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Approximate Duals of g-frames and Fusion Frames in Hilbert
C*—modules

Morteza Mirzaee Azandaryani

ABSTRACT. In this paper, we study approximate duals of g-frames
and fusion frames in Hilbert C* —modules. We get some relations
between approximate duals of g-frames and biorthogonal Bessel se-
quences, and using these relations, some results for approximate
duals of modular Riesz bases and fusion frames are obtained. More-
over, we generalize the concept of (Q—approximate duality of g-
frames and fusion frames to Hilbert C*—modules, where @ is an
adjointable operator, and obtain some properties of this kind of
approximate duals.

1. INTRODUCTION

Frames for Hilbert spaces were first introduced by Duffin and Scha-
effer [6] in 1952 to study some problems in nonharmonic Fourier series,
reintroduced in 1986 by Daubechies, Grossmann and Meyer [d]. Various
generalizations of frames have been introduced. Fusion frames [2] and
g-frames [I6] are two important generalizations of frames.

In [6], Frank and Larson presented a general approach to the frame
theory in Hilbert C*—modules. Also, fusion frames and g-frames have
been introduced in Hilbert C*-~modules (see [4]).

Approximate duality of frames in Hilbert spaces was recently inves-
tigated in [3] and it has been introduced for g-frames in Hilbert spaces
in [IT7]. Also, approximate duals of frames and g-frames have been
generalized to Hilbert C*—modules in [T3] (see also [I[4]). Moreover,
(Q—approximate duals for g-frames and fusion frames have been intro-
duced in [T3].
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In this paper, we obtain some new results about approximate du-
als and (Q—approximate duals of g-frames and fusion frames in Hilbert
C*—modules. First in the following section, we recall the definitions of
frames, g-frames and fusion frames in Hilbert C* —modules.

2. FRAMES, FUSION FRAMES AND g-FRAMES IN HILBERT
C*-MODULES

Suppose that 2 is a unital C*—algebra and FE is a left A-module
such that the linear structures of 2 and F are compatible. FE is a
pre-Hilbert 2-module if it is equipped with an 2—valued inner product
(.,.) : Ex E— 2, such that

(i) (ax + By, z) = a(x,z)+ B (y, z), for each o, € C and z,y, 2z €
E;

For each = € E, we define |z| = || (z,z) H% and |z| = <x,x)% If £
is complete with |.||, it is called a Hilbert 2-module or a Hilbert C*—
module over 2. We call Z(2() = {a € A : ab = ba, Vb € A}, the center
of 2. Note that if a € Z(), then a* € Z(), and if @ is an invertible
element of Z(2A), then a=! € Z(A), also if a is a positive element of

Z (), since a? is in the closure of the set of polynomials in a, we have

as € Z(2A). Let E and F be Hilbert 2-modules. An operator 7' : £ — F
is called adjointable if there exists an operator T : F' — FE such that
(T(x),y) = (x,T*(y)), for each x € E and y € F. Every adjointable
operator T is bounded and 2-linear (that is, T'(ax) = aT'(z) for each
xz € E and a € A). We denote the set of all adjointable operators from E
into F by £(F, F'). Note that £(F, E) is a C*—algebra and it is denoted
by £(E). For a unital C*-algebra 2, £2(I,21) which is defined by

(1,) = {{ai}ig CA: Zaiai* converges in H||} ,
iel
is a Hilbert 2-module with inner product
aitier, {bitier) = aib;.
el
A Hilbert 2-module FE is finitely generated if there exists a finite set
{z1,...,2,} C F such that every element = € F can be expressed as

an 2-linear combination = Y " | a;x;, a; € A. A Hilbert 2-module F
is countably generated if there exists a countable set {x;};c; C E such
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that E equals the norm-closure of the 2-linear hull of {x;};c;. For more
details about Hilbert C*~modules, see [IZ].

Let E be a Hilbert 2-module. A family F = {f;};c; C E is a frame
for E, if there exist real constants 0 < Ar < Br < oo, such that for
each x € F,

(2.1) Ap(w,2) <> (z, fi) (fi,x) < Br (2,1),
1€l

i.e., there exist real constants 0 < Ar < Br < 0o, such that the series
Y icr {x, fi) (fi, x) converges in the ultraweak operator topology to some
element in the universal enveloping Von Neumann algebra of 2 such
that the inequality holds, for each x € E. The numbers Ar and Br
are called the lower and upper bounds of the frame, respectively. In
this case we call it an (Ar, Br) frame. If only the second inequality is
required, we call it a Bessel sequence. If the sum in () converges in
norm, the frame is called standard.

For a standard Bessel sequence F = { f; };c; with an upper bound B,
the operator T : £2(I,21) — E defined by

T]: {GZ}ZEI Zazfz

el

is called the synthesis operator of F. It is adjointable with T%(x) =
{(=, fi) }ier and ||TF|| < /Br. T% is the analysis operator of 7. Now
we define the operator Sr : F — F by

Sr(x) = TFrTr(x)
el
If F is a standard (Ar, Br) frame, then Ar.Idg < Sy < Br.Idg. The
operator Sr is called the frame operator of F. Let F = {f;}ic; and
G = {gi}ier be standard Bessel sequences in E. Then we say that G is

an alternate dual or a dual of F, if z = Y .; (z, fi) g or equivalently
=3 .cr(x,9) fi, for each 2 € E (see [[d, Proposition 3.8]).

It is easy to see that if Fis an (Ar, Br) standard frame, then F =
{S7 Lt Yier is an (Bl ) A ) standard frame with

el

= (@, £y S i

el

for each z € E. Hence F = {S]__-l fi}ier is adual of F called the canonical
dual of F.
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Note that a closed submodule M of E is orthogonally complemented
if £ = M @ M=. In this case my; € £(E, M), where mps : E — M is the
orthogonal projection onto M.

Suppose that {w; : i € I} C 2 is a family of weights, i.e., each w;
is a positive, invertible element of the center of 2, and {W; : i € I} is
a family of orthogonally complemented submodules of ££. Then W =
{(W;,wi) }ier is a fusion frame if there exist real constants 0 < Ayy <
Byy < oo such that

Aw (z,2) < wf (mw; (), T, ()
i€l
S BW <$7 £U> )

for each x € E. In this case we call it an (Ayy, Byy) fusion frame. If we
only require to have the upper bound, then W = {(W;,w;) }icr is called
a Bessel fusion sequence with upper bound Byy.

Note that if {E; : i € I} is a sequence of Hilbert 2-modules, then
@;ecr E; which is the set

1
{{:Ui}ie[ LI € Ei, {<xi’xi>2}'el € ZQ(I,Q[)} R
(2
is a Hilbert 2-—module with pointwise operations and 2A-valued inner
product
({zitier, {yitier) = Z (i, i) -
1€l
If E; = E, for each i € I, then @;c;E; is denoted by ¢2(I, E).
A sequence A = {A; € &(E,E;) : i € I} is called a g-frame for E with
respect to {E; : i € I} if there exist positive constants Ay, By with
AA (.T, $> S Z <Azx7 Azx> S BA <IL’,IL’> )
i€l
for each z € E. In this case, we call it an (Ap, Bp) g-frame. If only
the second inequality is required, then A is called a g-Bessel sequence.
Note that standard fusion frames and g-frames are defined similar to

the standard frames. For a standard g-Bessel sequence A, the operator
Ty : ®PicrF; — E which is defined by

T ({witier) = Y Af(wi),
el
is called the synthesis operator of A. T} is adjointable with T (z) =
{A;z}ier. Now we define the operator Sy : E — E by
Sax = TE\Tx(z)

=> AfAi(x).

el



APPROXIMATE DUALS OF g-FRAMES AND FUSION FRAMES IN ... 139

If A is a standard (Ap, Bp) g-frame, then Ap.Idg < Sy < Bp.Idg. The
operator Sy is called the g-frame operator of A.

Recall that if A = {A;}ier and T' = {I';};c; are standard g—Bessel
sequences such that ), ; I'iA;z = z or equivalently » ,; AiTx = =,
for each x € E, then I" (resp. A) is called a g-dual of A (resp. I).

It is easy to see that if W = {(W;,w;) }ier is a standard Bessel fusion
sequence (resp. a standard fusion frame), then Ayy = {w;mw, }icr, where
mw, is the orthogonal projection on W;, is a standard g-Bessel sequence
(resp. a standard g-frame). We say that W = {(W;,w;) }ier is a dual
of V = {(‘/;',’Ui)}iej if AW = {Wiﬂ'Wi}iEI is a g—dual of AV = {Uz'ﬂ'Vi}iEI'
Also it is easy to see that if F = {f;}icr is a standard Bessel sequence
(resp. a standard frame), then Ax = {Ay,}icr, where Ay, + E — 2,
As,(f) = (f, fi), is a standard g-Bessel sequence (resp. a standard g-
frame) and G = {g; }icr C E is a dual of F if Ag is a g-dual of Ar.

For more results about frames, fusion frames and g-frames in Hilbert
C*—modules, see [G, [, 9, I7].

In the present paper, all C*—algebras are unital and all Hilbert C*—
modules are finitely or countably generated. All frames, fusion frames,
g-frames and Bessel sequences are standard. Throughout this paper
A={A € &EE;) i€ I}and ' = {I'; € £E,E;) : i € I} are
standard g-Bessel sequences with upper bounds By and Br, respectively.
Also W = {(W;,w;) }ier and V = {(Vi, v;) }ier are standard Bessel fusion
sequences for E with upper bounds Byy and By, respectively.

3. APPROXIMATE DULAS OF g-FRAMES AND BIORTHOGONAL BESSEL
SEQUENCES

First we recall the definition of approximate duality for g-frames in
Hilbert C*—modules from [I3].

Definition 3.1. (i) Let A and I be two standard g-Bessel sequences
and Spp = TrTpa*. Then A and T' are approximately dual g-
frames if ||Idg — Sral| < 1 or equivalently ||[Idg — Sar| < 1.
In this case, we say that I' (resp. A) is an approximate dual
g-frame or an approximate g-dual of A (resp. T').

(ii) Let W and V be standard Bessel fusion sequences. Then we say
that W is an approximate dual of V if Ayy is an approximate
g-dual of Ay.

(iii) Two standard Bessel sequences F and G are approximately
dual frames if Ar and Ag are approximately dual g-frames,
ie., |[Idg — Sagar|| < 1. We denote Sy a- by Sgr.
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Since || Idg — Sar|| < 1, we obtain that Syr is invertible with
o
Sar ' = Z (Idg — Sar)".
n=0

Now for each f € FE, we have the following reconstruction formulas:

oo o0
f= Z Sar(Idg — Sar)" f, f= Z (Idg — Sar)"Sarf.
n=0 n=0
It is also obtained from Theorem 3.2 in [I3] that if A and I" are approxi-
mately dual g-frames, then A and I' are standard g-frames. The similar
results hold for Bessel sequences and Bessel fusion sequences.
Recall that {f;}icr, {gi}ier C E are called biorthogonal if (f;, gj) = 0,
for i # j and (f;, g;) = Lot
In the following theorem F; = {fi;}jes,, Fi' = {fj;}jes; and G; =
{9ij}jecs. Gi' = {ggj }jes; are standard Bessel sequences for E; such that
the sequence of their upper bounds is bounded above.

Theorem 3.2. Assume that F;' and G;' are duals of F; and G;, respec-
tively such that F, and G, are biorthogonal for each i € I. Then T' is

a g-dual (an approzimate g-dual) of A if and only if {I'} gij}icr jes; is a
dual (resp. an approzimate dual) of {A fi;}tier jes,-

Proof. Let B = sup;c;{Br,}. Then for each f € E, we have

DD AN L)Y (N g 1) = D2 D (N fig) (figs Aif)

el jed; el jed;

<D Br (Aif, Aif)H
el

< BBy|If
Hence, Theorem 2.6 in [I] implies that F = {A7 fij}icrjes; is a stan-
dard Bessel sequence. Similarly, G = {I'}g;; }icr jes is a standard Bessel
sequence. Now we have

Sraf = ZFf Z (Nif, fig) fi;

i€l jeJd;

=N N F) TS

iel jGJi

=SOST WA ENTES (i) gin

i€l jeJ; keld;
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- Z Z Z (Aif, fig) <fi/jvg£k> L' gin

il jeJ; ked;

=" (A i) Tigi

iel jEJi
= Sgr/f.
Therefore Spp = Idg if and only if Sgr = Idgp and ||Spp — Idg|| < 1 if
and only if ||Sgr — Idg]|| < 1. O

In the following corollary, which is a generalization of Proposition
3.2 in (5] to Hilbert C*—~modules, F; = {fij}jes.Fi' = {fi;}jes and
Gi = {9ij}jes;» G = {9i;}jes; ave standard Bessel sequences for W; and
Vi, respectively such that the sequence of their upper bounds is bounded
above.

Corollary 3.3. Assume that F;' and G;' are duals of F; and G;, respec-
tively such that F| and G, are biorthogonal for each i € I. ThenV is an
approzimate dual (resp. a dual) of W if and only if {vigij }icr jes, is an

approzimate dual (resp. a dual) of {w;fij}icr jer, -

Proof. Tt is enough to consider in Theorem B2, T' = {T';};c; with T'; =
vimy, and A = {A;}ier with A; = wimw,. O

Modular Riesz bases in Hilbert C*~modules were introduced in [I].

Definition 3.4. A standard frame {f;};c; for F is a modular Riesz
basis if it has the following property:

if an ™A-linear combination ) ;- a; f; with coefficients {a; : 1 € K} C 2
and K C [ is equal to zero, then a; = 0, for each 7 € K.

Proposition 3.5. Suppose that F; = {fij}jcs, is a modular Riesz basis
for E; with sup;c{Br,} < co. ThenT is a g-dual (resp. an approximate
g-dual) of A if and only if {F:ff;j}iel’jeJi is a dual (resp. an approrimate
dual) of {Aj fij}ier jeu;-

Proof. First we show that {f;;}jes, and { f;j}je J; are biorthogonal, for
each i € I. Let ¢ € I and jy € J;. Then we have

fijo = Z <fijo’5;‘ilfij> fij,

Jje€Ji

Z aijfij =0,

JE€Ji

SO
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where aij = <fij0’5;i1fij>v for each j 75 j() and aijo = <fij078_;'i1fij0> —
lg. Since F; is a modular Riesz basis, the equality

> aiifij =0,

JE€J;
implies that <fij0,5’;i1fij> = 0, for every j # jo and <fij0, S]__-ilf,;j0> =
1lg. This means that F; and F; are biorthogonal. Now the result
follows from Theorem B2 by considering F; = {fij}jes, = G/ and

Gi = {fisYjen = Fi. O
Definition 3.6. Let H be a Hilbert space. We say that {f;}icsr is a

Riesz basis for H, if it is complete in H and there exist two constants
0 < A< B < 00, such that

AZ ’Ci|2 S

el

2
S BZ ‘Ci’Q,

ieF

Zcifi

ieF

for each sequence of scalars {c;}icr, where F' is a finite subset of I.

It is easy to see that modular Riesz bases coincide with Riesz bases
in Hilbert spaces, so using the above proposition, we get the following
result.

Corollary 3.7. Suppose that H is a Hilbert space and F; = {fij}jc,
is a Riesz basis for a Hilbert space H; with sup,c{Br,} < oo. Then
{T'; € £(H, H;)}ier is a g-dual (resp. an approzimate g-dual) of {A; €
L(H,H;) : i € I} if and only if {Fff;‘j}iel,jeJ,- is a dual (resp. an
approzimate dual) of {Af fij}ier jer,-

Also, Proposition B3 implies the following result which is a general-
ization of Corollary 3.1 in [15] to Hilbert C*—modules.

Corollary 3.8. Suppose that { fi;}jes, is a modular Riesz basis for W;
with upper bound B; and sup;c{B;} < co. Then W is an approzimate
dual (resp. a dual) of itself if and only if {w;fij}icr jes, is an approxi-
mate dual (resp. a dual) of {w; fijtier je -

Proof. 1t is enough to consider in Proposition BH, I' = {I';};c; and
A= {Ai}ie[ with I'; = A; = Wi T, - [l

4. (Q—APPROXIMATE DUALS OF g-FRAMES AND FUSION FRAMES IN
HILBERT C* —MODULES

(Q—approximate duals of g-frames and fusion frames in Hilbert spaces
were introduced in [I5]. In this section, we generalize the concept
of Q—approximate duality of g-frames and fusion frames to Hilbert
C*—modules.
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Definition 4.1. Let A and I" be standard g-Bessel sequences for E.

(i) If there exists an operator @ € £(®;erE;) such that TAQT} =
Idg, then A is called a Q—dual of T.

(ii) If there exists an operator @ € £(®;crE;) such that | TAQTT —
Idg| < 1, then A is called a Q—approximate dual of T'.

Note that if A is an approximate g-dual (resp. a g-dual) of ', then A
is a @—approximate dual (resp. Q—dual) of I' with Q = Id(g,_, ,)-

The following result is a generalization of Theorem 3.1 in [IH] to
Hilbert C*—modules.

Theorem 4.2. Let A and I" be standard g-Bessel sequences for E. If A
1s a Q—approximate dual of ', then

() IT7Q T — Idg] < 1.

(ii) T3 is injective and TpQ is surjective.
(iii) T} is injective and TrQ* is surjective.
(iv) A and I are standard g-frames.

Proof. (i) We have
1TrQ*Ty — Idg|| = [(TAQTY — Idg)*||
= |TAQTY — IdEgl|
< 1.

(ii) Since ||TAQT{ — Idg|| < 1, by the Newmann algorithm Th QT
is invertible. Hence T is injective and T Q) is surjective.

(iii) We can obtain the result similar to (ii) using part (i).

(iv) Let Sagr = TaQT}. Then Sior = Srg+a and since | Saqr —
Idg|| <1, Spagr and Spg«a are invertible. Now for each f € E,
we have

111 = || SpbeaSre-af|

< ||Srgeal| 1Sr@=afll

— S;é*A (sup (SFQ*Afag>||>

|
llgll=1

s Sfé*/\ (sup ”(Q*({Aif}iel)vakgH)

llgll=1

Srqea|[ 1Q7 I HAf Yier 2|7

IN
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<+/Br HSF_Ql*A

1
2
Iyl HZ (Aif, Az-f>H .
=y
Thus
1
Brl[ St a PIQ7 P |

Now, Theorem 3.1 in [I'7] yields that A is a standard g-frame. Simi-
larly, we can see that I' is a standard g-frame. O

IAIZ < 1D (Aif, Af)

i€l

Now we introduce Q—approximate duality for standard Bessel fusion
sequences in Hilbert C* —modules.

Definition 4.3. Let YW and V be standard Bessel fusion sequences for
E.
(i) If there exists an operator @ € £(¢*(I, E)) such thatT},,, QTR =
Idg, then W is called a @Q—dual of V.
(ii) If there exists an operator Q € £(¢?(I, E)) such that || Th,,, QTY,—
Idg|| < 1, then W is called a Q—approximate dual of V.

As a consequence of Theorem B2, we get the following result which
is a generalization of Lemma 3.2 in [8] and Theorem 3.2 in [IH] to the
approximate duality of fusion frames in Hilbert C*—modules.

Theorem 4.4. Let W and V be standard Bessel fusion sequences for E.
If W is a Q—approzimate dual of V, then
(i) [ITa,Q"T},, — Idell < 1.
(i) T3, s injective and Th,, @ is surjective.
(iii) Ty, 1s injective and Th,,Q" is surjective.
(iv) W and V are standard fusion frames.
In the following result, 7; = { fi;}jes, and G; = {gij};ec, are standard

Bessel sequences for E; such that the sequence of their upper bounds is
bounded from above.

Theorem 4.5. If Q) is defined by

Q{hitier) =3 > (his fis) 915 ¢
Jjedi iel
for each {h;}icr € Bic1Ei, then Q € £(DicrE;) and the following state-
ments are equivalent:
(i) T is a Q—approximate g-dual (resp. Q—g-dual) of A.
(i) G = {Tfgijtierjes; s an approvimate dual (resp. a dual) of
F =A{A] fijtierjes:-
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Proof. For each i € I, we have

Sgrhi =Y (b, fij) 9ij
Jj€J;

where 1§, is the synthesis operator of G;. Hence

I1Sg.7|l < \/Bg,Br, < VBD,
where B = sup;c;{Br,} and D = sup;c{Bg,}. Thus

Z (Sg, 7. hi, Sg,7,hi) < B, Bg, Z (hi, hi)
el el
< BD|[{hi}iet ;-

Therefore Q({hi}icr) = {Sg, 7 hi}ier is well-defined with ||Q| < v BD.
Now for each f € H

TrQTRf =Tr | Y (£, ] fis) 9ij
Jj€J;
=D > (LA fi) Tigi
il jeJ;
= Sgrf.

Thus ||[Tr QT — Idg| < 1 (resp. TrQT) = Idg) if and only if ||Sgr —
Idg|| < 1 (resp. Sgr = Idg). O

In the following corollary, which is a generalization of Theorem 3.12
in [R] and Proposition 3.3 in [IH] to the approximate duality of fusion
frames in Hilbert C*—modules, F; = {fi;j}jes, and G; = {gij}je,, are
standard Bessel sequences for W; and V;, respectively such that the
sequence of their upper bounds is bounded above.

Corollary 4.6. Suppose that @) is defined by

Q{hitier) = > (hi, fij) gij ;
J€Ji iel
for each {h;}icr € C*(I,E). Then Q € £(¢*(I,E)) and the following
conditions are equivalent:
(1) {vigijtierjes; is an approzimate dual of {wifi;}ier je;-
(i) V = {(Vi,vi) Yier is a Q—approzimate dual of W = {(W, wi) tier-
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