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Convergence of an Iterative Scheme for Multifunctions on
Fuzzy Metric Spaces

Mohammad Esmael Samei

ABSTRACT. Recently, Reich and Zaslavski have studied a new inex-
act iterative scheme for fixed points of contractive and nonexpansive
multifunctions. In 2011, Aleomraninejad, et. al. generalized some
of their results to Suzuki-type multifunctions. The study of iter-
ative schemes for various classes of contractive and nonexpansive
mappings is a central topic in fixed point theory. The importance
of Banach contraction principle is that it also gives the convergence
of an iterative scheme to a unique fixed point. In this paper, we
consider (X, M, ) to be fuzzy metric spaces in Park’s sense and we
show our results for fixed points of contractive and nonexpansive
multifunctions on Hausdorff fuzzy metric space.

1. INTRODUCTION

The study of iterative schemes for various classes of contractive and
nonexpansive mappings is a central topic in metric fixed point theory.
The study is started in 1922, with the work of Banach who proved a
classical theorem, known as the Banach contraction principle, for the
existence of a unique fixed point for a contraction [B]. The importance
of this result is that it also gives the convergence of an iterative scheme
to a unique fixed point. Many works have been published about fixed
point theory for different kinds of contractions on some spaces such as
quasi-metric spaces [, I0], cone metric spaces [2, 21, partially ordered
metric spaces [0, 4, 20], Menger spaces [I4], and fuzzy metric spaces
[8, 9]. The concept of fuzzy sets introduced by Zadeh in 1965 [25].
In 1975, Kramosil and Michalek introduced the notion of fuzzy metric
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spaces [[2], and George and Veeramani modified the concept in 1994
[@]. Some researchers have been provided different fixed point results in
fuzzy metric spaces [B, [, I5, [6]. In this paper, we consider (X, M, %)
to be fuzzy metric spaces in Park’s sense and by using their idea provide
some fixed point results for the contractive mappings on complete fuzzy
metric spaces.

2. PRELIMINARIES

Here, we recall some basic notions.

A continuous, commutative and associative map * : [0,1]2 — [0,1]
is called a continuous ¢t-norm whenever a x 1 = a for all a € [0, 1] and
axb < cxd for all a,b,c,d € [0,1] with a < ¢ and b < d [I6]. For
example, a * b = ab, a x b = min{a, b}, a x b = max{a +b— 1,0} and

ab

b=————=, 0<A<1
“x max{a, b, \}’ SASh

are continuous t-norms.

Definition 2.1 ([I6]). Let X be a non-empty set, * a continuous be
t-norm and M be a fuzzy set on X2 x [0,00) such that M(z,y,0) = 0,
M(z,y,t) =1 for all £ > 0 if and only if z =y, M(x,y,t) = M(y,x,t),

M(l'7y7t)*M(y7Z’S) S M('/I:7Z7t+s)’

for all z,y,z € X, s,t > 0, M(x,y,.) : [0,00) — [0,1] is continuous,
and
tlggo M(z,y,t) =1,

for all x,y € X. Then (X, M, ) is called a fuzzy metric space.

Let (X, M,x*) be a fuzzy metric space. For each x € X, t > 0 and
0<r<1,set

B(z,rt)={ye X : M(z,y,t) >1—r}.

Denote the generated topology by the sets B(z,r,t) by 7ps. It has been
proved that in a fuzzy metric space every compact set is closed and
bounded [16]. A sequence {z,} in (X, M, x) is said to be Cauchy when-
ever for each ¢ > 0 and ¢t > 0, there exists a natural number ng such
that M (zp,Tm,t) > 1 — e for all n,m > ng. Also, (X, M, x) is called
complete whenever every Cauchy sequence is convergent with respect to
Ta- The fuzzy metric M is triangular whenever

1 1 1
— 1< ~1 ~1
My =Mz  Meg)
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for all z,y,z € X and t > 0. A self map f on a fuzzy metric space
(X, M, *) is called a Banach fuzzy contraction whenever there exists
k € (0,1) such that

M(f(z), f(y), kt) = M(z,y,1),

for all z,y € X and t > 0 [I8]. Let B be a nonempty subset of a fuzzy
metric space (X, M, x). According to [24], for x € X and t > 0, define

M (z, B,t) = sup M (x,b,t).
beB

For a fuzzy metric space (X, M, %), denote by C(X), CB(X) and H(X)
the set of nonempty closed subsets, the set of nonempty closed bounded
subsets and the set of nonempty compact subsets of (X, 7r), respec-
tively. Let B be a nonempty subset of a fuzzy metric space (X, M, %),
x € X and t > 0. In this case, Hys stands for the Hausdorff fuzzy metric
space on H x H x (0,00) which is defined by

Hy (A, B, t) = min {;g}qu(a,B,t),g;ﬁM(b, A,t)} ,

for all A,B € H and t > 0 [22].
3. MAIN RESULTS

Now, we are ready to state and prove our main results. Throughout
this paper, we suppose that 2% is the family of all nonempty subsets of
a fuzzy metric space (X, M, *).

Theorem 3.1. Let (X, M, *) be a complete fuzzy metric space, T : X —
C(X) be a multifunction, and {e;}2, and {0;}2, be two sequences in

(0,00) such that
o0
Ze’:‘i < 00,
i=0
and
o
2(5, < 00.
i=0
Suppose that there exist o, B € (0,1) such that a(3 —2a+ 3) <1 and
M (x,Tx,(i) > M(z,y,t) = Hy(Tx, Ty, t) > M <x,y,;> ,
for all x,y € X. Let T; : X — 2% satisfies, for each integer i > 0,

Hy(Tx, Tiz,t) > 1 —¢; for all x € X. Assume that xo € X and for
each integer i > 0,
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0

14 2
+t,

R —
N M(ZL‘, T%:L‘ia t)
for zip1 € Tyxi. Then {x;}2, converges to a fized point of T

Proof. We first show that {x;}2°, is a Cauchy sequence. To this end, let
i > 0 be an integer. Then, we have

1 1 dit1
—1< -1+
M(ziy1,i12,1) M (zip1, Tit1%ig1,t) t
1
< -1
T M(zig1, Twiga,t)
1 dit1
+ 14
Hy(xig1, Tig12i41, ) t
1 €i41 . Oit1
< -1
= Hy(Tizi, Txiqq,t) T
1
< _
= Hy(Tiwi, Ty, t)
1 Eit1 . Oit1
-1 .
+ HM(TZL‘Z',TZ‘iJrl,t) + t + t
Hence,
1 1< 1 1
M(zit1, ziga,t) = Hy(Tai, Twigr,t)
(3'1) 51+51+tl + Z+1’
for all ¢ > 0. Since a(2 — o) < 1,
<t(1-a) < ! 1)
Ei —a)| ———— -1},
L M (i, xi41,t)
and
1 1< 1 1+ 1 1
M(Tx;, x;,t) = M(x;, Ty, t) Hy(Tixi, Ty, t)
&
< 142
M(xi, l’i+1,t) t
<1 yia-w (1 1>
— — a —
= M(x, g1, t) M(xi, xi41,t)
1
= 2—-a)|l —————1].
( ) (M(%xm’t) >
We have
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and so
1 1
—1< _— 1.

Hpy(Tx;, Txig,t) <p <M($i,1’z‘+1,t) )
Now, by using (81l) and (82) we obtain

1 1

1<l 1
M($i+17xi+27t) o 5 <M(l’i,xi+1,t) >
€ + €ig1 + Oiy1

(3.2)

3.3
(3.3) t ’
for all 4 > 0. Thus,
! 1<p 1
M(xl,xg,t) - M($07x17t)
go+er+6
(3.4) _,_%’
and
1 1
— 1< (-1
M(xg,.ibg,t) S <M(1’07$17t) )
€o+e1+0 €1+ ez + 0
(3.5) +6<0 z} 1>+ ! f 2.

Now, we show by induction that for each n > 1, we have

! 1< pn ( ! 1)
M(xnaanrl’t) - M(x(]vxlat)

n—1 ,;
(36) + Z %(gn—i +én—i-1+ 571—1)
1=0

95

In view of (B4) and (B3), inequality (8H) holds for n = 1,2. Assume
that k£ > 1 is an integer and (88) holds for n = k. By using B33, we have

1

1<p (
M(xk+1axk+27t) M(xkvxk+17

k1 1 B
=7 (M(xoaffht) 1>

k-1 le
+ 8 Z (it Ehmion 4 Ok)
1=0
€k + kg1 + Opt1
t

_ k4l 1 _
=6 (M(xoaffht) 1>

t

1 5o 1) LGkt ekt Okt1
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k .
67,
+> 7(5k—z‘+1 + ek—i + Op—it1)

€k + Eky1 + Opg1
t

okl 1 _
_B (M(x(]vmlvt) 1>

)

k
B
+ E T(Ek—i—f—l + €p—i + Oh—it1)-
i=0

This implies that (88) holds for all n > 1. Now, by using (B8) we obtain

+ ZZ Bz_l(& +ei1+ 51’)

= 1
< LN (R |
_ZB <M($0,$1,t) >
0
+ ?(62 + &1+ 62)
50
(81 + €o +(51) + ?(53 + &9+ 53)

1 2
+T(€2+61+52) +%(e1 +eo+01)+

- iﬁn (M(xol,a:l,t) B 1)

n=1
0 1 2, ...
(ﬂ 5 +ﬂ >(€1+€0+51)
0.3l L A2 .4 ...
+(5 +5 +ﬁ >(€2+€1+52)
1 24 ...
+< +5 +6 >(63+€2+(53)+
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- (iﬂ) (sias Y

[e's)
€ +ei—1+9;
+Z( 7 ztl z)
i=1
< 0.

Thus, {z;}°, is a Cauchy sequence and so there exists z € X such that
x = limy,_ o0 . Now, we claim that for each n > 1 either

t
M <xn,Ta:n,) > M(xp,x,t),
o
or

t
M <xn+1>T$n+1a CY) > M(xn—‘rlvxvt)?

holds. If M (a:n,Txn, é) > M (zp,x,t) and

t
M (wn-i-thn—i—l; O[> 2 M(xn_t,_l,flf,t),

for some n > 1, then we obtain
1 1 1

—_ =1 +
M(zp41,Zn,t) M (xpi1,x,t) M (z,xp,t)
< ( ! 1)
o _
M(xn-f—la Txn+1, t)
+ ! 1
ol ——— =
M(xp, Tap,t)
1
<« -1
- [(HM(Tnxn,Tan,t) >
1
+2-a)| ——m8MmMm -1
( ) (M(xn,xn+1,t) )]

1
1
“ KHM(Tnmn,Txn,t) )

<

1
+ —1
(HM(TxnaT$n+17t) >

+(2—a) (W_l>

e
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<a |0 (3 )
8 (S )

+0-0) (37 Y]
=a(3-2a+p) <1t)—1>7

M(xp, Ty,

because

1
n <t(l-— -_—— — 1.
= ( a) <M(l’n,$n+1,t) )

It implies that «(3 — 2« + ) > 1, which is a contradiction. Hence, our
claim is proved. Thus, by using the assumption of the theorem, for each
n > 1, either

t
HM(Tl'n,Tﬂj,t) Z M <$n7$’ ﬂ) )

or

t
Hy(Txpg1,Tx,t) > M (xn+1,x, 5) ,

holds Therefore, one of the following cases holds.
(i) There exists an infinite subset I C N such that
t
Hy(Txn, Tx, t) > M <£L’n,l‘, 5) ,

for all n € I.
(ii) There exists an infinite subset J C N such that

t
Hy(Txpi1,Tx,t) > M (:cn+1,x, 5) ,
for all n € J.
In case (i), we obtain

1 1 1

M(z, Tz, t) 1= M (z,xp,t) L+ M (zp, Tz, t) !
< LIRS ! -
M(x,zp,t) M (xp, Txp,t)
1
+ -

1 1
S S Y (S
B M(xaxnvt) " o (M(xn7xn+1’t) )
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1
. (M(m,a:n,t) _1>’

for all n € I, and so M(xz,Tx,t) = 1. Hence x € Txz. Similar to (i), we
obtain x € Tx, from case (ii). This completes the proof. O

The following example shows that there are some multifunctions which
satisfy the assumption of Theorem BT while there are not contractive
multifunctions.

Example 3.2. Let X = [—4,3] U {0} U[3,4], M(z,y,t) = m and
T : X — C(X) be defined by
[3, W} . —A<z<—34
T(x) =14 {o}, z € [-3.4,-3U{0}U[3,3.4],

{-52=0},  34<z<4

We show that T satisfies the assumption of Theorem B for o = % and
8= % while T is not a contractive multifunction. If 3.4 < z < 4, then

20 —6 bx—6 7
3<3+ v — v va
T T 2
and
90 5x—6>0
—x — .
91 x
If -4 <z < —3.4, then
t t t
M(0,Tx,t) = > = :
t+3 — Nz t+ Pz
Tx C [3,3.5] and
t t t

Hy ({0}, T, t) = M(0,Tz,t) =

> = .
t"’% t—%m t+%|m|
If 3.4 < x <4, then Tz C [—3.5,-3) and
t t t

> = .
52—6 90 90
t+ xx l+ 512 t—i-ﬁ’x‘

Hy ({0}, Tx,t) = M(0, Tz, t) =

Thus,
90
Hy | Tz, Ty, 9—115 > M(x,y,t),
whenever z = 0 and y # 0, or y = 0 and =z # 0. If z € [3,4] and
y € [—4,—3], then

7 t t
M (x,Ta:, t) > 6E > M(z,y,t),
2 t4 222 t+6
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and so

1 1 1
L | S T
Ho (T2, Ty t) = M(Tz,0.0) | Hu(Ty,{0}0)

90 (lal + 1y
— 91 t

_%/ 1
-~ 91 \ M (z,y,t) '

If 2,y € [3,3.4] or z,y € [-3.4,—3], then

7 t
If z € [3,3.4] and y € [3.4,6], or x € [-3.4,—-3] and y € [-4,—3.4], or
y € [3,3.4] and x € [3.4,4], or y € [-3.4,-3] and x € [—4,—3.4], then
we have

t t

7
M <a:,Ta:, 2t> > t+@ > o > M(x,Tx,t).

If x = 3 and y = 4, then

Hy (T, Ty, t) = M(z,y,t) =

t 91
+% <M (a:,y, 90t> .
Lemma 3.3. Let x € X, F be a nonempty closed subset of X, p be
a natural number, 6 > 0, {xo,x1,...,2p} C X such that xg = = and
xiy1 € Tiw; (1 =0,1,...,p—1). Then there is a natural number q > p
and {zp, Tpi1,..., 24} C X such that ;11 € Tjx; (i =p,...,q—1) and
M(zq, Fit) > 1—6.

Proof. Choose a natural number p; > p such that Z;’im g < % and a se-
quence {xp, Tp11,...,2p, } C X such that x;41 € Tix; (i =p,...,p1—1).
By using the assumptions of the lemma, there is a sequence {y; mp, C
X, such that y,, =z, yiy1 € Ty; for all i > py and lim; o0 M (y;, F,t) =
1. Now, we define by induction a sequence {z;}2, C X. To this end,
assume that £ > p; is an integer and we have already defined z; € X,
i=p1,...,k, such that x;11 € Tyx; (i =p1,...,k—1) and
! 1< s
max{M (zp, y, t), M (xk, Yyo+1, 1)}~ 2 t

1=p1

Clearly this assumption holds for kK = p;. Since yx11 € Ty, by using
a similar proof as the one for Theorem B, it is easy to show that for
each k, one of the following cases holds:

(1) M(yk’7Tyka %) > M(yk,l'k,t)
(i) M (yrg1s Tyrt1-L) = M(ypsr, T, £).
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By case (i), we obtain Hyy(Tyx, Txg,t) > M(xk, yk, t) and so
M (yg+1, Ty, t) > M(2k, yg, t).
Hence, there exists yp11 € Ty such that
1 i<
M (Yr+1, Yr+1,t) M (zg, yr,t)
This implies that
_ ! ~1< ! 1<
M (Y1, Tewk, , t) Hpp (T, Tywg, t) t
and so there exists 1 € Tpxg such that

€k
-1+ —.
+t

1 2¢ep
— 1< —.
M (Y41, Ty, t) 3
Thus, we have
1 1< 1 1+ L
M(xk-‘rlvyk-‘rlvt) - M(xk+1agk+17t) M(yk’-i-lagk-i-l?t)

< 2ep, n 1 1) + €
3ek ( 1 )
S (. ———"
t M(:U/f?ykat)
By case (ii), we obtain

Hy (Typsr, Trg, t) > M(2k, Yry1.t),

101

-1

and so M (yg42, Txp,t) > M(xg, ykt1,t). Hence, there exists g1 € Txg

such that
1 1 €k
— -1<{— -1+ —.
M(yk+27yk+1,t) M(mkvyk—l-l)t) 13
This implies that
1 1 €k

— —-1< —1<
M (Gyr, Trag,t) = Hy(Tag, Trag,t)  — — t7
and so there exists 1 € Tpxg such that
1 25k
M (Yry1, Tpy1,t) ot

Thus, we have
1 1 1

—-1< — -1+ —
M (xpy1, Yrt2,t) M (xp41, Ukt1,t) M (Yi41, Yk+2, t)

< %y ( 1 1) 4 <
-t M(wkvykJrlat) 3

-1
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3¢k ( 1 )
%k (1 q).
t M(xkvyk-i-lat)

Thus, by considering the above two cases, we have

1
-1
max{ M (p41, Yr+1,t), M (Tpt1, Yrs2, 1)}
1 3¢
< — 14—
max{M (zy, Yk, t), M (Tr, Yrr1,t)} t
Ml 3
< ci , 9%k
T t + t
1=p1
P
=3 i
>3
1=p1

Therefore, we have indeed defined by induction a sequence {z;}{2, C X
such that z;11 € Tz; (i = p1,...) and

1 &
—-1< .
maX{M(‘rkaykvt)ﬂM(xk7yk+l7t)} o Z t

Hence, there exists an integer q > p1 + 2 such that M (y,, F,t) > 1 — g

and M (yg+1,F,t) > 1 — 5. Thus, we obtain
1 1 1
(3.7) —_ 1< —— 14— —
M(.’I]q,F,t) M(xtpytpt) M(yQ7F7t)
1 L+ )
= M(zq,yq,t) 4t’
and
1 1 1
3.8 _ 1 14— -1
S MG T Mg Ml D
5
S~ 1+~
M (g, Yg+1, t) 4t
Combining (877) with (B3R) implies that
1 | < 1 g 0
M(xq, F,t) - max{M(xq,yq, ),M(:Bq,yq+1,t)} 4t
51 5
= Z 4 = Q + At
i=p1

This completes the proof of the lemma. O
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Lemma 3.4. Let {z;};2, be a sequence in X, x;1 € Tix; for all i >0,
6 > 0, p be a natural number, F be a nonempty closed subset of X,

M(zp, Fit) > 1 -0, and > e; <. Then M(z;, F,t) > 1 — 30 for all
i=p

1> p.

Proof. We intend to show by induction that

(3.9) ‘11<5+§f%i
' Mo P ST

for all n > p. Clearly, (8) holds for n = p. Assume that (89) holds for
n > p. Then there exists y,, € F' such that

1 2¢; 25n
S — < - —l—
M(l'na Yn, t) Z

By assumption, M (xy 41, T2y, t) > 1—&, and so there exists T,,41 € Tz,
such that M (zp41, Tpt1,t) > 1 — 35" . If z,, € F then

M (zp41, F,t) M (zpi1, T, t) t t

On the other hand,

1 1 1
ol ——--—-—"7--1|<a|l——-—-14+——"—7--—-—1
<M(ymTynat) ) [M(xn,yn,t) M($naTyn7t) :|

1
<20 ——"-—7--1
= <M(xn,yn,t) )
1

L
Mz, yn,t)
and so Hyf(Txy, Tyn,t) > M(zp, yn,t). Hence, there exists yn+1 € T'yn
such that
1 1 En

S . S )
M(yn+17 Tn+1, t) M(x’rlu Yn, t) 4

and so

1 1
al ———— 1] < — —1
(M(:Cn+17Fa t) ) - M(xn+layn+1at)
1 1

< — -1+ — — -1
M(xn-l-luxn-‘rlvt) M(yn+17$n+1)t)
Ten 1

< —1

= 4t + M (xn, Yn,t)
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) n2€z‘
< - =,
STt
i=p
This implies that
1 5 e 0 e 626 36
= 1< —42) <42y o4 = 35,
Man Bl i Zt_t+ Zt_t+t t
i=p i=p
for all n > p. O

Theorem 3.5. Let (X, M, ) be a complete fuzzy metric space, F' be a
nonempty closed subset of X, T : X — C(X) be a multifunction, and
{ei}2, be a sequence in (0,00) such that Y :° e; < oo. Suppose that
T(F)CF, M(z,Ty,t) > M(z,y,t) for every x € F¢, y € F, and there

exists o € (0, %) such that

t
Mz, Tx,—) > M(z,y,t) = Hy(Tz,Ty,t) > M(z,y,t),
(e}

for all z,y € X. Let T; : X — 2% satisfy, for each integer i > 0,
Hy(Tx, Tiz,t) > 1 —¢g; for all z € X. Assume that for each x € X
there exists a sequence {x;};°, in X such that xg = x, xi41 € Tx; for
all i > 0 and lim;_oo M (x;, F,t) = 1. Then for each v € X there exists
a sequence {x;}32, in X such that xo = x, x;41 € Tjz; for alli >0 and
limi_mo M(.’L’z, F, t) =1.

Proof. Let x € X. By using Lemma B3, there exist a sequence {z;}°,
and a strictly increasing sequence of natural numbers {n;}7° ; such that
i1 € Tiyx; for all ¢+ > 0 and for each k& > 1,

M(xy,, Fit) >1—27F
and Zfink gi < 27%. Hence, by using Lemma B4, we have
lim M (z,, F,t) = 1.
n—oo
This completes the proof. O

The following example of Suzuki [23] shows that T' satisfies the as-
sumptions of Theorem B3E for a = % while T is not a nonexpansive
multifunction.

Example 3.6. Let X = {(0,0),(6,0),(0,6),(6,7),(7,6)},
My t)= —
M R F)
where the metric d is defined by d((z1, z2), (y1,y2)) = |1 —y1|+|z2— 12|
Define T on X by

T(x) = { {(0,21)}, o1 < s,

{(LUQ,O)}, To < X1.
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Put F = {(0,0)}. Then T Satisfies the assumptions of Theorems B3
while T is not a nonexpansive multifunction. First note that,

HM(T.T,Ty,t) > M(:U>y7t)a

if (z,y) # ((3,4),(4,3)) and (z,y) # ((4,3),(3,4)). Also, for each z € X
there exists a sequence {x;};°, in X such that zg = x, x;41 € Tx; for
all 7 > 0, lim; o m —1=0and M(z,Ty,t) > M(z,y,t) for all
x € F¢and y € F. Thus,

M (60701 5t) < 11 < g = M(0.1.(7,0).0).
2

M ((776>7T((77 6))7 ;t> < t_’_t7 < H% - M((77 6)7 (677)7t> .
2

Hence, T satisfies the assumptions of Theorem B3 while T is not a
nonexpansive multifunction because

t L M(6,7),(7,6), 1),

Hyu(T((6,7)),T((7.6).1) = .15 < 773
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