppose that the
mapping || . ||p: X — E satisfies:

(a) ||z ||p= 0 forall z € X,
(b) || # ||[p= 0 if and only if x = 0,
@) [[z+ylp=lz|p+lylp foralzyeX,
(d) || kz |p=| k||| = ||p for all k € R,
then || . ||p is called a cone p-norm on X, and the pair (X, || . ||p) a
cone p-normed space, (CNS).

Note that each CNS is a CMS, Indeed, h(z,y) =|| z — y || p.

Definition 1.7. Suppose that (X, k) is a cone metric space. A sequence
{z,} in X is said to be:

(i) convergent to x € X if for every ¢ € E with 0 < ¢, there is

ng € N such that for all n > ng, h(x,,z) = c¢. We denote this

by lim x, = x or x,, — =, when n — oo.
n—o0

(ii) Cauchy sequence if for every ¢ € F with 0 < ¢, there is ng € N
such that for all n,m > N, we have h(zy,z,) < c.

(iii) A cone metric space (X, h) is said to be complete if every Cauchy
sequence is convergent in X.

Lemma 1.8. Suppose that (X, h) is a cone metric space. If {z,} is a
convergent sequence in X then the limit of {x,} is unique.

Proof. The proof of the following lemma is straight forward and is omit-
ted. 0

Lemma 1.9. Suppose that (X, h) is a cone metric space and {z,} be a
sequence in X. If {x,} converges to x and {x,,} is any subsequence of
{zn} then {zp,} converges to x.
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Lemma 1.10. Every regular cone is normal.

Proof. Suppose that P is a regular cone which is not normal. For all
n > 1, choose t,,s, € P such that t, — s, € P and n? || t, ||<| sn |-
For each n > 1 put y, = m and z, = Hz—:”

Then T, Yn, Yn — Tn € P, || yn ||= 1 and n? <|| 2, || for all n > 1. Since

the series
1
Z n2dm

n=1

is convergent and P is closed, there is an element y € P such that

> in =

< n2 Yn =Y.
Now, note that

1 1 1
0=1 jm—i-?a:gj$1+2—2:1:2+3—2x3j...jy.

Thus

>
—x
2 ny
n
n=1
is convergent because P is regular. Hence

tim 120l

noo n?
which is a contradiction. O
Definition 1.11. A function ¢ : [0, +00) — [0,400) is called a com-
parison function if it satisfies:
(i) ¢ is increasing,

(ii) {¢"(t)}nen converges to 0 as n — oo, for all t € (0, c0).
If condition (ii) replaced by

(iil) Y22, ¢*(t) < oo for all t € (0,00) then ¢ is called a strong

comparison function.

Every strong comparison function is a comparison function.

Example 1.12. Let ¢ : [0,+00) — [0,+00) defined by ¢(t) =
Then ¢ is a comparison function, since ¢™(t) =
n — oo. On the other hand,

_t
T+t-
_t

T35 converges to 0 as

D ek (t) = o0,
k=1

which shows that ¢ is not a strong comparison function.
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Definition 1.13. Suppose that X is a nonempty set p € Ny and f : X —
X is a mapping. Then X = [J/_; 4; is called a cyclic representation of
X with respect to f if:

(i) Every A4;, 1 <i < p is a non empty subset of X,
(i) f(A:) € Ay, 1 <i<pand Ayppq = Ay

Definition 1.14. Suppose that X is a nonempty set,p € N, Aj, Ao,..., A,
are closed nonempty subsets of X, and X = (J/_; A;. A mapping
f: X — X is called cyclic weaker ¢—controuction if:

(i) X =Y, A; is a cyclic representation of X with respect to f,
(ii) There exists a continuous non decreasing function f : [0, c0) —

[0, 00) with f(£) < ¢, £(0) = 0.

Lemma 1.15. Suppose that (X,h) is a cone metric space and P is a
normal cone with normal constant k. Let {x,}, {yn} be two sequence in
X and z, — x, y, — y when n — co. Then h(xy,yn) — h(z,y) when
n — oo.

Lemma 1.16. Suppose that (X,h) is a cone metric space. Then for
each C = 0, C € E, there exists 6 > 0 such that (¢ —z) € IntP, (i.e.
xr < ¢), whenever || z ||< 9, v € E.

2. MAIN RESULTS

Lemma 2.1. Suppose that (X, h) is a cone metric space. Then for each
cl,c0 € E, c1,c0 = 0, there exists c € E, ¢ > 0 such that ¢ < ¢, ¢ = ¢3.

Proof. Since co = 0 , by Lemma I8, there is 6 > 0 such that || z ||< §

implies < ¢o. Choose n such that 10 < ﬁ. Let c= %. Then

no
el

e )
no

— ||

lel= |2

and hence ¢ < ¢g. But also ¢ < ¢; and ¢ > 0.

Definition 2.2. Let (X, h) be a topological space. We define
B(z,c) ={y €z : h(z,y) < ¢}, B={B(z,¢):z € X,C = 0},

and,

TC:{UQX: foralleU,EIBGgsuchthathBgU}.

Proposition 2.3. In every cone metric space (X, h), 7. is a Topological
space.
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Proof. 1t is obvious that ), X € .. Now put U,V € ,and z € UNV.
Then z € U, x € V and there exists ¢; = 0,co = 0 such that x €
B(z,c1) CU and x € B(x,c2) € V. By Lemma (E), there is ¢ = 0 such
that ¢ < ¢1, ¢ < ¢a. Therefore z € B(z,c¢) C B(z,c1)NB(z,c2) CUNV.
Hence UNYV € ..

Now, put U = {Uq }aer and U, € 7. for each a € I, and let z € U =
UaEI Uy. Then there exists ag € I such that z € U,,. Hence there
exists ¢ = 0 such that x € B(x,¢) C Uy, € UperUy. This shows that
U =UuerU, € Te. O

Every element of 7. is called open. A subset C is called closed iff
X — C is open.

Note that every cone metric space (X, h), is a Hausdorff space. Indeed,
if z # y are two points in X then d(z,y) = ¢ = 0 and B(x, §), B(y, §)
are in 7. but B (z,$) N B (y,5) = 0.

Definition 2.4. Suppose that (X, h) is a cone metric space. A subset
A of X is called compact if each cover of A by subsets from 7. can be
reduced to a finite subcover, i.e. if A C |J,¢; Ua where U, € 7, for all
« € I, then there is a1, s, ..., ap, € I such that A C aq UagU. .. Uaq,,.

Definition 2.5. Suppose that (X, h) is a cone metric space. A subset
A of (X, h) is called totally bounded if for each ¢ > 0, ¢ € E, A can
be composed into union of sets N;, i = 1,2,,n, (A C |J;, N;), where
O0(N;) 2 ¢ (0(K) = sup{h(x,y) : z,y € K}).

Proposition 2.6. Let (X,h) be a complete cone metric space, p € N,
and Ay, Ag, ..., A, are closed non empty subsets of X and X = J/_; A;.
Suppose that f,s: X — X satisfies the following conditions:

(1) f(Ai) € f(Aig1), s(Ai) € s(Aigr), for 1 <i<n, Apyq = Ap.
(we say, | JE_; A; is a cyclic representation of X with respect to
f and s).

(ii) h(f(x), f(y)) X kh(s(x),s(y)) where 0 <k <1 and x € A;,y €
Aiyr.

Then f,s has a unique common fized point in (_; A;.
Proof. Given xg € X, let

ST1 = f1'073x2 = f:L'l = f2$07 ey, STy = fmn — f(n-i-l)x

0-
From (ii),

h(fxni1, frn) X Eh(stpi1, $n) = kh(fxy, fop—1) <X - 2 k"h(sx1, sxo).
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Put n > m such that n =, m + 1. Then;

h(fl'nflv fSUan) = h(f:Cna fxnfl) + h(fxnfla fxn72) + e+ h(fxm+17 fxm)
< k"h(szy, sxg) + K" h(szy, sxg) + - - - 4+ K™h(sz1, s20)
= (K" + k"t + - + E™)h(s71, 570)

m
=< ﬂh(sxl, STp).

Then if m — oo, we have, h(fzy, fx,) — 0. Therefore, {fx,}n=1 is
a cauchy sequence in the complete cone metric space X and then there
exists z € X such that fz, — z. Hence sz,, — z.
Since many infinite sequences {fx},—; lie in A; and every A; is closed,
z€ A;forall 1 <i <phencez € _; A;. So there is u € (}_; A; such
that su = z.
We have

h(z, fu) = h(fxna fu) + h(27 fxn) = kh(sxny su) + h(z, fxn)a
hence
h(z,z) + kh(z,z) =0, when n — oo.

Therefore h(z, fu) =0 or fu = z. Then fu =z = su.
So, f, s have one common point in (?_; A;. On the other hand,

h(z, fz) = h(fu, fz) 2 kh(su, sz) = kh(z, fz).

Since 0 < k < 1, sz = fz = z. So, z is a common fixed point of f,s in

f:l A;.

Now let z, 29 € (V_; Ai, such that fzp = szp = 20 and fz = sz = 2.
By assumption, we have h(z,z9) = h(fz, fz0) = kh(sz, sz9) = kh(z, 20).
Since 0 < k < 1, z = 2y, and this shows that the common fixed point is
unique. Il

Definition 2.7. Two self maps f and s of a cone metric space (X, h)
are called reciprocal continuous if and only if

lim sfx, = sz, lim fsx, = fz,
n—oo n—oo

whenever {x,} is a sequence in X such that lim fz, = lim sz, = z

for some z € X.

Definition 2.8. Suppose that s, f are self-mappings on a CMS (X, h).
A point z € X is called a coincidence point of s, f if sz = fz and it is
called a common fixed point of s, f if sz =2 = fz.

Moreover, a pair of self-mappings (s, f) will be called weakly compat-
ible on X if they commute at their coincidence points, that is, if z € X
and sz = fz then sfz = fsz.
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Definition 2.9. Let (X, h) be a complete cone metric space. Suppose
f,s: X — X be mappings. If there exists a function ¢ : £ — F with
p(t) < t and t — p(t) is non-decreasing for all ¢ > 0, ¢(0) = 0 and for
any z,y € X

(2.1) h(fz, fy) 2 p(h(sz, sy)).

we say f,s are s — ¢ — contractive.

In additional if there is, p € N and Ay, As,..., A, are closed non
empty subsets of X such that X = (JI_; 4; and (J_; 4; is a cyclic
representation of X with respect to f, sand forallz € A;,y € A;y1, (1 <
i <pand Apy1 = Aq), (Z0) holds we say f, s are cyclic s—p—contractive
on X.

Lemma 2.10. Put ¢ : E — E with ¢(t) <t for allt = 0 and ©(0) =0
then;
(i) ©*(t) <t for allt € (0,+00) and k € N,
(ii) klim ©F(t) =0 for all t = 0.
— 00

Proof. Proof of (i) is by induction.
Now, we prove (ii). Since @FT1(t) < ¢¥(t), the sequence {p*(t)} is
decreasing and bounded from below by 0, therefore klim )y =1=0
—00

and [ < ©F(t) for all k. If [ = 0 then [ — (I) = 0. We have;

0 21— (1) = @k(t) = p(p" (1)) > 0,
when k& — oo. This contradicts with I — ¢(I) > 0. So I = 0. O

Proposition 2.11. Let (X, h) be a complete cone metric space, p € N,
Ay, As, ... A, be closed mon empty subsets of X, and X = |Jt_ A;.
Suppose that f,s : X — X are mappings. Assume that f,s satisfy the
following;
(1) UE_, A; is a cyclic representation of X with respect to f,s.
(ii) There exists a function ¢ : E — E with o(t) <t for allt = 0
and ¢(0) = 0 such that h(fz, fy) = p(h(sx,sy)), for any x €
Ai, y € Aipq1 where Apq = Ay
(iii) f,s are reciprocal continuous and weakly compactable.

Then f,s have a unique common fized point in [\ A;.
Proof. Put xg € X and let;
sv1 = fxg,sw2 = fo1 = f@0,...,$Tns1 = fan = a0

If there exists zg such that fzyg = 29 = szg then the existence of the
fixed point is proved.
We assumed that sx,, # x, for all n (This implies fx,, # x,).
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First we show that sz, # sz, for all n # m. Suppose that sz, = sz,
for some n # m (By contrary hypothesis). We can suppose m > n. Then
h(szy, $Tpt1) = h(sazn, fxn)
h(8Zm, fsTm)
h(fxm 15 8Tm+1)
h(frm—1, frm)
o(h

($Tim—1, STm,)

A 1A

- = Spmin(h(sxnn S‘Tn-f—l))a
So,
h(sTp, sTnt1) X """ (M(8Tn, $Tny1))-

which is in contradiction with (ii) Lemma (E71). Thus sz, # sx,, for all

n # m.
Now, by (i) Lemma (1)

(2.2) h(sxp, sTni1)h(frn_1, frn) = @(h(stp_1,sz,) < h(sTp_1,STy).
So, the sequence {h(sxy, stp4+1)} is decreasing and bounded from below.

Therefore lim h(sxz,, sp4+1) exists. Put hm h(sxp, stpi1) = 1. If 1 >
n—0o0

0, then by definition of ¢, p(I) < . Since {h(sxn, STp41)} is decreasing,
h(sxn, STpy1) = I, and we have;
(2.3)

0=<1—p() 2 h(sep, stpt1) — p((h(sxn, sTpi1))) forall neN.

By (21) we have;
(2.4) h(sTp+1, stnt2) = @(h(sxy, sTpt1)).
By (23) and (£32) for all n € N we have;
0<1—¢() 2 h(sxn,stpt1) — h(sTpt1,$Tnt2) =1 —1=0,

when n — co. We get, 0 < [ — () < 0, which is in contradication with
(1) < 1. Thus [ =0 or,

(2.5) h(sxn,sTn+1) — 0 when (n — o).

For all n, x,,, £ 4p—1 lie in the different sets A; and A; 1, forall 1 < ¢ < p.
We have;

h(sxp, sxnﬂ)fl) = h(fzn_1, fxn+pf2) = o(h(srp-1, 3$n+p72))'

Similar to above, the sequence {h(sx,, sxn4p—1)} is decreasing and con-
verges to zero. Therefore,

(2.6) h(sxy,stpip—1) = 0 when n — oo.
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By (E0) and (238) when n — oo and 1 < k < p we get;
(27) h(S.’L’n, Sm’n-‘rk) = h(SfL‘n, an-‘rl) + h(sxn-i-h an-‘rQ) + e
+ h(sxn—‘rk—l? an-‘rk) — 07

when n — oo.
Now, we show that, for every € > 0, there exists ng € N such that if
n > m > ng with n =, m + 1 then;

(2.8) h(stp, $Tm) < €.

We prove this by contradict hypothesis.
If there exists eg > 0 such that for all n > m > ng, n =, m + 1,
h(szpandszy,) = 9. By definition of ¢, we get;

(2.9) g0 — p(e0) = h(szp, stm) — p(h(szy, sTp)).
By (24) we have;
(2.10) h(sTn+1, 5Tmt1) = p(h(sTn, STm)-

By (£9), (E10) and Triangle inequality, we get;
(2.11) g0 — @(e0) X h(sxn, STm) — h(STnt1, STmt1)
= h(swp, 5Tp41) + h(8Tnt1, $Tm1)
+ h(8xpi1, STm — h(8Tp, STimi1)
= h(sxpn, $Tnt1) + A(STmi1, STm).
By (232) and (E10) it has been followed that,

g0 — ¢(e0) = 2h(sTmi1, STm),

or
h(8Tmi1, STm) = (&0~ ¢le0)) _;D(EO))
which shows that the sequence h(szy,+1, sxy,) does not converge to zero
when m — oo, which contradicts (23), or (228) holds.
Now we prove that {sz,} is a Cauchy sequence in X.
Let € > 0, by (E27), there exists n; € N such that if n > m > n; with
n =, m+ 1, then;

> 0,

(2.12) h(8%n, sTm) < %
On the other hand by (E77) there exists ny € N such that for any n > no;
(2.13) h(s%n, $Tpik) < %, for ke {l,2,...,p}.

Let n > m > max(nj,n2) and then we can find v € {0,1,2,...,p} such
that n =, m +u + 1.
We consider two cases;
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case 1) If u = 0, we have by (EZI3)
5
h(sxn, sTm) < 3 <€

case ii) If u > 1, we have;

(2.14)

h($Tm, $Tn) = h($Tm, STm—1) + h(STm—1, $Tm+u) + h(STmtu, STn)
LB ELE
3 3 3
=e.

This shows that {sx,} is a Cauchy sequence. Since X is a complete cone

metric space, there exists z € X such that lim sz, = z. Since fx, =
n—oo
S$Tp+1 , lim fx, = lim sz, = z. Since f is a cyclic representation of
n—oo n—oo

X with respect to f,s, infinitly many members of {sz,} lie in A; for
1 < i < p. Since A; is closed, z € A; for all 1 < i < p, we see that
z € (] Ai, and there is u € ()] 4; such that su = 2.
We have
Wz, fu) 2 h(fan, fu) + h(z, f2,)
= kh(szy, su) + h(z, fz,),
hence h(z,z) + kh(z,z) = 0, when n — oo. Therefore h(z, fu) = 0 or
fu=z. Then fu=z= su. So, f,s have a common point in (}_; A4;.
If there exists z* € ()} 4; such that sz* = z, then
h(z, fz) 2 h(z, fzn) + h(fan, f27)
= h(z, fxn + @(h(szy, sx™))
=< h(z, fzn) + h(szp,sz*) — 0, when n — oco.
This implies that sz* = z = fa*.
On the other hand, If fz # 2 then;
h(z, fz) = h(fu, f2)
= ¢(h(su,sz))
< h(z, fz). (By definition of ¢).
This is a contradiction, therefore we have fz = z or sz = fz = z. So,z
is a common fixed point of f, s in (_; A;. Now let z, 29 € (_; A;, such
that fzg = szp = zp and fz = sz = z. By assumption, we have;

h(z,z0) = h(fz, fz0) = @(h(sz,s20)) < h(z, 20).

Now, let z1, 29 € (_; A; be two common fixed points of s, f. We show
that z; = z9. We have sz; = 21 = fz1, sz2 = 20 = fzo. By (£90),
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h(fz1, fz2) = @(h(s21,522).
Therefore,

h(z1,22) = h(fz1, f22) 2 p(h(sz1,522)) = p(h(z1,22)) < h(z1, 22).

So z1 = 29 and the common fixed point is unique. O
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