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Controlled Continuous G-Frames and Their Multipliers in
Hilbert Spaces

Yahya Alizadeh' and Mohammad Reza Abdollahpour®*

ABSTRACT. In this paper, we introduce (C,C’)-controlled contin-
uous g-Bessel families and their multipliers in Hilbert spaces and
investigate some of their properties. We show that under some
conditions sum of two (C,C’)-controlled continuous g-frames is a
(C,C")-controlled continuous g-frame. Also, we investigate when
a (C,C")-controlled continuous g-Bessel multiplier is a p-Schatten
class operator.

1. INTRODUCTION AND PRELIMINARIES

In 1952, Duffin and Schaeffer [] introduced the concept of discrete
frames in Hilbert spaces. Weighted and controlled frames have been
introduced in [9]. In [B, 9], controlled and weighted frames were used
as tools for spherical wavelets. Balazs, Antoine and Grybos [d] inves-
tigated relations of weighted frames and controlled frames. Also, they
showed that controlled frames are equivalent to standard frames, and
the concept of controlled frame gives us a generalized way to check the
frame condition, while offering a numerical advantage in the sense of
preconditioning.

Throughout this paper, H is a complex Hilbert space and the set of
all bounded operators on H will be denoted by B(#H). We say that
T € B(H) is positive (respectively non-negative), if (T'f, f) > 0 for all
f # 0 (respectively (T'f, f) >0 for all f € H).
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Let BT (H) be the set of all positive operators in B(#). The set of all
bounded invertible operators on H is denoted by GL(H), and the set of
all positive elements of GL(H) will be showed by GL*(H).

Controlled and weighted continuous frames introduced in [5] and here
we recall the definition of controlled and weighted continuous frame.

Definition 1.1. Let (€2, 1) be a measure space with a positive measure
pand C € GL(H). A C-controlled continuous frame is a map F' : Q — H
such that there exists 0 < A < B < oo such that

AllfI? < /Q (f. F(w)) (CF(w), f)dp < B|f|%. feH.

Definition 1.2. Let (€2, 1) be a measure space with a positive measure
pwand m : Q — RY. The mapping F : Q — H is called a weighted
continuous frame with respect to (€2, 1) and m, if

(1) F is weakly measurable and m is measurable;

(2) there exist constants A, B > 0 such that

AllIfIIP < /Qm(a))! (f. F(w)) Pdp < B|IfI?, feH.

The concept of g-frame as a natural generalization of frame introduced
by Sun in [12].

Definition 1.3. Let H be a Hilbert space and {I;}icr be a sequence
of Hilbert spaces. We call A = {A; € B(H,K;) :i € I} a g-frame for H
with respect to {I;}ier, if there exist two positive constants A, B such
that

(1.1) AIFIP <D IAAIP < BIFIR, fe.

el

We call A, B the lower and upper frame bounds, respectively. If the
right hand inequality of () holds for all f € H then A is called a

g-Bessel sequence for H with respect to {I; }ier.
If A={A; € B(H,K;) :i € I} is a g-Bessel sequence, the operator

SniH—H,  Saf=) A
el
is a bounded operator and if A is a g-frame for H, then Sy is a bounded
invertible positive operator and Ayl < Sx < Bal. The operator Sy is
called the g-frame operator of A.

Controlled g-frame as a generalization of controlled frame introduced
by Rahimi and Fereydooni [IT].

Definition 1.4. Let C,C’ € GLT(H) and {K;}icr be a sequence of
Hilbert spaces. A = {A; € B(H,K;) :i € I} is called a (C,C’)-controlled
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g-frame for H, if A is a g-Bessel sequence for ‘H with respect to {K; }ier
and there exists constants A > 0 and B < oo such that

AIFIP <Y (AMCFACE) < B|IfIP, fen.
i€l
If ' = I then A is called a C-controlled g-frame.

In 2007, P. Balazs [B] introduced Bessel and frames multipliers for
Hilbert spaces.

Definition 1.5. : Let H; and Hy be Hilbert spaces. Let {¢;}icr C Ha
and {v;};cr C Ha2 be Bessel sequences. Fix m = {m;};c; € £*°. The
operator M, 141 ry;1 : H1 — Ha defined by

Mooy qwiyf = D ma (f i) i,
el
is called the Bessel multiplier for the Bessel sequences {¢;}ic; and
{ti}ier. The sequence m is called the symbol of va{(bi},{wi}'

Continuous g-frame in Hilbert spaces as a common generalization of
g-frame and continuous frame defined by Abdollahpour and Faroughi
[2].

In the following, we suppose that (€2, 1) is a measure space with pos-
itive measure p and {K,},ecq is a family of Hilbert spaces. We say
that F' € Tl,cqll, is strongly measurable if F' as a mapping of €2 into
@D..cq Ku is measurable.

Definition 1.6. A family of operators A = {A, € B(H,K,) : w € Q}
is a continuous g-frame with respect to {Ky }weq for H if

(i) for each f € H , {Awf}weq is strongly measurable,
(ii) there are two constants 0 < Ay < By < oo such that

12) AP < /Q Auf|Pduy < BAllfIZ. feH.

A ={A, € B(H,K,) : w € Q} is called a continuous g-Bessel family
with bound By, if the right hand inequality in (I2) holds for all f € H.

Authors of this paper, introduced the concept of continuous g-Bessel
multipliers [1].
Definition 1.7. Let A = {A, € B(H,K,) : w € Q} and & = {®,, €
B(H,Ky) : w € Q} be continuous g-Bessel families with respect to
{Ku}weq for H and m € L*°(Q, p), the operator Mpao 1 H — H
defined by

(Mprafsg) = /Q m(@) (Ns®Buf.g) ditws frg € H,

is called continuous g-Bessel multiplier of A, ® and m.
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2. CONTROLLED CONTINUOUS g-FRAMES

In this section, we intend to introduce controlled continuous g-frames
in Hilbert spaces. In the following result, we provide a sufficient and nec-
essary condition, under which a combination of two members of GL (H)
also belongs to GL*(H).

Proposition 2.1. Let T,C € GLT(H). Then TC € GL(H) if and only
if TC = CT.

Proof. For all f € ‘H we have

4(TCf, [y =(TCf+f).Cr+ ) —(TCf-f).Cf=1)
i(TCf+if),Cf+if) —i(T(Cf —if),Cf—if).
Since TC is positive, (TCf, f) € R, for all f € H and

A(TCS, [y =(TCf+f).Cr+ ) ={TCf=f)Cf=1])
=2(TCf, f) +2(CTf, f),
therefore (T'Cf, f) = (CT'f, f) for all f € H. Thus TC = CT.
Conversely, if TC = CT then C~! commutes with CTC and C2. Also

CTC , C? and C! are self-adjoint. By Proposition 2.4 in [3], there is
m > (0 such that T'—m/I > 0, then

((cTC —mC?) f,f) = (T —mI)Cf,Cf) >0, feH.

Therefore CTC > mC?. By Theorem A.6.5 in [7] we can conclude
C~1CTC > mC then TC > mC > 0.
O

It is proved in [2], if A = {A, € B(H,K,) : w € Q} is a continuous
g-frame then there is a unique positive invertible operator Sy : H — H
such that for each f,g € H

(Sf.g) = /Q (. AL Aug) di,

and Apl < Sp < Bpl. Thus by Proposition 2.4 in [4], we have Sy €
GL™(H). The operator Sy is called the continuous g-frame operator of
A.

The following proposition shows that under which conditions we can
produce a new continuous g-frame and we omit its proof.

Proposition 2.2. LetC € B(H) and let the family A = {A,, € B(H,K,,) :
w € N} be a continuous g-frame for H with respect to {Ky}wea. Then
AC = {A,C € B(H,K,,) : w € Q} is a continuous g-frame for H if only
if there is a > 0,

ICfI? = allfI?  feH.
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Definition 2.3. Let C,C’ € GLT(H). A = {A, € B(H,K,) : w € Q}
is called a (C,C’)- controlled continuous g-frame for H with respect to
{Ku}wea, if A is a continuous g-Bessel family and there exist constants
Apcer > 0 and Bpeer < oo such that

21)  AxcellfI? < /Q (AuCf AC'f) dpw < BacelIfI2 f € H.

Apcer and Bpeer are called the controlled continuous g-frame bounds.
If ¢’ =1, then we call A a C-controlled continuous g-frame for H with
respect to {Ky }weq. If the right hand inequality of (2Z1) holds for all
f € H then A is called a (C,C’)-controlled continuous g-Bessel family
with bound Bpeer. If A is a (C,C)-controlled g-frame then we use the
notations Apc and Bae for bounds of A instead of Apce and Bace.

Proposition 2.4. Let C,C' € GLT(H) and A = {A, € B(H,K,) :
w € Q} be a (C,C")- controlled continuous g-frame for H with controlled
continuous g-frame bounds Aaccr, Bacer. Then there exists a unique

positive and invertible operator Syeer : H — H such that for each f,g €
H,

(2.2) (Sacerf.o) = [ (CAACLg) dr
and Apcerl < Saeer < BacerI.

Proof. The mapping

T HXHSC olfig) = [ (€ALACLg) du,
Q

is a bounded sesqlinear form, since by Cauchy-Schwartz’s inequality, we

have
1/2 1/2
o(f.9) < ( /Q ||AMCfu2duw) ( /Q ||AwC’g||2de)
< Balelie Al

for all f,g € H.

Therefore by Theorem 2.3.6 in [[0], there exists a unique operator
Sacer such that (22) holds for all f,g € H and ||Sacer|| < BAHCHHC,H
Then for all f € H we have

(Sncer . f) = /Q (AuCF AC'T) dp,

and Apcerl < Spaeer < BaeerI. Therefore

Apcer
Bcer Byeer
80 Sacer is an invertible operator. O

I —

<1-

Shacer <1,




42 Y. ALIZADEH AND M. R. ABDOLLAHPOUR
The operator Sycer is called the (C,C’)-controlled continuous g-frame
operator of A = {A, € B(H,K, : w € Q}.

Now, we intend to prove a proposition that shows any continuous
g-frame is a controlled continuous g-frame.

Proposition 2.5. Let C € GLT(H). The family A = {A,, € B(H,K,, :
w € Q} is a continuous g-frame if and only if A is a (C,C)-controlled
continuous g-frame.

Proof. Let A be a (C,C)-controlled continuous g-frame. Then for all
fen,

AncllfI? < /Q 1AuCS12dpe < BacllfIP-
Therefore,

AncllfII* = AacllcC™£|I?
< AxcllelPle £

< Jc|? /Q IALCC F|2dp,
e / 1A f 1,
Q
for all f € H. On the other hand,

/ 1Auf|1? fde = / IALCC f|2dp,
Q Q

< BaclCHfII?
< BaclCIZII£11%,
for all f € H. Therefore, A is a continuous g-frame with bounds

Apc|C|I7* and Bacllc™|1%.
Conversely, assume that A is a continuous g-frame. Then

AfI? < /Q |AufI2die < BAIFIZ,  f e,
So

/Q 1ALCF|2dpy < BAlCHI?
< BAlCIPIFI2 7 e,
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and
AnllfI? = Aalic™es)?
< Apllc7HPPlle s

<ICP [ I8P s €M
Thus A is a (C,C)-controlled continuous g-frame with bounds
Axlle=HIm2, Balle|®.
O

Proposition 2.6. Let C,C' € B(H) and A = {A, € B(H,K,,) : w € Q}
and ® = {®,, € B(H,K,) : w € Q} be continuous g-Bessel families with
respect to {Ky}weq for H. Then the operator

<SAC<I>C/f7 g> = /Q <chf, (I)wclg> d,LLw, fag €H,

1s a well-defined bounded operator.

Proof. Let f,g € H. By Cauchy-Schwartz’s inequality, we have

|<SAC<I>C’f7 g>| = ‘/Q <C/q)::Awaag> d/'Lw

A(AJ 7UJ/ dUJ
S/QK Cf, ®.C'g)| du

< [ Iacesiie.cialdn,

2 % ! 2 %
< ( / IAC duw> ( / [®uC'gl duw)
Q 9]

< v/BalCfIV/Ba|IC'y]|
= /BaBa|CllIIC' 1 £Illg]l-

[Sacac || < v/ BaBallC]l|IC']],

therefore Spcacr is bounded and well-defined operator. O

Corollary 2.7. Let A = {A, € B(H,K,,) : w € Q} be (C,C)-controlled
continuous g-Bessel family and ® = {®, € B(H,Ky) : w € Q} be
(C',C")-controlled continuous g-Bessel family with bounds Bxc and Bec,
respectively. The operator Sacecr : H — H defined weakly by

(Sacoerf.g) = /Q (CBNCS ) dis  frg € H,

is a well-defined bounded operator and ||Sacac: || < v BacBac:-

So
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Proof. Let f,g € H. Then by Cauchy-Schwartz’s inequality, we have

|(Sacac [, 9)| = ‘/ﬂ (C'PEACS, g) dpe

g/ ‘<Awa,<I>wC'g>|duw
Q
< /Q IACHI[®.C'gldp

2 % ! 112 %
< HAwaH d i HCI)wC g” At
Q Q

< v/ Bacllfllv/ Bacrllgll
= /BacBac || f1l||g]]-

So
[Sacacr|| < v/ BacBacr,
therefore Sxcacr is a bounded and well-defined operator. Il

In the spacial case for C = C’ = I, the operator

<SA<I>fag> = /Q<(I):Awfag> duun f € H’
is a well-defined bounded operator.

Proposition 2.8. Let A = {A, € B(H,K,) : w € Q} and ® = {®, €
B(H,Ky) : w € Q} be continuous g-Bessel families for H. Let C, C' and
Sop + Saa be commutative with each others and Sea + Spae,C and C' be
elements of GLT(H). Then Sxcoc' + Secrac 8 a positive operator.

Proof. For all f, g € H, we have
(Sacacr + Saciact,9) = /Q (C'OLALCS, g) dpes + /Q (CAL®.C'f, 9) dpe

— [ (@005, Ca) d+ [ (AL2.C1.Co) d

= (SaaCf,C'g) + (SaaC' f,Cg)
= (C'SxaCf,g) + (CSarC' f, g)
= (C'SraCf,g) + (C'SaaCf.9)
= (C'(Saa + Ser)Cfg) -
Therefore
Sacacr + Saciac = C'(Sas + Saa)C.
By Proposition P, we can conclude that Sacecr + Sacracis positive. [
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Corollary 2.9. Let A = {A, € B(H,Ky,) : w € Q} and ® = {P, €
B(H,Ky) : w € Q} be (C,C")-controlled continuous g-frames. Let C,C’, Spp+
Sre € GLT(H) and C, C' and Sep + Spe be commutative with each oth-
ers. Then Spacacr + Saciac 15 a positive operator.

Corollary 2.10. Let A = {A, € B(H,K,) : w € Q} and & = {®, €
B(H,Ky) : w € Q} be (C,C)-controlled continuous g-frames. LetC, Spr+
Sae € GLT(H). If C and Spp + Spe are commutative with each other
then Sacac + Sacac s positive operator.

In the following proposition, we show under which conditions the
sum of two (C,C’)-controlled continuous g-frames is a (C,C’)-controlled
continuous g-frame:

Proposition 2.11. Let A = {A, € B(H,K,) : w € Q} and & =
{®, € B(H,Ky) : w € Q} be (C,C')-controlled continuous g-frames
for H. Let C, C' and Sep + Spxe be commutative with each others and
C,C/,Sqm + Sre € GL+(H). Then

A+®={A, +P, € B(H,K,) : w € Q},
is a (C,C")-controlled continuous g-frame for H.

Proof. Since A and ® are g-Bessel families for H therefore ' = A+® is a
g-Bessel family for H. By Lemma 28 Sxcacr + Sacrac is positive and by
proposition 2.4 in [d] there exists m > 0 such that Sxycac +Sacrac = ml.
Therefore

(Srecrff) = [ (€10 + B (b + QICF. £ di
= (Sacer f5 ) + (Sacer [, ) + ((Sacacr + Secrac) f f)
> Ance 117 + Ascer 1 £11? + ml £,
for all f € H. On the other hand,
(Sacer f, ) + (Sacer £, f) + (Sacecer + Sacrac) f, f)
< (Bacer + Bacer +2v/BacBaer )| f11%,

for all f € H.
O

Corollary 2.12. Let A = {A, € B(H,Ky,) : w € Q} and & = {9, €
B(H,Ky,) : w € Q} be continuous g-frames for H and Sep + Sre be
positive operator. Then

A+ ={A,+ P, € B(H,Ky) : w e Q},

1 a continuous g-frame for H.
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In the following, we extend the concept of multiplier of continuous g-
Bessel families and we define multiplier of (C,C’)-controlled continuous
g-Bessel families in Hilbert spaces.

Proposition 2.13. Let A = {A, € B(H,Ky) :w € Q} and & = {P,, €
B(H,Ky) : w € Q} be (C,C) and (C',C")-controlled continuous g-Bessel
families with respect to {Ky}weq for H, respectively. Let m € L>°(Q, u).
The operator

M, acocr - H — H,
mummwmwzémWMmmmwyww,fyew

1s a well-defined bounded operator.

Proof. For any f,g € H we have

(M acoc f,9)| =

/Qm(w) <CA:<I>WC'f, g> dpug,

< /Q m()][@uC’ fI|AuColdie

1/2 1/2
< Imll ( /Q H%C’fHQduw) ( /Q rchgu?duw)
< [mlloev/BrcBac 179l

This shows that || M, ac.ac'|| < [|m|leov/BacBaoc and so M, ac.ac 1S
well-defined and bounded. O

Definition 2.14. Let A = {A, € B(H,Ky,) : w € Q} and & = {®, €
B(H,Ky) : w € Q} be (C,C) and (C’,C’")-controlled continuous g-Bessel
families with respect to {Cy, }weq for H, respectively. Let m € L>®(Q, u).
The operator

My acoc - H —H,

(Mync.ac frg) = /Q m(w) (CAL®.C' f.g) dps frg € H,

is called the (C,C’)-controlled continuous g-Bessel multiplier of A, ® and
m.

Proposition 2.15. Let A = {A, € B(H,K,,) :w € Q} and & = {®, €
B(H,Ky) :w € Q} be (C,C) and (C',C")-controlled continuous g-frames,
respectively. Then

—1 1—1
C " MpyacocC™ " = Mpyae.
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Proof. By Proposition 23, A and ® are continuous g-frames. We have

(Mym,nc.oc f,9) Z/Qm(w) (CAL®LC [, g) dps

- /Q m(w) (A% 2,C'f,Cg) dp

= (Mm,naC' f,Cg)
= (CMmaaC' f.9),

for all f,g € H. So
CMpn,aC" = My ac,0c-
Il

If H is a Hilbert space then K (H), -the set of all compact operators
in H-, is a closed ideal of B(H). We say A = {A,, € B(H,Ky) : w € Q}
is the norm bounded if there is a constant M > 0 such that |A,| < M
for every w € Q). Let m : 2 — C be a bounded measurable function. We
say m has support of a finite measure, if there exists a subset K C €
with u(K) < oo such that m(w) = 0 for almost every w € Q\ K.

Theorem 2.16. Let dim(K,,) < oo for allw € Q. Let A = {A, €
B(H,Ky) : w e Q} and & = {P, € B(H,Ky,) : w € Q} be (C,C) and
(C',C")-controlled g-Bessel families, respectively. Let A or ® be norm
bounded families and m :  — C be a bounded measurable function with
support of a finite measure. Then My, nc.oc 15 a compact operator.

Proof. By Proposition 2213 we have C_le,Aaq)c/C’_l = M, A0, there-
fore

/
My ac.ocr = CMpp,0C .

By Theorem 3.6 in [1], My a0 € K(H), thus M, ac,ac’ is a compact
operator. O

Theorem 2.17. Let M > 0 be such that dim(K,,) < M, for all w € Q.
Let A ={A, € B(H,K,) :w € Q} and ® = {®, € B(H,Ky,) : w € Q} be
norm bounded (C,C) and (C',C")-controlled g-Bessel families with respect
to {Ku}wea for H respectively, and m € L>(Q, ). Then My, ac,ac is a
Schatten p-class operator.

Proof. By Theorem 3.10 in [}, M, r.¢ is a Schatten p-class operator.
Since S,(H), -the set of Schatten p-class operators-, is a closed ideal of
B(H), My, ac,0cr = CMp p,0C' is a Schatten p-class operator. O
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