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o0-Connes Amenability and Pseudo-(Connes) Amenability of
Beurling Algebras

Zahra Hasanzadeh! and Amin Mahmoodi?*

ABSTRACT. In this paper, pseudo-amenability and pseudo-Connes
amenability of weighted semigroup algebra £ (S, w) are studied. It is
proved that pseudo-Connes amenability and pseudo-amenability of
weighted group algebra £'(G,w) are the same. Examples are given
to show that the class of o-Connes amenable dual Banach algebras
is larger than that of Connes amenable dual Banach algebras.

1. INTRODUCTION

Let A be a Banach algebra, and let £ be a Banach A-bimodule. A
bounded linear map D : A — F is a derivation if D(ab) = a - D(b) +
D(a) - b for a,b € A, and it is inner derivation if there exists an ele-
ment x € E such that D(a) = a-x —z-a for all a € A. A Banach
algebra A is amenable if for every Banach A-bimodule E, every deriva-
tion D : A — E* is inner [U]. For a Banach algebra A, it is known
that there exists a continuous linear A-bimodule homomorphism 7 from
the projective tensor product A®A into A such that m(a ® b) = ab for
a,b € A. Tt is known that amenability of a a Banach algebra A is equiv-
alent to existence of a bounded approximate diagonal for A, that is, a
net (mq) € A®A such that a . mg —mg . a — 0 and 7(my)a — a for
each a € A [8]. In [[7], Ghahramani and Zhang introduced the concept of
pseudo-amenability for Banach algebras which modifies Johnson’s orig-
inal definition of amenability by relaxing the structure of the diagonals.
A Banach algebra A is pseudo-amenable if it admits an (not necessarily
bounded) approximate diagonal. Motivated by this notion, the second

2010 Mathematics Subject Classification. 22D15, 43A10, 43A20, 46H25, 47B47.
Key words and phrases. o-Connes amenability, Pseudo-amenability, Pseudo-
Connes amenability, Beurling algebras.
Received: 19 October 2017, Accepted: 05 March 2018.
* Corresponding author.
s


http://scma.maragheh.ac.ir

78 7. HASANZADEH AND A. MAHMOODI

author in [I2] introduced the concept of pseudo-Connes amenability for
dual Banach algebras. The original definition of Connes amenability
systematically introduced by Runde [I6], however it had been studied
previously under different names.

A generalized version of amenability was introduced by Mirzavaziri
and Moslehian in [I3] (see also [IA]). Let A be a Banach algebra. We
write Hom(A) for the set of all continuous homomorphisms from A to
itself. Let E be a Banach A-bimodule, and let ¢ € Hom(A). From
[T4], we recall that a bounded linear map D : A — E is a o-derivation if
D(ab) = o(a)-D(b)+D(a)-o(b),(a,b € A), and it is o-inner derivation if
there is an element « € E such that D(a) = o(a)-x—z-0(a) for alla € A.
A Banach algebra A is g-amenable if for every Banach A-bimodule E,
every o-derivation D : A — E* is o-inner.

The organization of the paper is as follows. In section B, we study
pseudo-amenability and pseudo-Connes amenability of Beurling algebras
?1(S,w), where S is a discrete semigroup and w is a weight on S, that
is, a function w : S — (0, 00) for which w(st) < w(s)w(t) (s,t € S).
We prove that £}(G,w) is pseudo-Connes amenable if and only if it is
pseudo-amenable, where G is a discrete group.

In section B, we continue the investigation of o-Connes amenability
begun in [I3]. In particular, we introduce a class of Banach algebras to
show difference between o-Connes amenability and Connes amenability.

2. PSEUDO-AMENABILITY AND PSEUDO-CONNES AMENABILITY OF
BEURLING ALGEBRAS

Throughout, we use the term unital for a semigroup (or an algebra)
X with (if any) an identity element ey. We write A" for the forced
unitization of an algebra A. For Banach spaces E and F', we also write
L(E,F) for the Banach space of all bounded linear maps from FE into
F.

Let A be a Banach algebra, and let £ be a Banach A-bimodule.
A derivation D : A — FE* is w*-approximately inner if there ex-
ists a net (¢;) € E* such that D(a) = w* — lim;(a . ¢; — ¢; . a) for
a € A, the limit is in the w*-topology on E*. A Banach algebra A
is w*-approximately amenable if for each Banach A-bimodule FE, every
derivation D : A — E* is w*-approximately inner. In [f], it was shown
that w*-approximate amenability and approximate amenability are the
same for Banach algebras.

The following is immediate by the classical argument in [H, Theorem
2.1].

Theorem 2.1. Let A be a Banach algebra. Then the following are
equivalent:
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(i) A is w*-approzimately amenable.

(ii) There exists a net (My)o C (A'QAY* such that for every a €
A a . My, — M, . a 2> 0 and m* (M) = e 4 in (AP@.AH)*
and (A®)™, respectively.

(iit) There exists a net (M,)o C (A*QAR)* such that for every a €
At a . M, —M, .a %0 in (ARRAN™ and 7+ (M,,) = e 4
for all a.

To proceed further we state a part of the nice result [@, Proposition
3.2].

Theorem 2.2. For a Banach algebra with a bounded approximate iden-
tity, pseudo-amenability and (w*-) approximate amenability are the same.

Let S be a discrete semigroup, and let w be a weight on S. Following
[8], we consider the Beurling algebra

£1(S,w) = 1 (ag)ges € Clll(ag)gll = Y laglw(g) < oo ¢,
geSs

as the Banach space ¢1(.S) with the product 8%, := 6,4(g, h), where

w(gh)
w(g)w(h)’
and extend x, to ¢}(S) by linearity and continuity. We recall that
H(S)l(S) = (1(S x S), where J; ® Jj, is identified with d(g,ny for
g,h € S. Thus we have L((1(S),¢>°(S)) = (£1(S)&(9))* = £1(S x
S)* = (S x §), for which T € L(¢1(S),¢°°(9)) is identified with
(T(g,h))(g,h)GSXS € 1>°(S x S), where T(g,h) = <(5h,T((5g)>. Further, it is
readily seen that £°°(S x S) has a natural ¢!(S)-bimodule structure. If
S is unital, without loss of generality, we may assume that w(eg) = 1.

Qg, h) = (9,h €8),

Theorem 2.3. Let S be a discrete unital semigroup and let w be a weight
on S. Then the following are equivalent:

(i) £1(S,w) is pseudo-amenable.
(ii) There exists a net (My)a C €2°(S x S)* such that

<(f(hkvg)9(h7 k) - f(ha kg)Q(kag))(g,h)GSXSa Ma> — 0,
for every k € S and f € £°°(S x S), and

<(fghQ(gv h))(g,h)eSxSa Ma> — fesa
for all f € £>°(S).
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(iii) There exists a net (M.)o C £°(S x S)* such that

((F(hk, )R, k) = £ (B kg)2k, 9)) g pyesss Moy ) — 0,
for every k € S and f € £°°(S x S), and

((FanS2g. W) g myess: Ma) = fes:
for all f € £>°(S) and a.
Proof. First, we notice that for every f = (fy)ges € £>°(S5)
() = (Bgne £) 25 1)) gyesics € £7(S % 5).
Next, for every T € £°°(S x S) and every k € S we have
(0g ® 6,0k . T' =T 0) = (3¢, T (6nk)) U, k) — (Skg, T'(dr)) UK, g).

We also observe that e4 = 0.4 and therefore (f,es) = feq.

(i) — (ii) Suppose that A is pseudo-amenable. Using Theorem P72, we
may take the net (M), C £°°(S x S)* as in Theorem 1 (ii). For every
f € £>°(S) we have

((fon g, 1) (g myesxss Ma) = fes = (f, 7 (Ma) — ea) — 0.

Take f € £°(S x S), k € S and consider T' € £*°(S x S) defined by
(0n,T(04)) = f(g,h). Then we see that

((f(hk, g)(R, k) — f(h, kg)UK, 9))(gn)esxs Ma)
= (({0g ® 0, 0k - T =T . 6k)) (g wyesxs: Ma)
= (8. T—T . 6, M)
= (T, 6 . My — My . 85) —> 0.

Hence, all in all, we have the clause (ii).
Similarly, we may prove the implications (ii) — (i) and (i) <« (iii).
U

Let A be a Banach algebra. A Banach A-bimodule E is dual if there
is a closed submodule E, of E* such that £ = (E,)*. We call E, the
predual of F. A Banach algebra A is dual if it is dual as a Banach
A-bimodule. We write A = (A,)* if we wish to stress that A is a dual
Banach algebra with predual A,. Let A be a dual Banach algebra. A
dual Banach A-bimodule F is normal if the module actions of A on
E are w*-continuous. A dual Banach algebra A is Connes-amenable
if every w*-continuous derivation from A into a normal dual Banach
A-bimodule is inner. The reader is referred to [3, @, [0-12, 61| for
more information and basic properties of Connes amenable dual Banach
algebras. Let A = (A.)* be a dual Banach algebra and let E be a
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Banach A-bimodule. We write cwc(FE) for the set of all elements x € E
such that the maps
-

A— FE | a|—>{a ,
xr-a

are w*-weak continuous. The space cwc(F) ia a closed submodule of E.
It is shown in [I7, Corollary 4.6], that 7*(A.) C cwe(A®.A)*. Taking
adjoint, we can extend 7 to an A-bimodule homomorphism ;. from
owc((ARA)*)* to A. A cwe-virtual diagonal for a dual Banach algebra
A is an element U € cwe((A®A)*)* such that @ . U = U . a and
amowe(U) = a for a € A. From [[7], we know that Connes amenability
of a dual Banach algebra A is equivalent to the existence of a cwec-
virtual diagonal for A. A dual Banach algebra A is w*-approximately
Connes-amenable if for every normal, dual Banach A-bimodule E every
w*-continuous derivation D : A — E' is w*-approximately inner [I2].
We state the following which is [, Proposition 2.5].

Proposition 2.4. Let A be a dual Banach algebra. Then the following
are equivalent:

(i) A is w*-approzimately Connes-amenable.
(ii) There exists a net (My)a C owe((A*&A)*)* such that for every

w*

a € A, a. My — My . a == 0 and ToweM, SN e, in
owe((A*QAH*)* and A*, respectively.

(iii) There exists a net (M) C owc((A'QAD*)* such that for ev-
eryac A, a . M, — M, . a 250, in ocwe((A*@AF)*)* and
Wgwa; =ey ¢ for all a.

Suppose that A is a dual Banach algebra. A net (m,) in A®A is an
approximate cwc-diagonal for A if for every a € A, a . mgy—mq - a “%0
in cwe((ARA)*)*, and amywe(Mma) — a in A.

Definition 2.5 ([17]). A dual Banach algebra A is pseudo-Connes

amenable if it admits an (not necessarily bounded) approximate cwe-
diagonal.

The following is a part of [I2, Theorem 5.3].

Theorem 2.6. Let A be a unital dual Banach algebra. Then A is
pseudo-Connes amenable if and only if it is w*-approrimately Connes-
amenable.

For a Banach algebra A, we denote by 2 4, the canonical map from A to
A** defined by (11, 24(z)) = (z, u) for p € A*, x € E. Next, it is standard
that (A®A)* = L£(A, A*). Hence we obtain a bimodule structure on
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L(A, A*) given by (a . T)(b) = T(ba) and (T . a)(b) = T'(b) . a for
a,be A, and T € L(A, A*). The reader may see [I] for more details.

Proposition 2.7. Let A be a dual Banach algebra. Then the following
are equivalent:
(i) A is w*-approzimately Connes-amenable.
(ii) There ewists a net (Ma)o C (A*QAF)** such that for every a €
At and T € owce(L(A, AY)), (T,a . My — M, . a) — 0 and

*

1
(A"

(iii) There exists a net (M) C (A'QAN™ such that for every a €
A and T € owe(L(A, A*)), <T,a .M, — M, . a> — 0 and

zZ‘An)*ﬂ'**M; = eyt for all a.

M, et, in At

Proof. As cwc((A'&.AH)*)* is a quotient of (A*QAP)*™, this is just a
re-statement of Proposition 2. U

A semigroup S is weakly cancellative if for each s € S, the maps L
and Rs defined by Ls(t) = st and Rs(t) = ts are finite-to-one. If S is
weakly cancellative, then it is known that ¢(S,w) with the convolution
product is a dual Banach algebra [3, Proposition 5.1].

The following is [8, Proposition 5.5].

Proposition 2.8. Let S be a weakly cancellative semigroup, let w be
a weight on S, and let A := (1(S,w). Let T € L(A, A*) be such
that T(A) C 1(s)(co(S)) and T*(214(A)) C 1es)(co(S)). Then T €
WA, A*), and T € WAPWI(A, A*)) if and only if for each sequence
(kn) of distinct elements of S, and each sequence (gm,hm) of distinct
elements of S x S such that the repeated limits

wgms L(0n,)),  HmUmQ(kn, gn),
limlim (&g,,, T(0n,,k, ),  HmIim Q(hy,, ky,).

lim lim (0,
n m

all exist, then we have at least one repeated limit in each row which is
Z€r0.

Theorem 2.9. Let S be a discrete, weakly cancellative semigroup, let
w be a weight on S, and let £1(S,w) be unital. Then the following are
equivalent:

(i) £1(S,w) ewists pseudo-Connes amenable.
(ii) There exists a net (My)o C €°(S x S)* such that

((f(hk, ), k) — f(h, kg)u(K, 9))(g,n)esx5: Ma) — 0,

for each k € S and each f € {°°(S x S), which is, such that the
map T defined by (0n,T(64)) = f(g,h), for g,h € S, satisfies
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the conclusions of Proposition 228, and
<(fghQ(g> h))(g,h)éSxS: Ma> — (f,eaq),
for all f € co(5).
(iil) There exists a net (M) C (S x S)* such that

((Fk, @)2n, k) = F (b, k)R, ) g pyesxss Mo ) — O,

for each k € S and each f € {°°(S x S), which is, such that the
map T defined by (0n,T(64)) = f(g,h), for g,h € S, satisfies
the conclusions of Proposition EZ8, and

<(fghﬂ(gv h))(g,h)GSX57 M(;> = <f7 6A> )
for all f € ¢o(S) and a.

Proof. In view of Theorem P8, The result follows as Theorem =3, but
by using Proposition EZ4 in place of Theorem . For the sake of con-
venience, we include the proof of (i) = (ii). Suppose that ¢*(S,w) is
pseudo-Connes amenable. Then it is w*-approximately Connes-amenable,
by Theorem Z@. Take the net (My), C °°(S x S)* as in Proposition 272
(ii). Let k € S, and let f : S xS — C be a bounded function such that
the map T € L(A, A*) = (°(S x S) defined by (05, T(d4)) = f(g,h),
(g,h € S), satisfies the conclusions of Proposition EZ8. Then by [3,
Corollary 3.5], T' € cwc(L(A, A*)). Therefore

<(f(h’ka g)Q(h’a k) - f(h7 kg)Q(k’g))(g,h)ESXS7 Ma>
= (09, T(0nk)) Qh, k) — (Org, T(0n)) (K, 9)
(((0g ® On, 0k - T =T . 0))(g,mesxs: Ma)

— (6 . T —T . 6, M)
— (T, 0}, . Mo — My . 6 — 0,

as required. Next, for each family (fy)ses € co(S), we have

(09 @ Ony Ty (5) () = (6gnS2(g, B), 2e0(5)(f)) »
so that
T*160(8) (f) = ((Ogh» teo(5)(f)) g W) (gmyesxs € £°(S x S).

Hence
((fer2(g, 1)) (g.myesxss Ma) = (T* 1005y (f), Ma)
= <f7 ZZO(S)W**MQ> — <f7 6A> :
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Let G be a discrete group and let h € G. We define Jj : {*°(G) —
>°(G) by
Tn(F) = (frgQ(h, )w(M)Ug™ R Hw(h™N)gea (f = (fy)g € £2°(Q)).

It is clear that ||J,(f)|| < ||f||w(h)w(h™1), so Jj, is bounded.

In [3], Daws proved that Connes-amenability and amenability are the
same notions for a Beurling algebra ¢! (G, w), where G is a discrete group.
We extend it as follows.

Theorem 2.10. Let G be a discrete group, and let w be a weight on G.
Then the following are equivalent:

(i) £Y(G,w) is pseudo-Connes amenable.
(i) /(G w) is pseudo-amenable.
(iii) There exists a net (Ny)a C £°°(G)* such that for every k € G,

JE(No) — Ng “50in (*(G)*, and <(Q(g,g_l))g€(;,Na> — 1.
(iv) There exists a net (N,,)o C £°(G)* such that for every k € G,
TN, = N, 5 0 in €(G), and {(@g. g~ Vgec N, ) 1
for all a.
Proof. The implications (ii) = (i) and (iv) = (iii) are clear.
(i) = (iv): Let the net (M,)q C (G x G)* be given as in Theorem
29 (iii). Define ¢ : {°(G) — (*°(G x G) by

Y = hil
<6(g,h)a¢(f)> = { g? g?é Bl
Let N, := ¢*(M,,). Then we have
(b((Q(g?gil))gEG) = (5gh,eGQ(gah>)(g,h)€G><G'

<(Q(g, g_l))gEGa N;> = <(5gh,eGQ(g> h))(g,h)EGxGa M(/x>
<(59h7€G)(g,h)EG><Gv 5eg> = 56@,6@ = 1,

by the second condition on (M,,), from Theorem 29 (iii).
Fix k € G and f € £>°(G). Define F' : G x G — C by

Flg,h) 1= g fy w(k) w(hk™) w(h)™! (g, € G).
It is clear that F is bounded and ||F||so < ||f||ocw(k)w(k~1). Let T be

the operator associated with F'. The same argument as in the proof of
[8, Theorem 5.11] shows that F' satisfies the conditions of Proposition

PR. Notice that
(8. B(Tk(£))) = Oghe frg w(kg) w(g) ™" wlg k™) w((g9)™") "
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Thus, for f € {*°(G) we have
(£ TN = NG )y = (8() = (), M)

= ((F(hk, 9)2(h, k) = F(h, kg)2(k: 9)) g1 Moy ) — 0,
as required.
(iii) = (ii): Let (Na)a C €°°(G)* be given as in (iii). Define v : £>°(G x
G) — 2(G) by (34, % (F)) := F(g,g97 1), for each F € £*°(G x G) and
g € G. Put M, := ¢*(N,) for every a. Then it is enough to show
that the net (M) has desired properties in Theorem P23 (ii). First, for
every f € balll>*(G), we see that

<(fghQ(g7 h))(g,h)aMa> = <(feGQ(g7g_1))g7Na> — fe(;-

Next, for an arbitrary bounded function f : G x G — C and an
element k € G, it is clear that

O((f(hk, 9)Qh, k) = f(h, kg)Qk, 9))(gn) = (f(g~ k. 9)Qg™ ", k)
— flg7" kg)Q(k, g))g-

Define F' : G x G — C, by F(g,h) := f(hk,g)Q2(h,k), for each g, h €
G. Hence, it is readily seen that F' is bounded and ||F||cc < || f]|oo-
Therefore

((f(hk, g)Qh k) — f(h, kg)UE, 9))(g.n)> Ma)

= (f(gilk 9)2g 1’ k) — f(g 71 kg)Q(kvg))nga>

F) — Ju((F)), Na)

F), Ny, — Ji(Ng)) — 0. O

3. 0-CONNES AMENABILITY

Let A be a dual Banach algebra, and let 0 € Hom(A) be a w*-
continuous homomorphism. From [I3], we recall that A is o-Connes
amenable if for every normal dual Banach A-bimodule F, every w®*-
continuous o-derivation D : A — F is o-inner.

Let A be a Banach algebra. Consider the map 7 : A' — A? defined
by T(a+Xeg:) = A, (a € A, N € C). Then 7 € Hom(A*). If A is dual,
then it is routinely checked that 7 is w*-continuous.

Theorem 3.1. Let A be a Banach algebra with a right [left] approzimate
identity, and let E be a Banach A*-bimodule. Then, every T-derivation
D: A" — E is zero.

Proof. Let (e;); be a right approximate identity for A. A simple calcu-
lation shows that D(ae;) = 0 for each a € A and 4, and consequently
D(a) =0. Hence, D(a+ Xey:) = D(a) + AD(e4:) =0,1e., D=0. O
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Corollary 3.2. Let A be a Banach algebra with a right [left] approximate
identity. Then A is T-amenable. Moreover, if A is dual then A* is -
Connes amenable.

Now, we give a class of 0-Connes amenable Banach algebras which
are not Connes amenable.

Example 3.3. Let A be a non-Connes amenable Banach algebra with
a right [left] approximate identity. It is known that A% is not Connes
amenable, however it is 7-Connes amenable by Corollary B=2.

Lemma 3.4. Let A be a unital Banach algebra, E be a Banach A-
bimodule, o € Hom(A), and let D : A — E* be a o-derivation. Then
there exist a o-derivation D1 : A — ey - E* -ey4, and n € E* such that
D = Dy +ad,, where ad,, stands for the inner derivation a — a-n—n-a.

Proof. The argument of [5, Lemma 2.3] suffices. We just notice that
Dj’s and ad,, are o-derivations. O

Let A be a Banach algebra, and let 0 € Hom(A). We define of €
Hom(A) by o(a+Xe 42) = o(a)+Ae 4:. Note that if o is w*-continuous,
then so is o,

Theorem 3.5. Let A be a Banach algebra, and let 0 € Hom(A). Then
A is c-amenable if and only if A' is of-amenable.

Proof. = Let D : A* — E* be a of-derivation. Choose D; and 7 as
in Lemma B4, so that D = Dy + ad,. We have Di(eys) = oF(e ).
Di(eg:) + Dileqs) - 0% (eq8) = eqp - Di(eqs) + Dileqs) - €46 = 2D1(egs),
therefore Di(e4:) = 0. Since D; |4 is o-derivation, there exists { € E*
such that Dy = ad¢. Hence, D = ad,, (¢, as required.

< Let D : A — E* be a o-derivation. Turning F into an A"
bimodule with identity module actions e4s -z =x-ey s =z (v € E), we
extend D to D : A* —s E* by setting D(a + Xe) = D(a). It is easily
seen that D is of-derivation. Now by the assumption, D is ot-inner and
so D is o-inner. O

Theorem 3.6. Let A be a dual Banach algebra, and let 0 € Hom(A)
be w*-continuous. Then A is o-Connes amenable if and only if A* is
ot-Connes amenable.

Proof. 1t is similar to the proof of Theorem BZ. We just notice that if D :
A — E* is w*-continuous, then D; and ad,, are also w*-continuous.
Next, if F is a normal dual Banach A-bimodule, so is e4 - E - e4. The

extension D defined in the proof of Theorem BA is also w*-continuous.
O
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Proposition 3.7. Let A, B be dual Banach algebras, let 0 € Hom(A),
T € Hom(B) be w*-continuous, and let 0 : A — B be a w*-continuous
homomorphism with w*-dense range such that 760 = 0o. If A is o-
Connes amenable, then B is T-Connes amenable.

Proof. Let E be a normal dual Banach B-bimodule, and let d : B — FE
be a w*-continuous 7-derivation. Turning E into an A-bimodule through
a-z=~0(a) z,and x-a=x-0(a), (a € A,z € E), we observe that E is
a normal dual Banach A-bimodule. Since 70 = 0o, D :=df : A — E
is a w*-continuous o-derivation. Hence, there exists x € E such that
D = ad,. It follows that d(f(a)) = 7(0(a)) - v — z - 7(0(a)), (a € A).
Now, w*-density of #(.A) in B implies that d(b) = 7(b) - © — x - 7(b) for
each b € B. d
Proposition 3.8. Let A be a Banach algebra, let B be a dual Banach
algebra, and let 0 : A — B be a homomorphism with w*-dense range.

Let 0 € Hom(A), 7 € Hom(B) such that T is w*-continuous, and 70 =
Oo. If A is o-amenable, then B is T-Connes amenable.

Proof. This is a more or less verbatim of the proof of Proposition 8. [J

Proposition 3.9. Let A be a dual Banach algebra, and let o € Hom(A)
be w*-continuous. If A is o-Connes amenable, then it is To-Connes
amenable, for any w*-continuous homomorphism T € Hom(A).

Proof. Let E be a normal dual Banach A-bimodule, andlet D : A — F
be a w*-continuous To-derivation. It is easy to verify that E equipped
with A-module actions

acx=7(a)-x and zoa=z-7(a) (a€Azxz€E)
is still a normal dual Banach A-bimodule, and then D obviously is a
o-derivation. Therefore, there exists © € E such that for every a € A,
Da=o(a)ox—xzoo(a) =70(a) -z —x-70(a), as required. O
Corollary 3.10. Let A be a dual Banach algebra. If A is Connes

amenable, then it is o-Connes amenable for every w*-continuous ho-
momorphism o € Hom(A).

The following is a converse for Corollary BTO.

Proposition 3.11. Let A be a dual Banach algebra, and let o € Hom(A)
be w*-continuous with w*-dense range. If A is o-Connes amenable, then
it is Connes amenable.

Proof. Let E be a normal dual Banach A-bimodule, and let D : A —
E be a w*-continuous derivation. Clearly, d := Do : A — FE is a
w*-continuous o-derivation. Thus, there exists x € E such that da =
o(a)-x —z-o0(a) for a € A. Then, normality of £ and w*-continuity of
d yield that Da=a-z —x-a, a € A. O
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