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Approximate Duals of g-frames and Fusion Frames in Hilbert

C∗−modules

Morteza Mirzaee Azandaryani

Abstract. In this paper, we study approximate duals of g-frames
and fusion frames in Hilbert C∗−modules. We get some relations
between approximate duals of g-frames and biorthogonal Bessel se-
quences, and using these relations, some results for approximate
duals of modular Riesz bases and fusion frames are obtained. More-
over, we generalize the concept of Q−approximate duality of g-
frames and fusion frames to Hilbert C∗−modules, where Q is an
adjointable operator, and obtain some properties of this kind of
approximate duals.

1. Introduction

Frames for Hilbert spaces were first introduced by Duffin and Scha-
effer [5] in 1952 to study some problems in nonharmonic Fourier series,
reintroduced in 1986 by Daubechies, Grossmann and Meyer [4]. Various
generalizations of frames have been introduced. Fusion frames [2] and
g-frames [16] are two important generalizations of frames.

In [6], Frank and Larson presented a general approach to the frame
theory in Hilbert C∗–modules. Also, fusion frames and g-frames have
been introduced in Hilbert C∗–modules (see [9]).

Approximate duality of frames in Hilbert spaces was recently inves-
tigated in [3] and it has been introduced for g-frames in Hilbert spaces
in [11]. Also, approximate duals of frames and g-frames have been
generalized to Hilbert C∗−modules in [13] (see also [14]). Moreover,
Q−approximate duals for g-frames and fusion frames have been intro-
duced in [15].
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In this paper, we obtain some new results about approximate du-
als and Q−approximate duals of g-frames and fusion frames in Hilbert
C∗−modules. First in the following section, we recall the definitions of
frames, g-frames and fusion frames in Hilbert C∗−modules.

2. Frames, Fusion Frames and g-frames in Hilbert
C∗-modules

Suppose that A is a unital C∗–algebra and E is a left A–module
such that the linear structures of A and E are compatible. E is a
pre-Hilbert A–module if it is equipped with an A–valued inner product
⟨., .⟩ : E × E → A, such that

(i) ⟨αx+ βy, z⟩ = α ⟨x, z⟩+β ⟨y, z⟩, for each α, β ∈ C and x, y, z ∈
E;

(ii) ⟨ax, y⟩ = a ⟨x, y⟩, for each a ∈ A and x, y ∈ E;
(iii) ⟨x, y⟩ = ⟨y, x⟩∗, for each x, y ∈ E;
(iv) ⟨x, x⟩ ≥ 0, for each x ∈ E and if ⟨x, x⟩ = 0, then x = 0.

For each x ∈ E, we define ∥x∥ = ∥ ⟨x, x⟩ ∥
1
2 and |x| = ⟨x, x⟩

1
2 . If E

is complete with ∥.∥, it is called a Hilbert A–module or a Hilbert C∗–
module over A. We call Z(A) = {a ∈ A : ab = ba,∀b ∈ A}, the center
of A. Note that if a ∈ Z(A), then a∗ ∈ Z(A), and if a is an invertible
element of Z(A), then a−1 ∈ Z(A), also if a is a positive element of

Z(A), since a
1
2 is in the closure of the set of polynomials in a, we have

a
1
2 ∈ Z(A). Let E and F be Hilbert A–modules. An operator T : E → F

is called adjointable if there exists an operator T ∗ : F → E such that
⟨T (x), y⟩ = ⟨x, T ∗(y)⟩, for each x ∈ E and y ∈ F . Every adjointable
operator T is bounded and A–linear (that is, T (ax) = aT (x) for each
x ∈ E and a ∈ A). We denote the set of all adjointable operators from E
into F by L(E,F ). Note that L(E,E) is a C∗–algebra and it is denoted
by L(E). For a unital C∗–algebra A, ℓ2(I,A) which is defined by

ℓ2(I,A) =

{
{ai}i∈I ⊆ A :

∑
i∈I

aiai
∗ converges in ∥.∥

}
,

is a Hilbert A–module with inner product

⟨{ai}i∈I , {bi}i∈I⟩ =
∑
i∈I

aib
∗
i .

A Hilbert A–module E is finitely generated if there exists a finite set
{x1, . . . , xn} ⊆ E such that every element x ∈ E can be expressed as
an A–linear combination x =

∑n
i=1 aixi, ai ∈ A. A Hilbert A–module E

is countably generated if there exists a countable set {xi}i∈I ⊆ E such
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that E equals the norm-closure of the A–linear hull of {xi}i∈I . For more
details about Hilbert C∗–modules, see [12].

Let E be a Hilbert A–module. A family F = {fi}i∈I ⊆ E is a frame
for E, if there exist real constants 0 < AF ≤ BF < ∞, such that for
each x ∈ E,

(2.1) AF ⟨x, x⟩ ≤
∑
i∈I

⟨x, fi⟩ ⟨fi, x⟩ ≤ BF ⟨x, x⟩ ,

i.e., there exist real constants 0 < AF ≤ BF < ∞, such that the series∑
i∈I ⟨x, fi⟩ ⟨fi, x⟩ converges in the ultraweak operator topology to some

element in the universal enveloping Von Neumann algebra of A such
that the inequality holds, for each x ∈ E. The numbers AF and BF
are called the lower and upper bounds of the frame, respectively. In
this case we call it an (AF , BF ) frame. If only the second inequality is
required, we call it a Bessel sequence. If the sum in (2.1) converges in
norm, the frame is called standard.

For a standard Bessel sequence F = {fi}i∈I with an upper bound BF ,
the operator TF : ℓ2(I,A) → E defined by

TF ({ai}i∈I) =
∑
i∈I

aifi

is called the synthesis operator of F . It is adjointable with T ∗
F (x) =

{⟨x, fi⟩}i∈I and ∥TF∥ ≤
√
BF . T ∗

F is the analysis operator of F . Now
we define the operator SF : E → E by

SF (x) = TFT
∗
F (x)

=
∑
i∈I

⟨x, fi⟩ fi.

If F is a standard (AF , BF ) frame, then AF .IdE ≤ SF ≤ BF .IdE . The
operator SF is called the frame operator of F . Let F = {fi}i∈I and
G = {gi}i∈I be standard Bessel sequences in E. Then we say that G is
an alternate dual or a dual of F , if x =

∑
i∈I ⟨x, fi⟩ gi or equivalently

x =
∑

i∈I ⟨x, gi⟩ fi, for each x ∈ E (see [7, Proposition 3.8]).

It is easy to see that if F is an (AF , BF ) standard frame, then F̃ =
{S−1

F fi}i∈I is an ( 1
BF

, 1
AF

) standard frame with

x =
∑
i∈I

⟨
x, S−1

F fi
⟩
fi

=
∑
i∈I

⟨x, fi⟩S−1
F fi,

for each x ∈ E. Hence F̃ = {S−1
F fi}i∈I is a dual of F called the canonical

dual of F .
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Note that a closed submodule M of E is orthogonally complemented
if E = M ⊕M⊥. In this case πM ∈ L(E,M), where πM : E → M is the
orthogonal projection onto M .

Suppose that {ωi : i ∈ I} ⊆ A is a family of weights, i.e., each ωi

is a positive, invertible element of the center of A, and {Wi : i ∈ I} is
a family of orthogonally complemented submodules of E. Then W =
{(Wi, ωi)}i∈I is a fusion frame if there exist real constants 0 < AW ≤
BW < ∞ such that

AW ⟨x, x⟩ ≤
∑
i∈I

ω2
i ⟨πWi(x), πWi(x)⟩

≤ BW ⟨x, x⟩ ,
for each x ∈ E. In this case we call it an (AW , BW) fusion frame. If we
only require to have the upper bound, then W = {(Wi, ωi)}i∈I is called
a Bessel fusion sequence with upper bound BW .

Note that if {Ei : i ∈ I} is a sequence of Hilbert A–modules, then
⊕i∈IEi which is the set{

{xi}i∈I : xi ∈ Ei,
{
⟨xi, xi⟩

1
2

}
i∈I

∈ ℓ2(I,A)
}
,

is a Hilbert A–module with pointwise operations and A-valued inner
product

⟨{xi}i∈I , {yi}i∈I⟩ =
∑
i∈I

⟨xi, yi⟩ .

If Ei = E, for each i ∈ I, then ⊕i∈IEi is denoted by ℓ2(I, E).
A sequence Λ = {Λi ∈ L(E,Ei) : i ∈ I} is called a g-frame for E with

respect to {Ei : i ∈ I} if there exist positive constants AΛ, BΛ with

AΛ ⟨x, x⟩ ≤
∑
i∈I

⟨Λix,Λix⟩ ≤ BΛ ⟨x, x⟩ ,

for each x ∈ E. In this case, we call it an (AΛ, BΛ) g-frame. If only
the second inequality is required, then Λ is called a g-Bessel sequence.
Note that standard fusion frames and g-frames are defined similar to
the standard frames. For a standard g-Bessel sequence Λ, the operator
TΛ : ⊕i∈IEi → E which is defined by

TΛ ({xi}i∈I) =
∑
i∈I

Λ∗
i (xi),

is called the synthesis operator of Λ. TΛ is adjointable with T ∗
Λ(x) =

{Λix}i∈I . Now we define the operator SΛ : E → E by

SΛx = TΛT
∗
Λ(x)

=
∑
i∈I

Λ∗
iΛi(x).
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If Λ is a standard (AΛ, BΛ) g-frame, then AΛ.IdE ≤ SΛ ≤ BΛ.IdE . The
operator SΛ is called the g-frame operator of Λ.

Recall that if Λ = {Λi}i∈I and Γ = {Γi}i∈I are standard g−Bessel
sequences such that

∑
i∈I Γ

∗
iΛix = x or equivalently

∑
i∈I Λ

∗
iΓix = x,

for each x ∈ E, then Γ (resp. Λ) is called a g-dual of Λ (resp. Γ).
It is easy to see that if W = {(Wi, ωi)}i∈I is a standard Bessel fusion

sequence (resp. a standard fusion frame), then ΛW = {ωiπWi}i∈I , where
πWi is the orthogonal projection on Wi, is a standard g-Bessel sequence
(resp. a standard g-frame). We say that W = {(Wi, ωi)}i∈I is a dual
of V = {(Vi, υi)}i∈I if ΛW = {ωiπWi}i∈I is a g-dual of ΛV = {υiπVi}i∈I .
Also it is easy to see that if F = {fi}i∈I is a standard Bessel sequence
(resp. a standard frame), then ΛF = {Λfi}i∈I , where Λfi : E → A,
Λfi(f) = ⟨f, fi⟩, is a standard g-Bessel sequence (resp. a standard g-
frame) and G = {gi}i∈I ⊆ E is a dual of F if ΛG is a g-dual of ΛF .

For more results about frames, fusion frames and g-frames in Hilbert
C∗–modules, see [6, 1, 9, 17].

In the present paper, all C∗–algebras are unital and all Hilbert C∗–
modules are finitely or countably generated. All frames, fusion frames,
g-frames and Bessel sequences are standard. Throughout this paper
Λ = {Λi ∈ L(E,Ei) : i ∈ I} and Γ = {Γi ∈ L(E,Ei) : i ∈ I} are
standard g-Bessel sequences with upper bounds BΛ and BΓ, respectively.
Also W = {(Wi, ωi)}i∈I and V = {(Vi, υi)}i∈I are standard Bessel fusion
sequences for E with upper bounds BW and BV , respectively.

3. Approximate Dulas of g-frames and Biorthogonal Bessel
Sequences

First we recall the definition of approximate duality for g-frames in
Hilbert C∗−modules from [13].

Definition 3.1. (i) Let Λ and Γ be two standard g-Bessel sequences
and SΓΛ = TΓTΛ

∗. Then Λ and Γ are approximately dual g-
frames if ∥IdE − SΓΛ∥ < 1 or equivalently ∥IdE − SΛΓ∥ < 1.
In this case, we say that Γ (resp. Λ) is an approximate dual
g-frame or an approximate g-dual of Λ (resp. Γ).

(ii) Let W and V be standard Bessel fusion sequences. Then we say
that W is an approximate dual of V if ΛW is an approximate
g-dual of ΛV .

(iii) Two standard Bessel sequences F and G are approximately
dual frames if ΛF and ΛG are approximately dual g-frames,
i.e., ∥IdE − SΛGΛF∥ < 1. We denote SΛGΛF by SGF .
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Since ∥IdE − SΛΓ∥ < 1, we obtain that SΛΓ is invertible with

SΛΓ
−1 =

∞∑
n=0

(IdE − SΛΓ)
n.

Now for each f ∈ E, we have the following reconstruction formulas:

f =
∞∑
n=0

SΛΓ(IdE − SΛΓ)
nf, f =

∞∑
n=0

(IdE − SΛΓ)
nSΛΓf.

It is also obtained from Theorem 3.2 in [13] that if Λ and Γ are approxi-
mately dual g-frames, then Λ and Γ are standard g-frames. The similar
results hold for Bessel sequences and Bessel fusion sequences.

Recall that {fi}i∈I , {gi}i∈I ⊆ E are called biorthogonal if ⟨fi, gj⟩ = 0,
for i ̸= j and ⟨fi, gi⟩ = 1A.

In the following theorem Fi = {fij}j∈Ji , Fi
′ = {f ′

ij}j∈Ji and Gi =

{gij}j∈Ji , Gi
′ = {g′ij}j∈Ji are standard Bessel sequences for Ei such that

the sequence of their upper bounds is bounded above.

Theorem 3.2. Assume that Fi
′ and Gi

′ are duals of Fi and Gi, respec-
tively such that F ′

i and G′
i are biorthogonal for each i ∈ I. Then Γ is

a g-dual (an approximate g-dual) of Λ if and only if {Γ∗
i gij}i∈I,j∈Ji is a

dual (resp. an approximate dual) of {Λ∗
i fij}i∈I,j∈Ji.

Proof. Let B = supi∈I{BFi}. Then for each f ∈ E, we have∥∥∥∥∥∥
∑
i∈I

∑
j∈Ji

⟨f,Λ∗
i fij⟩ ⟨Λ∗

i fij , f⟩

∥∥∥∥∥∥ =

∥∥∥∥∥∥
∑
i∈I

∑
j∈Ji

⟨Λif, fij⟩ ⟨fij ,Λif⟩

∥∥∥∥∥∥
≤

∥∥∥∥∥∑
i∈I

BFi ⟨Λif,Λif⟩

∥∥∥∥∥
≤ BBΛ∥f∥2.

Hence, Theorem 2.6 in [1] implies that F = {Λ∗
i fij}i∈I,j∈Ji is a stan-

dard Bessel sequence. Similarly, G = {Γ∗
i gij}i∈I,j∈J is a standard Bessel

sequence. Now we have

SΓΛf =
∑
i∈I

Γ∗
i

∑
j∈Ji

⟨Λif, fij⟩ f ′
ij


=
∑
i∈I

∑
j∈Ji

⟨Λif, fij⟩Γ∗
i f

′
ij

=
∑
i∈I

∑
j∈Ji

⟨Λif, fij⟩Γ∗
i

∑
k∈Ji

⟨
f ′
ij , g

′
ik

⟩
gik
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=
∑
i∈I

∑
j∈Ji

∑
k∈Ji

⟨Λif, fij⟩
⟨
f ′
ij , g

′
ik

⟩
Γ∗
i gik

=
∑
i∈I

∑
j∈Ji

⟨f,Λ∗
i fij⟩Γ∗

i gij

= SGFf.

Therefore SΓΛ = IdE if and only if SGF = IdE and ∥SΓΛ − IdE∥ < 1 if
and only if ∥SGF − IdE∥ < 1. □

In the following corollary, which is a generalization of Proposition
3.2 in [15] to Hilbert C∗−modules, Fi = {fij}j∈Ji ,Fi

′ = {f ′
ij}j∈Ji and

Gi = {gij}j∈Ji , Gi
′ = {g′ij}j∈Ji are standard Bessel sequences for Wi and

Vi, respectively such that the sequence of their upper bounds is bounded
above.

Corollary 3.3. Assume that Fi
′ and Gi

′ are duals of Fi and Gi, respec-
tively such that F ′

i and G′
i are biorthogonal for each i ∈ I. Then V is an

approximate dual (resp. a dual) of W if and only if {υigij}i∈I,j∈Ji is an
approximate dual (resp. a dual) of {ωifij}i∈I,j∈Ji.

Proof. It is enough to consider in Theorem 3.2, Γ = {Γi}i∈I with Γi =
υiπVi and Λ = {Λi}i∈I with Λi = ωiπWi . □

Modular Riesz bases in Hilbert C∗–modules were introduced in [10].

Definition 3.4. A standard frame {fi}i∈I for E is a modular Riesz
basis if it has the following property:
if an A-linear combination

∑
i∈K aifi with coefficients {ai : i ∈ K} ⊆ A

and K ⊆ I is equal to zero, then ai = 0, for each i ∈ K.

Proposition 3.5. Suppose that Fi = {fij}j∈Ji is a modular Riesz basis
for Ei with supi∈I{BFi} < ∞. Then Γ is a g-dual (resp. an approximate

g-dual) of Λ if and only if {Γ∗
i f̃ij}i∈I,j∈Ji is a dual (resp. an approximate

dual) of {Λ∗
i fij}i∈I,j∈Ji.

Proof. First we show that {fij}j∈Ji and {f̃ij}j∈Ji are biorthogonal, for
each i ∈ I. Let i ∈ I and j0 ∈ Ji. Then we have

fij0 =
∑
j∈Ji

⟨
fij0 , S

−1
Fi

fij

⟩
fij ,

so ∑
j∈Ji

aijfij = 0,
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where aij =
⟨
fij0 , S

−1
Fi

fij

⟩
, for each j ̸= j0 and aij0 =

⟨
fij0 , S

−1
Fi

fij0

⟩
−

1A. Since Fi is a modular Riesz basis, the equality∑
j∈Ji

aijfij = 0,

implies that
⟨
fij0 , S

−1
Fi

fij

⟩
= 0, for every j ̸= j0 and

⟨
fij0 , S

−1
Fi

fij0

⟩
=

1A. This means that Fi and F̃i are biorthogonal. Now the result
follows from Theorem 3.2 by considering Fi = {fij}j∈Ji = Gi

′ and

Gi = {f̃ij}j∈Ji = Fi
′. □

Definition 3.6. Let H be a Hilbert space. We say that {fi}i∈I is a
Riesz basis for H, if it is complete in H and there exist two constants
0 < A ≤ B < ∞, such that

A
∑
i∈F

|ci|2 ≤
∥∥∥∥∑

i∈F
cifi

∥∥∥∥2 ≤ B
∑
i∈F

|ci|2,

for each sequence of scalars {ci}i∈F , where F is a finite subset of I.

It is easy to see that modular Riesz bases coincide with Riesz bases
in Hilbert spaces, so using the above proposition, we get the following
result.

Corollary 3.7. Suppose that H is a Hilbert space and Fi = {fij}j∈Ji
is a Riesz basis for a Hilbert space Hi with supi∈I{BFi} < ∞. Then
{Γi ∈ L(H,Hi)}i∈I is a g-dual (resp. an approximate g-dual) of {Λi ∈
L(H,Hi) : i ∈ I} if and only if {Γ∗

i f̃ij}i∈I,j∈Ji is a dual (resp. an
approximate dual) of {Λ∗

i fij}i∈I,j∈Ji.
Also, Proposition 3.5 implies the following result which is a general-

ization of Corollary 3.1 in [15] to Hilbert C∗−modules.

Corollary 3.8. Suppose that {fij}j∈Ji is a modular Riesz basis for Wi

with upper bound Bi and supi∈I{Bi} < ∞. Then W is an approximate
dual (resp. a dual) of itself if and only if {ωifij}i∈I,j∈Ji is an approxi-

mate dual (resp. a dual) of {ωif̃ij}i∈I,j∈Ji.

Proof. It is enough to consider in Proposition 3.5, Γ = {Γi}i∈I and
Λ = {Λi}i∈I with Γi = Λi = ωiπWi . □

4. Q−approximate Duals of g-frames and Fusion Frames in
Hilbert C∗−modules

Q−approximate duals of g-frames and fusion frames in Hilbert spaces
were introduced in [15]. In this section, we generalize the concept
of Q−approximate duality of g-frames and fusion frames to Hilbert
C∗−modules.
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Definition 4.1. Let Λ and Γ be standard g-Bessel sequences for E.

(i) If there exists an operator Q ∈ L(⊕i∈IEi) such that TΛQT ∗
Γ =

IdE , then Λ is called a Q−dual of Γ.
(ii) If there exists an operator Q ∈ L(⊕i∈IEi) such that ∥TΛQT ∗

Γ −
IdE∥ < 1, then Λ is called a Q−approximate dual of Γ.

Note that if Λ is an approximate g-dual (resp. a g-dual) of Γ, then Λ
is a Q−approximate dual (resp. Q−dual) of Γ with Q = Id(⊕i∈IEi).

The following result is a generalization of Theorem 3.1 in [15] to
Hilbert C∗−modules.

Theorem 4.2. Let Λ and Γ be standard g-Bessel sequences for E. If Λ
is a Q−approximate dual of Γ, then

(i) ∥TΓQ
∗T ∗

Λ − IdE∥ < 1.
(ii) T ∗

Γ is injective and TΛQ is surjective.
(iii) T ∗

Λ is injective and TΓQ
∗ is surjective.

(iv) Λ and Γ are standard g-frames.

Proof. (i) We have

∥TΓQ
∗T ∗

Λ − IdE∥ = ∥(TΛQT ∗
Γ − IdE)

∗∥
= ∥TΛQT ∗

Γ − IdE∥
< 1.

(ii) Since ∥TΛQT ∗
Γ − IdE∥ < 1, by the Newmann algorithm TΛQT ∗

Γ
is invertible. Hence T ∗

Γ is injective and TΛQ is surjective.

(iii) We can obtain the result similar to (ii) using part (i).

(iv) Let SΛQΓ = TΛQT ∗
Γ . Then S∗

ΛQΓ = SΓQ∗Λ and since ∥SΛQΓ −
IdE∥ < 1, SΛQΓ and SΓQ∗Λ are invertible. Now for each f ∈ E,
we have

∥f∥ =
∥∥∥S−1

ΓQ∗ΛSΓQ∗Λf
∥∥∥

≤
∥∥∥S−1

ΓQ∗Λ

∥∥∥ ∥SΓQ∗Λf∥

=
∥∥∥S−1

ΓQ∗Λ

∥∥∥( sup
∥g∥=1

∥⟨SΓQ∗Λf, g⟩∥

)

=
∥∥∥S−1

ΓQ∗Λ

∥∥∥( sup
∥g∥=1

∥⟨Q∗({Λif}i∈I), T ∗
Γg⟩∥

)
≤
∥∥∥S−1

ΓQ∗Λ

∥∥∥ ∥Q∗∥ ∥{Λif}i∈I∥2∥T ∗
Γ∥
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≤
√

BΓ

∥∥∥S−1
ΓQ∗Λ

∥∥∥ ∥Q∗∥

∥∥∥∥∥∑
i∈I

⟨Λif,Λif⟩

∥∥∥∥∥
1
2

.

Thus

1

BΓ∥S−1
ΓQ∗Λ∥2∥Q∗∥2

∥f∥2 ≤

∥∥∥∥∥∑
i∈I

⟨Λif,Λif⟩

∥∥∥∥∥ .
Now, Theorem 3.1 in [17] yields that Λ is a standard g-frame. Simi-

larly, we can see that Γ is a standard g-frame. □
Now we introduce Q−approximate duality for standard Bessel fusion

sequences in Hilbert C∗−modules.

Definition 4.3. Let W and V be standard Bessel fusion sequences for
E.

(i) If there exists an operatorQ ∈ L(ℓ2(I, E)) such thatTΛWQT ∗
ΛV

=
IdE , then W is called a Q−dual of V.

(ii) If there exists an operatorQ ∈ L(ℓ2(I, E)) such that ∥TΛWQT ∗
ΛV

−
IdE∥ < 1, then W is called a Q−approximate dual of V.

As a consequence of Theorem 4.2, we get the following result which
is a generalization of Lemma 3.2 in [8] and Theorem 3.2 in [15] to the
approximate duality of fusion frames in Hilbert C∗−modules.

Theorem 4.4. Let W and V be standard Bessel fusion sequences for E.
If W is a Q−approximate dual of V, then

(i) ∥TΛVQ
∗T ∗

ΛW
− IdE∥ < 1.

(ii) T ∗
ΛV

is injective and TΛWQ is surjective.

(iii) T ∗
ΛW

is injective and TΛVQ
∗ is surjective.

(iv) W and V are standard fusion frames.

In the following result, Fi = {fij}j∈Ji and Gi = {gij}j∈Ji are standard
Bessel sequences for Ei such that the sequence of their upper bounds is
bounded from above.

Theorem 4.5. If Q is defined by

Q({hi}i∈I) =

∑
j∈Ji

⟨hi, fij⟩ gij


i∈I

,

for each {hi}i∈I ∈ ⊕i∈IEi, then Q ∈ L(⊕i∈IEi) and the following state-
ments are equivalent:

(i) Γ is a Q−approximate g-dual (resp. Q−g-dual) of Λ.
(ii) G = {Γ∗

i gij}i∈I,j∈Ji is an approximate dual (resp. a dual) of
F = {Λ∗

i fij}i∈I,j∈Ji.
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Proof. For each i ∈ I, we have

SGiFihi =
∑
j∈Ji

⟨hi, fij⟩ gij

= TGiT
∗
Fi
hi,

where TGi is the synthesis operator of Gi. Hence

∥SGiFi∥ ≤
√

BGiBFi ≤
√
BD,

where B = supi∈I{BFi} and D = supi∈I{BGi}. Thus∑
i∈I

⟨SGiFihi, SGiFihi⟩ ≤ BFiBGi

∑
i∈I

⟨hi, hi⟩

≤ BD ∥{hi}i∈I∥22 .

Therefore Q({hi}i∈I) = {SGiFihi}i∈I is well-defined with ∥Q∥ ≤
√
BD.

Now for each f ∈ H

TΓQT ∗
Λf = TΓ

∑
j∈Ji

⟨f,Λ∗
i fij⟩ gij


=
∑
i∈I

∑
j∈Ji

⟨f,Λ∗
i fij⟩Γ∗

i gij

= SGFf.

Thus ∥TΓQT ∗
Λ − IdE∥ < 1 (resp. TΓQT ∗

Λ = IdE) if and only if ∥SGF −
IdE∥ < 1 (resp. SGF = IdE). □

In the following corollary, which is a generalization of Theorem 3.12
in [8] and Proposition 3.3 in [15] to the approximate duality of fusion
frames in Hilbert C∗−modules, Fi = {fij}j∈Ji and Gi = {gij}j∈Ji are
standard Bessel sequences for Wi and Vi, respectively such that the
sequence of their upper bounds is bounded above.

Corollary 4.6. Suppose that Q is defined by

Q({hi}i∈I) =

∑
j∈Ji

⟨hi, fij⟩ gij


i∈I

,

for each {hi}i∈I ∈ ℓ2(I, E). Then Q ∈ L(ℓ2(I, E)) and the following
conditions are equivalent:

(i) {υigij}i∈I,j∈Ji is an approximate dual of {ωifij}i∈I,j∈Ji.
(ii) V = {(Vi, υi)}i∈I is a Q−approximate dual of W = {(Wi, ωi)}i∈I .
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