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Primitive Ideal Space of Ultragraph C*-algebras

Mostafa Imanfar!, Abdolrasoul Pourabbas?*, and Hossein Larki®

ABSTRACT. In this paper, we describe the primitive ideal space of
the C*-algebra C*(G) associated to the ultragraph G. We investi-
gate the structure of the closed ideals of the quotient ultragraph
C*-algebra C* (G/(H, S)) which contain no nonzero set projections
and then we characterize all non gauge-invariant primitive ideals.
Our results generalize the Hong and Szymarnski’s description of the
primitive ideal space of a graph C*-algebra by a simpler method.

1. INTRODUCTION

Let E be a countable directed graph and C*(E) be the associated
C*-algebra [2, [1, 10]. Using a special representation of C*(F), Hong
and Szymaiiski characterized the primitive ideal space of C*(E) and
it’s hull-kernel topology [8]. They constructed a family of irreducible
representations of C*(E) associated to each maximal tail containing a
cycle without exits. Theorem 2.10 of [§] shows that every non gauge-
invariant primitive ideal of C*(E) is the kernel of such representation.
Furthermore, there is a completely different approach for the primitive
ideal space of graph C*-algebras [d] (see also [3, 07]).

The motivation of the definition of ultragraph C*-algebras [I3] is to
unify the theory of graph C*-algebras and Exel-Laca algebras [5, B].
The structure of ultragraph C*-algebras is more complicated, because
in ultragraphs the range of each edge is allowed to be a nonempty set
of vertices rather than a single vertex. Any graph C*-algebra can be
considered as an ultragraph C*-algebra and the C*-algebras of ultra-
graphs with no singular vertices are precisely the Exel-Laca algebras.
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Furthermore, the class of ultragraph C*-algebras are strictly lager than
this class of directed graphs as well as the class of Exel-Laca algebras.

The aim of this paper is twofold. First, obtaining the Hong and
Szymanski’s description of the primitive ideal space of C*(E) by a quite
different and simpler method. Secondly, characterizing all primitive
ideals of the ultragraph C*-algebra C*(G) which are not invariant un-
der the gauge action. The gauge-invariant primitive ideals of C*(G) are
characterized in [IT].

We start by recalling the definition of the quotient ultragraph G/(H, S)
and its C*-algebra C*(G/(H,S)) from [I1]. To achieve our main re-
sult, we investigate the structure of the closed ideals of C*(G/(H,YS5))
which contain no nonzero projections. In particular, we show that if
G/(H,S) contains a unique loop a without exits and I is a closed ideal of
C*(G/(H,S)) containing no nonzero set projections, then I is contained
in I,0 (the closed ideal of C*(G/(H,S)) generated by the projections
associated to the vertices of ). We then use this fact to show that
there is a bijection between the downward directed sets containing a
loop without exits and the set of all non gauge-invariant primitive ideals

of C*(G).

2. PRELIMINARIES

We begin by reviewing some background material on ultragraph, quo-
tient ultragraph and their C*-algebras. For more details see [, [3].

An ultragraph G = (G°, G rg,sg) consists of countable sets G° of
vertices and G! of edges, the source map sg : G' — G° and the range
map g : G — P(GY) \ {0}, where P(GP) is the collection of all subsets
of G,

For a set X, a subcollection of P(X) is called an algebra if it is closed
under the set operations U, N and \. If G is an ultragraph, we write G for
the smallest algebra in P(G°) containing {{v},rg(e) : v € G” and e € G'}.

Definition 2.1. Let G be an ultragraph. A subcollection H C G° is
hereditary if

(i) {sg(e)} € H implies rg(e) € H for all e € G!,
(ii) AUB e H forall A,B € H,
(iii) A€ H,B€G%and BC A, imply B € H.

The hereditary subcollection H C GY is saturated if for every v € GY
with 0 < ‘sgl(v)‘ < 0o we have

{rg(e) : e € G' and sg(e) = v} C H implies {v} € H.
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For a saturated hereditary subcollection H C GO, the breaking vertices
of H is denoted by

BH::{UEG():‘SQ ‘—oobut0<‘s v)N{e:rg(e) ¢ H} < oo} .

An admissible pair in G is a pair (H,S) of a saturated hereditary sub-
collection H C G° and some S C By.

In order to define the quotient of ultragraphs we need to recall and
introduce some notation. Let G = (GO Gl TGy Sg) be an ultragraph and
let (H,S) be an admissible pair in G. Given A € P(G?), denote by
A:=AUu{w :weAn(By\S)}. Also, we write GO for the algebra
in P(GY) generated by the sets {v}, {w'} and {rg(e)}, where v € GY,
wEBH\Sandeeg1

Let ~ be the relation on GO defined by A ~ B if and only if there
exists V € H such that AUV = BUV. Then, by [, Lemma 3.5], ~

is an equivalent relation on @ and the operations

AJU[B]==[AUB], [AIN[B]==[AnB], [A]\[B]:=[A\B],
are well-defined on the equivalent classes {[A] tAe @} One can see
that [A] = [B] if and only if both A\ B and B\ A belong to H.

Definition 2.2. Let G = (G°,G', rg, sg) be an ultragraph and let (H, S)
be an admissible pair in G. The quotient ultragraph of G by (H,S) is
the quadruple G/(H, S) := (®(G°), ®(G'),r, s), where

(G = {[{v}]:ve G\ H} U{[{w'}] :w e By \ S},

(Gl :={eeG' irg(e) ¢ H},

and s : ®(G') — ®(G°) and r : ®(G') — {[A] : A € GO} are the maps
defined b}i s(e) = [{sg(e)}] and r(e) := [rg(e)] for every e € ®(G'),
respectively.

For the sake of simplicity, we will write [v] instead of [{v}] for every
vertex v € G°\ H. For A, B € GY we write [A] C [B] whenever [A] N
[B] = [A]. The smallest algebra in {[A4] : A € GO} containing

{[v], [w']:v e G\ H,we By \S}u{r(e):ec @(gl)},

is denoted by ®(G°). It can be shown that ®(G°) = {[A] tAe @}

A vertex [v] € ®(GP) is called a sink if |s7! ([v])| = 0 and is called
an infinite emitter if }5‘1 ([v])’ = oo. A singular vertex is a vertex that

is either a sink or an infinite emitter. The set of singular vertices is
denoted by s (GP).
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Definition 2.3. Let G/(H,S) be a quotient ultragraph. A Cuntz-
Krieger G/(H, S)-family consists of projections {qi4) : [4] € ®(G")} and
partial isometries {te e e @G 1)} with mutually orthogonal ranges such
that

(1) q) =0, qa1918) = A)n(B) and quaju(B] = (4] + 4(B] — QAN(B);
(2) te cte = Ar(e);

(3) le t < qs(e)s

(4) ap) = D s(e)=fu] teter Whenever 0 < |s7L([v])] < oc.
The C*-algebra C*(G/(H,S)) is the universal C*-algebra generated by
a Cuntz-Krieger G/(H, S)-family.

Due to the fact that in the quotient ultragraph G/((),0), we have
[A] = {A}, for every A € G°. We can consider the ultragraph G as
the quotient ultragraph G/(0,0). So, the definition of ultragraph C*-
algebras ([I3, Defintion 2.7]) is an special case of Definition EZ3.

From now on we denote the universal Cuntz-Krieger G-family and
G/(H,S)-family by {s,p} and {t, ¢}, respectively. Also, we suppose that
C*(G) = C*(s,p) and C* (G/(H, S)) = C*(t,q).

A path in the quotient ultragraph G/(H, S) is a sequence o :=e; - - - ey,
of edges in ®(G!) such that s(e;11) C r(e;) for 1 <i < n—1. We say
that the path a has length |a| := n and we consider the elements of
®(G%) as the paths of length zero. We write (G/(H,S))* for the set of
finite paths. The maps r, s extend to (G/(H,S))* in an obvious way.

By [0, Lemma 3.9], we have

C*(G/(H,S)) = span {taquath : [A] € 2(G°) and o, B € (G/(H, S))"},

where to :=te, -+ t, if a=e1 e, and to == qpu) if a = [A].

The universal property of C* (G/(H,S)) gives the strongly continu-
ous gauge action v : T — AutC*(G/(H,S)), which is characterized on
generators by 7.(qa)) = qpa) and 7.(t.) = zt. for every A € (G,
e € ®(G') and z € T.

Definition 2.4. A loop in G/(H,S) is a path o with || > 1 and
s(a) C r(a). Aloop o = e1---e, has an exit if either r(e;) # s(e;t1)
for some 1 < i < n or there exists an edge f € ®(G') and an index i
such that s(f) C r(e;) but f # e;4+1. The quotient ultragraph G/(H, S)
satisfies Condition (L) if every loop in G/(H, S) has an exit.

Let H be a saturated hereditary subcollection of GY. We say that
a=ej e, isaloopin G¥\ H if rg(a) € G°\ H. Also, a has an exit
in GO\ H if either rg(e;) \ sg(eir1) € GO\ H for some 1 < i < n or
there exists an edge f € G! and an index i such that rg(f) € G°\ H and
sg(f) C rg(e;) but f # ej+1. One can see that the quotient ultragraph
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G/(H, By) satisfies Condition (L) if and only if every loop in G°\ H has
an exit in G\ H.

Let (H,S) be an admissible pair in an ultragraph G. For every w €
By, we define the projection

pH = p, — Z SeSh.
s(e)=w, rg(e)¢H
We denote by Iy g) the (two-sided) ideal of C*(G) generated by the
projections {ps : A € H} U {pg tw E S}. By [@, Theorem 6.12], the
correspondence (H, S) — Iy, gy is a bijection from the set of all admis-
sible pairs of G to the set of all gauge-invariant ideals of C*(G).

3. CLOSED IDEALS OF C*(G/(H,S)) CONTAINING NO SET
PROJECTIONS

The set of vertices in the loops without exits of G/(H, S) is denoted
by P.(9/(H,S5)).

Theorem 3.1. Let G/(H,S) be a quotient ultragraph. If I is a closed
ideal of C* (G/(H, S)) with {[A] # [0] : qay € I} =0, then I C Ip (g (m.9))-

By [, Theorem 5.4.4] we have Theorem B for row-finite directed
graphs. To prove Theorem BT, we use the graph version of this theorem
and the fact that a quotient ultragraph C*-algebra is the direct limit of
the certain C*-algebras of finite graphs. We recall this direct limit from
[T, Section 4] and then we prove Theorem Bl

Let G/(H,S) be a quotient ultragraph. For every finite subset F' of
P (G°) U P(GL) we construct a finite graph Gp as follows. Let

Y= FNdy,(GY), F'=Fn®(G')={er....en}.
For every w = (w1, ...,wy) € {0,1}™\ {0"}, we define

rw)= () re)\ U rley),  Rw)=rw@\ |J bl
[

wi=1 w;=0 v]eF0
which belong to ®(G°). Set Ty := {w € {0,1}"\ {0"}} where vertices
[v1], ..., [vm] exist such that R(w) = J2,[v:i] and @ # s~ ([v]) C F!

for 1 <i<m, and
Prim {w € 0,17\ {07} R(w) £ 0] and w ¢ To}
Define the finite graph Gp = (G%, G, rr, sp), where
G% :=F'UF'UTp,
Gh = {(e.f) € F x ' o(f) € r(e)}
U{(e,[v]) € F' x F* : [v] C r(e)}
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U{ EleFF wl—lwhenevere—ez},

with sp(e, f) = sr(e, [v]) = sp(e,w) = e and rr(e, f) = f, rr(e, [v]) =
[v], rr(e,w) = w.

Lemma 3.2. Let G/(H,S) be a quotient ultragraph and let F be a finite
subset of ®sg(G®) U ®(GY) containing {e1,...,en}t. Then a:=e1 - e,
is a loop without exits in G/(H,S) if and only if & := (e1,e2) - - (én, €1)
18 a loop without exits in Gp.

Proof. Since the elements of FO UT'p are sinks in G, every loop in Gp
is of the form 5 where (3 is a loop in G/(H,S). Suppose that & has an
exit in Gp. We distinguish three cases.

(i) If (e;, f) € GL is an exit for @, then s(f) C r(e;) and (e;, f) #
(ei,€i41). Thus f # e;41 and hence f is an exit for a, which is
impossible.

(i) Since r(eiy1) = s(e;) and [s7(s(e;))| = 1 for every i, the ele-
ments of the form (e;, [v]) € G} can not be an exit for a.

(iii) Let (e;,w) € GL be an exit for a. Since w; = 1,

rw) = [ rlen\ U

wj=1 w;=0

S(ez+1)
= [sg(eit1)].
As w € T'p, we have R(w) # [0] and hence R(w) = s(ej41) =
[sg(eir1)]. We note that s71 (s(e;11)) = {eix1} € FL. There-
fore w € T'g, contradicts with w € I'p.
Thus « is a loop without exits in Gg. The converse follows from the
argument of 7, Lemma 4.8]. O

Let C*(G/(H,S)) = C*(t,q) and let F be a finite subset of . (G°) U
®(G'). Then, by [II, Proposition 4.2] and [I1, Corollary 4.3] the ele-
ments

Qe = tety, T(e,[v]) = teQ[v]a

Qu = dR(w (1 — > tely ) T(e,f) = tle’

ecF1

Q[U] = Q[U] <1 — Z tet:> 5 Tew) teQu”

ecF!
form a Cuntz-Krieger G p-family such that

C*(Gr) = CX(T, Q)
=C" (te,qM : [U] EFO,GEFI).
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Proof of Theorem [Z. Let {F),} be an increasing sequence of finite sub-
sets of ®ge(GY) U ®(G1) such that US| F,, = ®g(G%) U &(GY). Then
C*(Gr,) C C*(Gr,,,) and

Un C*(Gp,) = C* (te,qp) : [] € Bg(GY), e € B(GY))
=C"(G/(H,5)).

Thus we may write C*(G/(H, S)) = imC*(GF, ). Now, let I be a closed
ideal of C*(G/(H,S)) such that {[A] # [0] : qqy € I} = 0. Set I, :=
INC*(GE,). We show that I,, is a closed ideal of C*(GF,) containing
no vertex projections, and then we conclude that there is no nonzero
projection in I,,. Assume to the contrary that ), € I, for some = € GOFn-
If x € F? or z € F}, then by multiplying @, with suitable members,
it can be shown that I contains a set projection which is impossible.
So let # = w € T'p,. Hence there exists a vertex [v] C R(w) such that
either [v] is a sink or there is an edge f € ®(G!) \ F! with s(f) = [v].
In the former case, we deduce that q;,jQz = qp) € I and in the later
case t}th f = 4r(s) € I, which contradicts the hypothesis. Therefore I,
containing no vertex projections.

Suppose that I,, contains a projection 0 # p € C*(GF, ) and let J be
the ideal of C*(GF,) generated by p. It follows from [, Corollary 5.3.7]
that J is a gauge-invariant ideal and thus, by [2, Theorem 4.1], J is
generated by a set of vertex projections, contradicting that I,, contains
no vertex projections.

By [II, Proposition 5.4.3] we have I;, C Ip,(q,, ) for all n. From Lemma
B3, we know that

P.(Gp)={a:a € P(G/(H,S)) and o' C G} .

Thus Ip, (g, ) is generated by the elements of the form Q. = tt7, where e
is the edge of a loop without exits in G/(H, S). Hence for every n € N we
have I, C IPC(GFH) - IPC(Q/(H,S))- Since I = hg(f N C*(GF,L» = hﬁ[n,
we deduce that I C Ip g/ (m,s)), as desired. O

4. PRIMITIVE IDEALS

In this section, we characterize all primitive ideals of the ultragraph
C*-algebra C*(G) which are not invariant under the gauge action.

We recall the definition of downward directed sets from [T, Definition
5.3]. Let G be an ultragraph. Define a relation on G° by setting A > B
if either B C A or there exists a path a of positive length such that
sg(a) € A and B C rg(a). A subcollection M C G is called downward
directed if for every A,B € M there exists ) # C € M such that
A, B>C.
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Let I be a closed ideal of C*(G). We denote H; := {A € G":py € I}.

Lemma 4.1. Let G be an ultragraph and I be a closed ideal of C*(G).
If I is primitive, then G\ H; is downward directed.

Proof. Let A,B € G°\ H;. Denote by Z the image of z € C*(G) in
C*(G)/I. Since A,B ¢ Hj, the projections ps and pp are nonzero.
Thus the ideals

Ji=(C*(9)/1)pa(CH(9)/1), 2= (C*(G)/1)pr(C*(G)/T),
are non-zero. Since C*(G)/I is a primitive C*-algebra, it follows that
Jidy = (C*(G)/1)pa(C*(G)/1)PB(C*(G)/1),

is also a nonzero ideal of C*(G)/I. Thus, pa(C*(G)/I)ps # {0}. We
note that

c*(G)/I = spﬁ{%ﬁc?& :Ce@’a,Beg and rg(a)NCNrg(B) # (Z)} )

Hence there exist a, 3 € G* and C € G° such that pa(8apcsy)pe # 0,
which implies that pa(sapcsh)ps # 0. Thus sg(a) € A and sg(B) € B.
If we set D := rg(a) N C Nrg(B), then we deduce that A, B > D.
Therefore G° \ H; is downward directed. O

Lemma 4.2. Let G/(H,S) contains a unique (up to permutation) loop
a without exits and let s(a) = [v]. If I is a nonzero primitive ideal of
C*(G/(H,S)) with {[A] # [0] : qua € I} = 0, then there exists t € T
such that I is generated by the element tqp,) — to.

Proof. Note that every primitive ideal of C(T) (which is maximal in the
non-trivial closed ideals of C'(T)) is of the form

Ny ={f e C(T): f(t) = 0},

for some t € T. By Theorem BT, we have I C I 0. From the proof of
[T1, Lemma 5.1], we know that I,0 is Morita equivalent to C'(T) by the
Morita correspondence J — qp,Jqp,). Since the primeness is preserved
by the Morita correspondence, there exists ¢ € T such that I maps to
Ny. As the ideal Ny is generated by the function f;(z) = t—z, we deduce
that I is generated by tq,| — ta- O

Remark 4.3. Let G/(H, S) contain a loop « without exits and o’ be
a permutation of a. Denote [v] = s(a) and [w] = s(a/). Let § be a
subpath of o and o/ such that da = o/6. If t € T, then the ideals of
C*(G/(H,S)) generated by tq),) — to and tqy,) — to are equal, because

ts (tq) — ta) th = tqu) — to
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Let H be a saturated hereditary subcollection of G and let G\ H
contain a unique (up to permutation) loop « without exits in GO \ H.
For t € T, the ideal of C*(G/(H, By)) generated by

{pAapg rAe Hwe BH} U {tpsg(oc) - Sa},
is denoted by Iy B, 1)

Theorem 4.4. Let G be an ultragraph and I be a non gauge-invariant
ideal of C*(G). Denote H := Hy. Then I is a primitive (prime) ideal if
and only if GO\ H is downward directed, G°\ H contains a (unique) loop
a without exits in GO\ H and there exists t € T such that I = L Byt -

Proof. Suppose that [ is a primitive ideal of C*(G). By Lemma B,
GO\ H is downward directed. Denote S := {w € By : pi € I}. If

we write I for the image of I in the quotient C*(G)/1(H,s), then by [T,
Proposition 4.6], we have C*(G/(H, S)) = C*(G) /Iy s) and

{[A] £ 10]: [A] € B(G°) and g4 € T} = 0.

If I is not gauge-invariant, then by [9, Theorem 6.12], I # {0}. Hence
by the Cuntz-Krieger uniqueness theorem for quotient ultragraphs [T,
Theorem 4.9], G/(H, S) contains a loop a without exits. For the unique-
ness, suppose 3 is a loop without exits in G/(H,S). Thus a and g are
loops without exits in G°\ H. By downward directed property of G'\ H
there exists ) # C € G\ H such that sg(a),sg(8) > C. Since a, 3
have no exit in G\ H, we must have sg(a) € 8° and sg(8) € a’. The
absence of exits implies that 8 is a permutation of .

Now, we show that S = By. Since I is a primitive ideal of C*(G )/ (.55

we have that C*(G/(H, S))/I is a primitive C*-algebra. Let w € B\ S.
Then g, + I and ds(a) T I are nonzero projections in C*(G/(H, S))/I
Similar to the proof of Lemma B, let J; and Jg be the ideals of
C*(G/(H,S))/T generated by Q) + I and Is(a) T I, respectively. Thus
J1J2 # 0 and hence

(g +1) (C*(0/(H.9)/T) (a5 + ) # {0}

Consequently, there exist u,v € (G/(H,S))* and [4] € ®(G") such that
Q) (tuqraity )ds(a) 7 0, which is impossible because [w'] is a sink and «
has exit in G/(H, S).

From the proof of [, Proposition 4.6], we know that C*(G/(H, Br)) =
C*(te, qa)) where

q[A] ::pA+I(H,BH) forAG(I)(QO),
te = Se + I(,By) for e € ®(G1).
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SinceNf is not gauge-invariant, by Lemma EZA, there exists ¢t € T such
that I is generated by (tps;(a) — Sa) + I(m,By)- This implies that I is
generated by

{pA7p1}UIvtpsg(a) — Sq - A c H,’LU S BH} ,

and so I = Iiy g, 4)-

For the converse, let gl \ H be downward directed. Thus the only
loop (up to permutation) without exits in G/(H,Bp) is «. Hence
I = Iig B,y is well-defined. Let T be the image of z € C*(G) in
C*(9)/I(a,By)- As we pointed out in the proof of Lemma B3, since I is
generated by

tQS(a) —ta = tﬁsg(a) — Sa
= (tPsg() = 5a) + Ts,B1),

we deduce that I is a non gauge-invariant primitive ideal of C*(G) /I (H,Bp)-
Suppose that Jp,Jy are two ideals in C*(G) and J1J; C I. Then
jljg = J/l\jg - T, and so either jl C I or jg - I. Since I(H7BH) c I, we
have either J; C I or Jo C I. Consequently, I is a non gauge-invariant
primitive ideal. O

Let « be a loop in G. We say that every vertex on « lies on exactly
one loop, if for every loop S (distinct from ) and every e € 5* we have
rg(e) N a® = (). We denote such loops (up to permutation) by Cy(G).

Let G°\ H contain a loop a without exits in G°\ H. Then a € C,(G).
Define

M%) ={0#£A€G": A>sg(a)}.

If GO\ H is downward directed, then it can be shown that M (a®) = G°\
H. Conversely, if a € Cx(G) and if we set H := {4 € G°: A # sg(a)},
then H is a saturated hereditary subcollection of GY and M (a®) = GO\ H.
Also, « is a loop without exits in G°\ H. Since a € C,(G), we deduce that
GY\ H is downward directed. Therefore, we may conclude that every
non gauge-invariant primitive ideal of C*(G) is exactly corresponding
with a such loop a € C,(G) and some ¢t € T.

Corollary 4.5. Let G be a ultragraph. If Prim,(C*(G)) is the set of non
gauge-invariant primitive ideals of C*(G), then there exists a one-to-one
corresponding between Cy(G) X T and Prim,(C*(G)) as

() < Lig By by
where H := GO\ M(a?).

Example 4.6. Let G be the following ultragraph.
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Oy <

There are two loops a1 := e and ag := f in G. Since r(f) N {v} =
r(e) N{w} = 0, we have a1, as € Cx(G). The bijection of Corollary B3
identifies {1, a2} x T with Prim(C*(G)).

Let G = (G°,G',r,5). We observe that

G" = {0.{v}. {w}.r(e), {v.w},r(e) U{w},r(e) \ {v}, {w} Ur(e) \ {v}}.
We now see that M(al) = G\ {r(e) \ {v}} and M(a3) = {{w}}. Set

Hy = {r(e)\ {v}} and H; := G°\ {{w}}. Then By, = {w} and
By, = 0. Consequently,

Prime (C*(9)) = { st 5y, 0 a1z 1y L € T
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