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Generalized Weighted Composition Operators From
Logarithmic Bloch Type Spaces to n’th Weighted Type
Spaces

Kobra Esmaeili

ABSTRACT. Let H(D) denote the space of analytic functions on the
open unit disc D. For a weight  and a nonnegative integer n, the
n’th weighted type space Wﬁ") is the space of all f € H(D) such
that sup,p pu(z) ‘f<")(z)‘ < 0o. Endowed with the norm

11y = z_j 7O+ sup () [ 572,

the n’th weighted type space is a Banach space. In this paper, we
characterize the boundedness of generalized weighted composition

operators D', from logarithmic Bloch type spaces Bl";gﬁ to n’th

weighted type spaces Wftn), where v and ¢ are analytic functions
on D and p(D) C D. We also provide an estimation for the essential
norm of these operators.

1. INTRODUCTION

Let I denote the open unit disc in the complex plane C and #H(ID) be
the space of analytic functions on D. For a weight functionrv : D — R, a
continuous strictly positive and bounded function, the weighted Banach
space of analytic functions, denoted by HS°, is the space of all functions
f € H(D) such that

I£1l, = supv(z) | f(2)] < oo,
z€D
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and HY is the subspace of HS° consisting of all functions f for which

| }m{ v(2)|f(2)] = 0. Endowed with the norm ||-||,, HS and HY are
z|—1-

Banach spaces. For a weight v, the associated weight U is defined by
p(2) = (sup {|f(2)] : f € HZ (IfIl, <1)7F, zeD.

It is known that v(z) < D(z) for every z € D. Moreover, HY® = H°
and || f]|; = || fll,, for all f € H°. A weight v is called essential if for
some positive constant ¢, v(z) > cv(z) for every z € D. See [B, B] for
more results for the associated weights. The weight v is called radial if
v(|z]) = v(z) for all z € D.

For an arbitrary weight v, the weighted Bloch space B, is the space
of all functions f € H(D) such that f/ € H®°. By BY we mean the
subspace of B, consisting of functions f for which f’ € HY. Endowed
with the norm || f||,5 := [f(0)] + [|f[|,, the weighted Bloch space B, is
a Banach space and BY is a closed subspace of B,. For the standard
weight v, (z) = (1 - |z]2)a (0 < a < 0), we denote the weighted Bloch
space B, , so-called a-Bloch spaces, by B, (See [4]).

Consider the weight

B

B
(1 _ 1.2\ e
Vo g(2) 1= (1 B ) <ln — |Z|2> , zeD,

where, o > 0 and 8 > 0. The logarithmic Bloch type space, denoted
by Bl‘zgﬁ, is the weighted Bloch space B, , and was first introduced by

Stevi¢ in [I2]. The little logarithmic Bloch type space BY_ 5 1s denoted by
BIO; ’;B. For g = 0, the space Bﬁ‘)g@ coincides with a-Bloch spaces B, and

specifically, for every o > 0 and 8 > 0, Blo;gﬁ C By. Fora=p=1, ggﬁ

becomes the logarithmic Bloch space Biog, which appeared in [1, &, [I].
Let

B B
[Xe1
;@ma:ql—MV<ml_M), 2 eD.

B\ B
Since the function h(x) = x® <ln 6;) is increasing on (0, 1], we obtain

(1.1) tag(2) < vap(z) <2%uap(2), z€D.
Therefore, the Bloch spaces B, , and Bﬁ‘)gﬁ are the same and their

norms are equivalent. Furthermore, v, g is a non-increasing essential
weight tending to zero at the boundary of D [IT].
For an arbitrary weight p and a nonnegative integer n, the n’th

weighted type space Wfbn) consists of all f € H(D) such that (™ M.
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For n = 0 the space becomes H;°, for n = 1 the weighted Bloch space
B, and for n = 2 the weighted Zygmund space Z,,. The n’th weighted

type space W,Sn) with the norm

n—1
- ) ‘ H (n)
17y = 3o [rO @ +]| 7]
7=0
is a Banach space.
Let u € H(D) and ¢ be a non-constant analytic self-map on D). The
weighted composition operator uC,, induced by u and ¢, is defined by

(uCof) (2) = u(2) - f (#(2)), [ €H(D).

In the case v = 1, we have the composition operator C, and if ¢ is the
identity map, we have the multiplication operator M, : f — u - f.
Let m be a nonnegative integer. The generalized weighted composi-

tion operator D7, is defined as following

(DFuf) (2) = u(z) - ™ (p(2),  fe€HD),zeD.

The generalized weighted composition operator was first introduced by
Zhu in [19] and it includes many known operators. In the case m = 0,
we get weighted composition operator uC,, which has been studied by
several authors, see [6-8| and references therein. The boundedness and
compactness of D', between Bers type spaces and a-Bloch spaces have
been studied by Zhu in [IR]. Stevi¢ and Sharma in [T4] character-
ized the boundedness and compactness of D7, from a- Bloch spaces
to weighted BMOA spaces. Qu, et. al. in [I0] characterized the bound-
edness and compactness of D7, from logarithmic Bloch space Bjog to
weighted Zygmund spaces. Ramos-Ferndndez in [I1] has characterized
bounded weighted composition operators from logarithmic Bloch type
spaces to weighted Bloch spaces and has obtained an essential norm es-
timate for these operators. In this paper, we provide a characterization
for the boundedness and an estimation for the essential norm of D',
from logarithmic Bloch type spaces Blcc“)gﬁ to nth weighted type space

W;(Ln). Our results are generalization of [0, [1]. In Section B, we state
some lemmas to obtain our main results and we characterize the bound-
edness of D', : Bﬁ‘)gﬁ — W,Sn). Section B is devoted to estimates for the
essential norms of this operator.

To provide our main results we need the test functions defined as
follows. Suppose a > 0, 8 > 0 and let m be a positive integer such that
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a >m — 1. For a fixed w € D, define

(1= le(w)?)” £\’
K™ () = fo= (T KM,

—_— [0} 1 —
(1—lw)z) =
Then
El -8
!/ = 1 Km7a+]_
o et (nl—\ <w>|> .
and
SUD Vo —m+1,5(%) ‘f{u(z)} < a2™sup Va—m+1,8(%) - .
zeD ~cD j s
(4= ™ (st
B8 B
In —&&%
% 1—|@gu)2\
_ea
In =y
Va—m+1,8(2)
S azm Sup L’
zep H (|p(w)z])
where
gl B
H — (1 a—m-+1 1 €a
()= <n 2
By [, Lemma 2.1] we obtain

Sug Va—m+175(2) ‘fz,u(z)‘ < C(aam) < 00,
z€E

where c(a,m) is a positive constant depending on o and m. It follows

that f, € Bf‘}mﬂ and sup || fu || ge-m+1 < 0o. Since
08 weD logh

8\ B
lim 2™+ <ln ea) =0,
z—0 x

an easy computation gives f,, € BIO; ;;n +10,

We shall use the following results to provide our main theorems.
Theorem 1.1 ([8, Theorem 2.1)). Let v and w be weights. Then the
weighted composition operator uCy, maps H;° into HY if and only if

w(z)
[uCloll 350 300 = SUP —— ==
PIHFDHT  en 0(p(2))

= lim sup D(U;((ZZ))) lu(z)] .

lp(2)| =1

lu(2)| < oc.

Moreover, |[uCy, ||e,H3°—>Hg°
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Lemma 1.2 ([13, Lemma 4]). Assume n € Ny, g,u € H(D) and ¢ is
an analytic self-map on D. Then

(u(2)g((2))" = Zg Zc" (B (), (2))

where, By p(x1,...,%1—k+1) is the Bell polynomial.

Recall that the essential norm ||7|..x_,y of a bounded linear operator
T : X — Y is defined as the distance from T to K(X,Y'), the space of
compact operators from X into Y. The norm of a bounded operator
T :X — Y is denoted by ||T||y_,y. The notation A < B means that
for some constant ¢, A < ¢B and A ~ B means that A < B and B < A.

2. BOUNDEDNESS

In this section, we provide the necessary and sufficient conditions for
DB W to be bounded, where m € Np, a > 0, § > 0 such
u log? K

that « +m > 1 and p is an arbitrary weight. Before stating our main
results, we need some preliminary lemmas as follows. The following
lemma is used frequently in this paper.

Lemma 2.1 ([I2, Lemma 2 (a)]). Assume o> 1 and 3 > 0. Then

/x dt N 1
; B N
(1—t) <lnea> (1—2)* <ln . >

1—x
asx — 1~

The following result may be proved in the same way as [0, Lemma
1].

Lemma 2.2. Let a >0, 8> 0 and n € Ny such that o +n > 1. There
exists a constant ¢ such that

¢l flle
‘ @ (2)’ < log? z eD.

9 a+n—1 egz B’
<1_ g ) In 7P

In the next lemma, which is a generalization of [I'7, Proposition 7],
we show that H)° 5= Bf:)}l and their norms are equivalent.

Lemma 2.3. Suppose a > 1 and 8 > 0. Then f is in Bloégﬁ if and only
if £ s in 1S, . Specifically, | fllgo |~ 1], ,-
og ?
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Proof. Let « > 1 and f € ngﬁ‘ Using () and Lemma 270 we have

1 z| dt
£) = SO S 1, [ . ;
1ogﬁ 0 a eg
(1—1[2[?) <ln1|zt>

) 11

~ a—1 eg ?

(1) (g )

g,

~ Va—l,ﬂ(z)

Thus f € Hp, |, and ||f”Vo¢—1,[3 < ||fHBla . Now let f € H° To
og

Va—-1,8"

show that f € Blocé)gﬁ’ we apply the arguments given in the proof of [I1,

Lemma 1]. Fixing z € D, let r = 1+T‘Z| Then r < 1 and = € D. The
Cauchy formula yields

1

|f'(2)] =50

T 0
/2 7f (re ) rie'?do
0

ret — 2)2

_ 1| P /2” do
N (1 — r2)0‘—1 ( a2 )6 0 27 |1"ei9 - Z|2

In %5
) AT
o B
1 — 2 a—1 1 eg 2 2
(1—=72) n=s | (=
T

< .
(1—r2)e <ln 16_"7,2>

The last inequality holds since

7’2—|Z|2
—>r—|z

1—|7]

r
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Thus
T

s \P
(1 —r2)o (111 le_‘*ﬂ)

Since # <1-7%2<1-|z* and h(z) = z® <ln

/()| <

39
&‘p\m

B
> is increasing
on [0, 1), we provide that
1l s

(1-121)° <1n 1f|>6

[f'(2)] <

This shows that

B
(X
1— o

B
. 2\ ¢ / <
£O)]+sup (1~ [2F) (ln > 7SIy

which completes the proof. O

In the following lemma we show that [I7, Proposition 8] holds for the
logarithmic Bloch type spaces.

Lemma 2.4. Suppose a >0, >0 and n € Ng. A function f € H(D)
belongs to ngﬂ if and only if f™ € ng;”. Furthermore,

1) Ul , = D[ FOO)] +suprains(e) |0
g =0 z

Proof. For n = 0 it is trivial, thus we assume that n € N. Let f € Bﬁ;gﬁ'
It follows from Lemma 22 that £ € Bffgrg and Hf(") H8a+n S | flige .
10g5 log

For k=1,2,...,n, by the Cauchy formula we have

2k+2a(k _ 1)!
—— 7.,

s\ B
dea
30‘<ln63>

Z 120 + 510 v [ 7| S SO+, + 7

D) <

Thus

Ba+n
logB

S [l

logﬁ
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Now let (™ ¢ BIO;;L[? . Then

796~ [0 < [ || < 7
0

/1 |z| dt
Bt Jo Vatns(tz)

Noticing that a +n > 1, then using Lemma P, we get

Hf(n)HBafg
22 IR Ereye)

By induction, we show that for every nonnegative integer k with n—k >
L,

(n)
15 g

Va—l—n—k—l,ﬁ(z) '

k
(2.3) RaOIEDY

=0
The relation (22) implies that for & = 0, (233) is valid. Let £ = 1 such
that n — k > 1. By (22) we have

)f(n—n(z) _ f(n—n(o)‘ < /01 2| ’f(”) (tz)( dt

)]+

S [FO©)| 121+ || 1)

/1 || dt
Bf;;? 0 VYat+n-1,8 (tz)
o (AR Hglﬂgg
<[+ e
( ) Va—i—n—Q,B(Z)
where the latter holds by Lemma 1. Thus
(n)
Hf HBID;:B

VOc-l—n—Qﬁ(Z) '
Assume (233) holds for every nonnegative integer k with n — k > 1; we
will prove it for £k + 1 with n —k —1 > 1. For z € D we have

‘f(n,k,l)(z) _ f(nflcfl)(o)‘ < /01 |z ‘f(n*k) (tz)

= (iﬂ”ﬁ(m) g
j=0

Fe0E)| S [ Do)| + |10 +

dt

Iz

/1 || dt

Bf’;;rg 0 Va-i-n—k—l,,é’(tz)
(n)

[Fa Hsggg

Va+n—k—2,,3(z) ’

<o)+

k
Jj=0
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from which we get that

ktl H HB‘“’”

G B R =2

Va+n—k—2,6( )
Thus (3) is true. Taking k = n — 1, the relation (233) yields
n LA et
logﬂ

Fel s f00)]+

j=1 VQ’B(Z) ’

which implies that

o)1) S sl [ #9004 [ £
j=1

Bish
Therefore,
n .
1Fllse , 30 [FDO)] +suprtasns(2) |10 z)]
log# =0 zeD
from which we get the desired result. U

For convenience, hereafter we assume that

(I)u,sD Z Cl (n— l) Bl A ( ( ) o 79O(Z—k-ﬁ—l)(z)) 7

where k € {0,...,n}. By Lemma I2, for every f € Blogf”

(Dg.f) ) (u L 6 w) (n)

ope . it o,

||M:

Hence

n
(2.4) D" (D},) =Y _ pe.C,D"
k=0
where D is the differentiation operator on H (D). Let « > 0, 5 > 0 and
m € Ny such that o +m > 1. For every f € Bﬁ‘)gﬁ with || f|| ga 5 <1 we
log
have

25 |IPEuf e = Z( 'O+ 2" (g

ue
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Fixing j € {1,...,n — 1}, by Lemma =2 we have
J

Z m+'“)(90(0))|

P20 0] =

!@\

J
l; Vatm+k-1,8(¢(0))
For j =0,

|(D20) )] = [u(0) £ (o(0))

[u(0)]
Va+m71,6(90(0)) '

N

Using (2H) we provide that
(26) |’D¢ uf“W(n) S C(OL,TL,T)’L) + “Dn Dm H

~

where, c¢(a,n,m) is a positive constant depending on a,n and m. Ac-
cording to Lemma 24, for k € {0,...,n}, the operator pmtk Bﬁ‘)gﬁ —

Bo‘+m+k is bounded. Therefore,

b k
| @i - coom ]

<[ )

¥ a+m+k
B —HP
log'[3 H'u

« oo
Blogﬁ —H

~Joiz

Hoo

b
s FH{ o0
Yat+m+k—1,8 H

and by (24)
@7 D" (Of)lge e S ||%07 - Cel,.
-

By relations (E8) and (EZ4) we have
(2.8)

D uHBa RS S cla,n,m +ZH¢ -G ’

k=0 V++/€15

.
V+ +k— 15_>Hu

oo
—HE

The relation (EB) gives a sufficient condition for D', : Bﬁ,gﬁ — W}(;z) to
be bounded.

In the next theorem we characterize the boundedness of D', : Bﬁ;gﬂ —
Wy

Theorem 2.5. Let u,p € H(D) such that (D) C D and p be an ar-
bitrary weight. Suppose that o > 0, § > 0 and m € Ng such that
a+m > 1. Then the following statements are equivalent.
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(i) Dy, - Bﬁ‘)gﬂ — W,Sn) is bounded;
(ii) 507’ valry ko€ {0,...,n}, @pr - Cyp o HYS = HY s
ounded;

Uy
(iii) For every k € {0,...,n}, sup (2|2 (2)|
2€

w1 = ) B

Proof. By Theorem [Tl and (2=8) the implications (i7) < (ii7) and (i7) =
(1) are valid.

Let D7, : Bﬁ)gﬁ — W;(Ln) be bounded. We show that (iii) is necessary.
For a fixed z € D and constants C1,...,Cy11, define

ntl i+1,0-+ 8 —B
N AR o
9z = Z Cj In © .
m-1 ) 1—lp(2)|

=t I] (a+j+1
=0

As pointed out in Section O, it follows that g, € Bf; gﬂ and

su o0 < oo.
ze]g ngHBigOB

Fix z € D and k € {0,...,n}. Applying the arguments of |33, Theorem
1], we may choose the constants C j, ..., Cpy1 and the function

. . —ﬁ
(RS (CARLE | en
= E n
gz,k m—1 ) 1 (Z)| 9

=1 [] (a+7+1 ’
1=0
satisfying
(m+k) =
gs plz)) = ’
(&) = — )
and
gm0 (p(2) = 0, € {0,...,n}\ (k).
Therefore,

u(2) (™ |01 (2)]

Va+m+k—1,8 (o(z

< igg HDZZU (gz,k) HW;(LH)

~

S P8

}BigBHW‘(Ln) '

from which we get

) ne) |2 (o
. sup < u
lo(2)|>3 Vatmtk—1,8(0(2)) »

| B2 s—Wi
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As in the proof of [I3, Theorem 1] for k£ € {0,...,n} one shows that

) |ee(z ‘ .
sup (= )| SIPGullse g
Thus
(2.10)
2) |ops(2)]
sup S up () [P £ IPFullgy wger

lp(2)|<1 Vatmik—1,8(¢(2))
Addition of (E9) and (P10) yields

u(z) [ ()
sup

zeD Va+m+k—1,ﬁ((p(z))

N HD%H%WW;M :

which completes the proof. O

3. ESSENTIAL NORM

In this section we estimate the essential norm of generalized weighted
composition operators from logarithmic Bloch type spaces to the n’th
weighted type spaces.

Let D2, : BY 5 — WL be bounded. Define A: BY , — Wi by

I
—

n l

A =Y (@3 O, feBrs.
: |

Il
o

Clearly, A € /c( o @,W,S")) and (Af)?) (0) = (D, )Y (0). For K €
K (B2 W) and f € BY .

| (P = A= K) g0 = Z{ 2uf =) (0) = (5D ()|

+ (@, - KN

o
n—1
=S [®HD©) + (2" (P2, - K)) £,
=0
Using (24) we obtain the following
HDSD:U - AH@;BIO;gB—)W;(Ln) K(B}HZ,W(M) HD (D - )HBO‘ —H
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e C,DM TR DK

KelC(Bla Y
= inf pe.c,pm - K
KelC(Bl o )
Accordingly,
(3.1) D uHeBa oW = =D u—AHe;Bigﬁﬁwﬁm
n
u,p m+k
> CoD
k=0 e;B’l"(‘)gﬁ—>’HZ‘3
n
<> ||opr-copmk
- Z k},TL ¥ e:Be —sF{oo
k=0 logh K
n
uyp
SZH@k,n 'Cw e;HEe SHE
k=0 P Voatm4k—1,8 H
The latter holds because D™ +F : Blo‘ = Hyo i1z 18 bounded. The

relation (BZ) gives an upper bound for the essential norm of D7, :

Bﬁ‘)gﬁ — W,Sn). In the preceding theorem, we show that

n
D%l e o = D |eps-c,
log k=0

Theorem 3.1. Let u,p € H(D) such that (D) C D and p be an arbi-
trary weight. Suppose that o > 0, 8 > 0, m € Ny such that a +m > 1
and D, : BY 5 — W,Sn) s bounded. Then

) og

. oo o0
e,’;'-[,,oHrerki176%7-[M

o S u(z) [ops(2)
o = im sup .

pulledy Wi L U Varmik-1,8(#(2))

Proof. Since D', : Blo:)gﬁ — Wﬁn) is bounded, Theorem [T and (BI)

imply that

n u(z) s (z)

n 1 '
A Dt Frwemsrarye =65

Now, let {2} be a sequence in D such that |¢(z)| > & and |¢(2)| — 1.
Fixing k € {0,...,n} and let h;;, = g, k, defined in the proof of Theorem

{3
Blogﬁ

Bﬁ‘)gﬁ —Hy
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23. Then, {h;;} is a bounded sequences in BIO:) ’Oﬁ which converges to

zero uniformly on compact subsets of D. Let M = sup||hjx|lz. and
! log?

K € K( lc:)g,g,wfﬁ)). It follows from [I5, Lemma 2.10] that

lim ||/ R gl oy = 0.
l—00

wi =
Thus

M D% = Kllge | pgo > limsp (D2, = K) b

> lim sup HDquhz,kHwﬁn) - li?if;lp [ K P e |

(n)
l—o00 Wi

n

> limsup p (%) Z hl(jzﬂ) (p(21)) (I)?,}f(zl)

) o () 815 ()|
= lim sup
l—o0 Vat+m+k—1,5 ((P(Zl))
) [0} ()|
= lim sup

w00 VYat+m4k—1,8 (SO(ZZ)).

Therefore

u(z) |28 )|
2 lim sup

HDZ:;uHe.Ba Hw(") ~ )
Blogs Wi ™ o(2) =1 Vatm+k-1,8(2(2))

which completes the proof. Il
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