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Diameter Approximate Best Proximity Pair in Fuzzy Normed
Spaces

Seyed Ali Mohammad Mohsenialhosseini' and Morteza Saheli®*

ABSTRACT. The main purpose of this paper is to study the ap-
proximate best proximity pair of cyclic maps and their diameter in
fuzzy normed spaces defined by Bag and Samanta. First, approx-
imate best point proximity points on fuzzy normed linear spaces
are defined and four general lemmas are given regarding approx-
imate fixed point and approximate best proximity pair of cyclic
maps on fuzzy normed spaces. Using these results, we prove the-
orems for various types of well-known generalized contractions in
fuzzy normed spaces. Also, we apply our results to get an appli-
cation of approximate fixed point and approximate best proximity
pair theorem of their diameter.

1. INTRODUCTION

Katsaras [[4], who while studying fuzzy topological vector spaces,
was the first to introduce in 1984 the idea of fuzzy norm on a linear
space. In 1992, Felbin [I1] defined a fuzzy norm on a linear space with
an associated metric of the Kaleva and Seikkala type [12]. A further
development along this line of inquiry took place when in 1994, Cheng
and Mordeson [8] evolved the definition of a further type of fuzzy norm
having a corresponding metric of the Kramosil and Michalek type [I35].

Chitra and Mordeson [d] introduced the definition of fuzzy norm and
thereafter the concept of fuzzy normed space has been introduced and
generalized in different ways by Bag and Samanta in [I-3]. Best ap-
proximation has important applications in diverse disciplines of mathe-
matics, engineering and economics in dealing with problems arising in:
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Fixed point theory, Approximation theory, game theory, mathematical
economics, best proximity pairs, Equilibrium pairs, etc. Furthermore,
the fixed point theory in this kind of spaces has been intensively stud-
ied. For details, one can refer to, Bag and Samanta, Mohsenalhosseini
et al. [, IR, T9]. Many authors have studied best approximation and
best proximity pair in the both metric and fuzzy metric spaces. In 2011,
Mohsenalhosseini et al. [IR], introduced the approximate best proximity
pairs in metric spaces. In 2013, Mohsenalhosseini et al. [I7], introduced
the approximate best proximity pairs in metric space for contraction
maps.

In this paper, starting from the article of Mohsenalhosseini [I7, 8] and
MaDalina Berinde [d], we study well-known types of operators on fuzzy
normed spaces, and we give some qualitative and quantitative results
regarding approximate best proximity pair and approximate fixed point
for cyclic map T': AUB — AUB ie. T(A) C B and T (B) C A,
and by using this result, we can prove some diameter approximate best
proximity pair theorems in fuzzy normed spaces.

2. SOME PRELIMINARY RESULTS
We begin by recalling some needed definitions and results.
Definition 2.1 ([2]). Let X be a linear space over R (real number) and

N be a fuzzy subset of X x R such that for all z,y € X and c € R:

(N1) N (z,t) =0 for all t <0,
(N2) x =0 if and only if N (z,t) =1 for all ¢t > 0,
(N3) If ¢ # 0 then N (cx,t) = N (z,t/|c|) for all t € R,
(N4() N(z+y,s+t)>min{N (z,s),N (y,t)} for all s,t € R,
JN5 N (z,.) is a nondecreasing function of R and JH&N (z,t) = 1.

Then N is called a fuzzy norm on X. The pair (X, N) will be referred
to as a fuzzy normed linear space.

We assume that
(N6) N (z,t) >0, for all ¢t > 0 implies z = 0,
(N7) For x # 0, N (z,.) is a continuous function of R and strictly
increasing on the subset {¢t: 0 < N (z,t) < 1} of R.
Definition 2.2 ([2]). Let (X, N) be a fuzzy normed linear space.
(i) A sequence {z,} C X is said to converge to x € X (lim z,, =
n—oo
x),if lim N (x, —z,t) =1, for all t > 0.
n—oo
(ii) A sequence {z,} C X iscalled Cauchy, if lim N (z, — xm,t) =
n,Mm—00
1, for all t > 0.
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Theorem 2.3 ([2]). Let (X, N) be a fuzzy normed linear space satisfying
(N6). Define ||z||, = inf{t: N (z,t) > a}, for all x € X and all o €
(0,1). Then {||.||, : o € (0,1)} is an ascending family of norms on X.
We call these norms as a—norm on X corresponding to the fuzzy norm
N on X.

Lemma 2.4 ([0]). Let (X, N) be a fuzzy normed space satisfying (N6)
and (N7). Let ||z||, = inf {t : N (z,t) > a}, for all a € (0,1) and N’ :
X xR — [0,1] be a function defined by

' _ | sup{a€(0,1):zfl, <t},  (z,t) #(0,0),
N(‘”’t)_{ o,p (2,t) = (0,0).

9

Then

(i) N’ is a fuzzy norm on X,

(i) N = N'.
Lemma 2.5 ([0]). Let (X, N) be a fuzzy normed space satisfying (N6)
and (N7) and {x,} be a sequence in X. Then lim N (x, —z,t) =1,

n—oo

for all t > 0 if and only if le |zn — ||, =0, for all « € (0,1).

Definition 2.6 ([16]). Let (X, N) be a fuzzy normed space, € > 0 and
xo € X. Let T : X — X be a function. Then zg is called an F?-
approximate fixed point (fuzzy approximate fixed point) of T if there
exists @ € (0,1) such that inf{¢t >0: N (xg — Txo,t) > a} < e. We
denote the set of all F?-approximate fixed points of T by F7? (T).

Definition 2.7 ([I6]). Let (X, N) be a fuzzy normed space. A function
T : X — X is said to have the fuzzy approximate fixed point property
(f.a.f.p.p.) if FZ(T) # 0, for all € > 0.

3. Fuzzy APPROXIMATE BEST PROXIMITY PAIRS
In this section, we begin with two lemmas which will be used in order

to prove all the results given in the same section.

Definition 3.1. Let (X, N) be a fuzzy normed space. Furthermore, let
A, B be nonempty subsets of X and t > 0. We define
N(A—-B,t)=sup{N (x —y,t): x € A, y € B}.

Definition 3.2. Let (X, N) be a fuzzy normed space, € > 0, « € (0,1)
and (0 #) A, B C X. Moreover, let T : AUB — AU B be a function
such that T (A) € B and T (B) C A. A point xg € AU B is called an
F -approximate best proximity point of the pair (A, B), if

N (A — B,t) > « implies that N (xg — T'zo,t +€) > a, for all £ > 0.

We denote the set of all F -approximate best proximity point of the
pair (4, B) by FZ, (A, B).
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The following result guarantees the existence of approximate best
proximity pairs for a function on a fuzzy normed linear space X.

Lemma 3.3. Let (X, N) be a fuzzy normed space, € > 0, o € (0,1) and
(0 #£)A, B C X. Moreover, let T : AUB — AU B be a function such
that T (A) C B, T (B) C A and

. . X n _ gqm+1
7}13;0 [mf {t >0: N (T xog—T a:o,t) > a}]
=inf{t >0: N(A—- B,t) > a},
for some x9 € X. Then F} (A, B) # 0.

Proof. Let e >0 and a € (0,1).
Assume that g € AUB, C,, = {t >0: N (T”:z:o — T”+1x0,t) > a}
and

lim [inf Cp,] =inf{t >0: N (A - B,t) > a}.

n—oo

Then there exists Ny > 0 such that
inf Cp, <inf{t >0: N (A — B,t) > a}+e, forall n > Ny.

Hence

inf Cn, <inf{t >0: N(A—B,t) > a}+e.
Let s >0 and N (A — B,s) > «. Then

inf{t>0: N(A—B,t) >a}+e<s+e.
Thus
inf {t >0: N (T™omg — T (T™°z) ,t) > a} < s+e.

So N (T™oxzo — T (TNowy) , s+ €) > . Therefore TNoxy € FZ (A, B).
Then F} (A, B) #0. O

Definition 3.4. Let (X, N) be a fuzzy normed space and A, B be
nonempty subsets of X. We define fuzzy diameter F (A, B) (# 0) as
follows

6 (F; (A, B)) =sup{inf{t >0: N (z—y,t) >a}:z,y e F; (A B)}.
Lemma 3.5. Let (X, N) be a fuzzy normed space, € > 0, a € (0,1),
0 #)A, B C X and F} (A, B) # 0. Moreover, let T: AUB — AUB

be a function such that T (A) C B, T (B) C A. Furthermore, assume
for all > 0 there exists ¢ (u) > 0 such that

inf{t>0: N(z—y,t)>a}—inf{t >0: N(Tx—Ty,t) > a} <pu
implies that
inf{t >0:N(z—y,t) >a} <p(u), foralz,yeF; (A DB).
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Then
§(Fi.(A,B)) <@o2(inf{t >0: N(A-B,t) > a}+e).
Proof. Let € >0, a € (0,1) and z,y € F} . (A, B). Then
inf{t >0: N(x—Tx,t) >a} <inf{t >0: N(A— B,t) > a}+e,
and
inf{t>0:N(y—Ty,t) >a}<inf{t>0: N(A—B,t) > a}+e
Hence
inf{t>0:N(x—y,t) >a}<inf{t >0: N (z—Tx,t) > a}
+inf{t >0: N (Tx —Ty,t) > o}
+inf{t>0: N (y—Ty,t) > a}
<inf{t>0:N(Tz—Ty,t) > a}
+2(inf{t >0: N(A— B,t) > a}) + 2e.
Therefore
inf{t>0: N(z—y,t) >a}—inf{t >0: N(Tx—Ty,t) > o}
<2@nf{t>0: N(A—B,t)>a}+e).
Thus
inf{t >0:N(x—y,t)>a}<e2(@nf{t>0: N(A—-DB,t)>a})+e),
SO
6 (Fi (AB)) <p(2(inf{t>0:N(A—B,t)>a})+e).
O

Lemma 3.6. Let (X,N) be a fuzzy normed space, ¢ > 0, a € (0,1)
and (0 #)A,B C X. Let T : AUB — AU B be a function such that
T(A) C B, T(B) C A. Moreover, assume that there exists xo € AU B
such that

[inf {t > 0: N (T"zo — T""xo,t) > a}]

=inf{t >0: N(A—- B,t) > a},
and for all ;> 0 there exists ¢ () > 0 such that

inf{t>0:N(x—y,t) >at—inf{t >0: NTz—-Ty,t)>a}<u

implies that

inf{t >0:N(zx—y,t)>a} <), foralzycF; (A DB).
Then

6 (F; (AB)) <p(2(inf{t>0:N(A—B,t)>a})+e).

lim
n—oo
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4. APPROXIMATE FIXED POINT FOR CycLic MAPS IN Fuzzy
NORMED SPACE

We begin with two lemmas which will be used in order to prove all
the results given in the same section.

Definition 4.1. Let (X, N) be a fuzzy normed space, € > 0, o € (0,1)
and (0 #) A, B C X. Moreover, let T : AUB — AU B be a function
such that T (A) € B and T (B) C A. A point xg € AU B is called an
F; -approximate fixed point, if N (zo — T'ug, €) > a. We denote the set
of all F; -approximate fixed point of T' by Fy . (T').

Definition 4.2. Let (X, N) be a fuzzy normed space, « € (0,1) and
(0 #)A,B C X. Moreover, let T: AUB — AU B be a function such
that T (A) C B and T (B) € A. Then T has the fuzzy approximate
fixed point property (f.a.f.p.p.) if FZ (T) # 0, for all € > 0.

Definition 4.3. Let (X, N) be a fuzzy normed space, « € (0,1) and
(0 #)A,B C X. Moreover, let T: AUB — AU B be a function such
that T (A) € B and T'(B) C A. The function 7: AUB — AU B is
called an a-asymptotically regular at g € AU B, if

lim_[inf {t > 0: N (T"zo — T"" a0, t) > a}] =0.

Lemma 4.4. Let (X,N) be a fuzzy normed space, a € (0,1) and
(0 #£)A, B C X. Moreover, let T : AUB — AUB be an a-asymptotically
reqular at xg € AU B. Then T has the fuzzy approximate fized point

property.
Proof. Let a € (0,1) and T': AUB — AU B be an a-asymptotically
regular at 9 € AU B. Assume that € > 0 and

lim [inf {t >0:N (T"zo— T""20,t) > a}] =0.

n—oo
Then there exists Ny > 0 such that
inf {t >0: N (T"zg — T" 'z, t) > a} <e¢, for all n > N.
Hence
inf {t >0: N (TNowg — T (T"™x) ,t) > a} <e.
Thus Tz € FZ (T). So FZ.(T) # 0. Therefore T has the fuzzy
approximate fixed point property. O

Definition 4.5. Let (X, N) be a fuzzy normed space, o € (0,1) and
(0 #) A, B C X. Moreover, let T : AUB — AU B be a function such
that T'(A) C B and T (B) € A. The function T': AUB — AUB is
called an F-s-contraction, if there exists s € (0,1) such that

N (z — y,t) > « implies that N (Tx — Ty, tinf s) > «,
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for all z,y € AU B and all £ > 0.

Theorem 4.6. Let (X,N) be a fuzzy normed space, a € (0,1) and
(0 #)A, B C X. Moreover, letT : AUB — AUB be an F-s-contraction.
Then T has the fuzzy approximate fized point property.

Proof. Let € >0, a € (0,1), z € AU B and
Cp={t>0:N(T"z —T""'a,t) > a}.
We have
inf C,, = inf {t >0: N (T (T" ') = T (T"x) ,t) > o}
<sA [inf {t >0:N (T"ilw — T"a:,t) > a}}

<S"Afnf{t >0: N (z—Tx,t) > a}].
Since s € (0,1) it follows that
: : . m,. _ gm+l > —
7}1—>H;o [1nf{t>0.N(T z—T :L“,t) _a}] 0.

By Lemma B, T has the fuzzy approximate fixed point property. [

In 1968, Kannan (see [6] [13]) proved a fixed point theorem for op-
erators which need not be continuous. We apply it to a fuzzy normed
space for fuzzy approximate fixed point.

Definition 4.7. Let (X, N) be a fuzzy normed space, « € (0,1) and
(0 #£) A, B C X. Moreover, let T : AUB — AU B be a function such
that T (A) € B and T'(B) C A. The function 7: AUB — AU B is
called an F-Kannan contraction, if there exists s € (0,1/2) such that
N (x —Tx,t;) > aand N (y — Ty, t2) > « imply that

N (Tx —Ty,s(t1 + t2)) > «,
for all z,y € AU B and all t1,t5 > 0.

Theorem 4.8. Let (X,N) be a fuzzy normed space, o € (0,1) and
(0 #£)A,B C X. Moreover, let T : AUB — AU B be a F-Kannan
contraction. Then T has the fuzzy approrimate fixed point property.

Proof. Let € >0, a € (0,1), z € AU B and
Co={t>0:N(T"z —T""'a,t) > a}.
Since T is a F-Kannan contraction, there exists s € (0,1/2) such that
inf C,, = inf {t >0: N (T (T" 'z) = T (T"x) ,t) > o}
<s(inf{t>0:N(T" 'z —T(T" 'z),t) > a})
+s(nf{t >0: N(T"x —T (T"x),t) > a}).
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Therefore

(1—s)[inf Cp) < s[inf {t > 0: N (T" 'w — T"x,t) > a}].
Then

infC,, < (s/1—s) [inf {t >0: N (T"_lz: —T"z,t) > a}]

<(s/1—35)"[inf{t >0: N (z—Tx,t) > a}].
Since s € (0,1/2) it follows that (s/1 —s) € (0,1). Therefore
. . . n,. qn+l —
T}Lngo[lnf{t>0.N(Tx T a:,t)Za}]—O.
By Lemma B, T has the fuzzy approximate fixed point property. [

In 1972, Chatterjea (see [[7]) considered another contraction which
does not imply the continuity. We apply it to a fuzzy normed space for
fuzzy approximate fixed point.

Definition 4.9. Let (X, N) be a fuzzy normed space, « € (0,1) and
(0 #)A,B C X. Moreover, let T': AUB — AU B be a function such
that T (A) € B and T'(B) C A. The function 7: AUB — AUB is
called an F-Chatterjea contraction, if there exists s € (0,1/2) such that
N (x —Ty,t1) > aand N (y — Tz, t2) > « imply that

N (Tz—Ty,s(t1+1t2)) >
for all x,y € AU B and all t1,¢3 > 0.

Theorem 4.10. Let (X, N) be a fuzzy normed space, o € (0,1) and
(0 #)A, B C X. Moreover, let T : AUB — AU B be an F-Chatterjea
contraction. Then T has the fuzzy approrimate fixed point property.

Proof. Let e >0, a € (0,1), z € AU B and
C, = {t>0:N(T"m—T"+1x,t) Za}.

Since T is an F-Chatterjea contraction, there exists s € (0,1/2) such
that

inf Cp, =inf {t >0: N (T (I" 'z) = T (T"z) ,t) >
<s(inf{t>0:N(T" 'z —T(T"x) )za}
—l—s(inf{t>0:N(T”az—T(T”1) t)zoz})
=3 [inf {t >0:N (T”_lx — Ty t) ]
On the other hand, we have
inf {t >0: N (T”flx — T”Ha:,t) > a} < inf C,, + inf C,,_1.
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Then
(1 —s)[inf Cy] < sinf Cy—q] .
Hence

inf Cy, < (s/1 — s) [inf Cp,—1]

< (s/1 — )" [inf C] .
Since s € (0,1/2) it follows that (s/1 —s) € (0,1). Therefore
lim [inf{t>0:N (T"z —T""'z,t) > a}] =0.

n—oo

By Lemma B4, T" has the fuzzy approximate fixed point property. [

Combining the three independent contraction conditions above, we
obtain another fuzzy approximate fixed point result for operators which
satisfy the following.

Definition 4.11. Let (X, N) be a fuzzy normed space, « € (0,1) and
(0 #) A, B C X. Moreover, let T : AUB — AUB be a function such that
T(A) CBand T (B) C A. The function T: AUB — AU B is called an
F-Zamfirescu contraction, if there exist s; € (0,1) and s9, s3 € (0,1/2)
such that for all z,y € AU B at least one of the following is true:
(Fz1) N (x —y,t) > « implies that N (Tx — Ty, tinf s1) > «, for all
z,y € AUB, and all £ > 0,
(Fz2) N(x —Tx,t1) > « and N (y—Ty,t2) > « imply that
N (Tx —Ty,s2(t1 +t2)) > «, for all z,y € AU B, and all
ti,to > 0,
(Fz3) N(x—Ty,t1) > « and N (y—Txz,t2) > « imply that
N (Tx —Ty,s3(t1 +t2)) > «, for all z,y € AU B, and all
t1,to > 0.

Corollary 4.12. Let (X, N) be a fuzzy normed space, o € (0,1) and
(0 #)A,B C X. Moreover, let T : AUB — AU B be an F-Zamfirescu
contraction. Then T has the fuzzy approrimate fixed point property.

Proof. By Theorems B8, B8 and B0, proof is clear. O

Now, we consider the contraction condition given in 2004 by Y. Berinde,
who also formulated a corresponding fixed point theorem, see [6], for ex-
ample.

Definition 4.13. Let (X, N) be a fuzzy normed space, « € (0,1) and
(0 #)A,B C X. Moreover, let T': AUB — AU B be a function such
that T (A) € B and T'(B) € A. The function 7: AUB — AUB is



26 SEYED ALI MOHAMMAD MOHSENIALHOSSEINI AND MORTEZA SAHELI*
called an F-weak contraction, if there exist s; € (0,1) and so > 0 such
that N (z —y,t1) > a and N (y — Tu,t2) > a imply that

N (Tx — Ty, (s1inf t1) + (s2inft2)) > «,
for all x,y € AU B and all t1, t3 > 0.

Theorem 4.14. Let (X,N) be a fuzzy normed space, o € (0,1) and
(0#£)A,B C X. Moreover, let T : AUB — AU B be an F-weak
contraction. Then T has the fuzzy approrimate fixed point property.

Proof. Let x € AUB and C,, = {t >0: N(T”x—T”‘Hx,t) > a}.
Since T is an F-weak contraction, there exist s; € (0,1) and s3 > 0
such that

inf C,, =inf {t >0: N (T (7" 'z) = T (T"z) ,t) > o}
< 51 A [inf {t >0:N (T"_lx - T"x,t) > a}]
+soA[inf{t >0: N(T"x —T"z,t) > a}]
<s1 A [inf{t >0: N(T”_lm—T”x,t) > a}]

<stinf{t>0:N(x —Tz,t) > a}.
Since s1 € (0,1) it follows that
lim [inf {t >0:N (T"m — T”Hx,t) > a}] =0, forallz € AU B.

n—o0

Now by Lemma B4, T" has the fuzzy approximate fixed point property.
O

In 1974, Ciric [10] obtained a contraction condition for which the map
satisfying it, is still a Picard operator. We apply it to fuzzy normed space
for fuzzy approximate fixed point.

Definition 4.15. Let (X, N) be a fuzzy normed space, o € (0,1) and
(0 #) A, B C X. Moreover, let T: AUB — AU B be a function such
that T (A) € B and T'(B) C A. The function T: AUB — AUB is
called an F-quasi contraction, if there exists s € (0, 1) such that

N(x_yvtl)za? N(y—Ty,tg)Zoz,
N(x—Tx,ts) >, N(xz—Ty,tg) > a,

and N (y — Tz, t5) > « imply that
N (Tu — Tv, s (max {t1, ta, t3,t4,t5})) > a,
for all x,y € AU B, and all t1, to, t3, t4, t5 > 0.
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Corollary 4.16. Let (X, N) be a fuzzy normed space, o € (0,1) and
(0 #)A,B C X. Moreover, let T : AUB — AU B be an F-quasi
contraction with s € (0,1/2). Then T has the fuzzy approximate fized
point property.

Proof. By Proposition 3 in [6] any F-quasi contraction with s € (0,1/2)
is an F-weak contraction. By Theorem B—T4, T' has the fuzzy approxi-
mate fixed point property. O

5. Fuzzy DIAMETER APPROXIMATE BEST PROXIMITY PAIR FOR
VARIOUS TYPES OF OPERATORS

In this section, we study the fuzzy diameter approximate best prox-
imity pair.

Theorem 5.1. Let (X,N) be a fuzzy normed space, o € (0,1) and
(0 #)A,B C X. Moreover, letT : AUB — AUB be an F-s-contraction.
Then

cS(FiE (A, B)) < s+2(inf{t>0: N(A— B,t) > a})+2e, foralle>0.
Proof. Let € >0, a € (0,1) and z,y € F} . (A, B). Then
inf{t>0:N(x—Tzx,t) >a}<inf{t>0: N(A—B,t) > a}+e,
and
inf{t >0: N(y—Ty,t) >a} <inf{t >0: N(A—B,t) > a}+e
Since T': AUB — AU B is an F-s-contraction,
inf{t>0:N(x—y,t) >a}<inf{t >0: N (z—-Tx,t) > a}
+inf{t>0: N (Tz—-Ty,t) > a}
+inf{t>0: N (y—Ty,t) > a}
<sA[inf{t>0: N (z—y,t) > a}l]
+2(inf{t>0: N(A—-B,t) > a})+ 2
<2(inf{t >0: N(A—- B,t) > a})
+ 54 2e.
Hence
6 (F; (AB)) <s+2(inf{t >0: N(A—B,t) > a}) + 2.
O

Theorem 5.2. Let (X,N) be a fuzzy normed space, o € (0,1) and
(0#)A,B C X. Moreover, let T : AUB — AU B be an F-Kannan
contraction. Then

6 (F; . (A,B)) <2e(1+4s)+2sinf{t >0: N(A—B,t)>a},
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for all e > 0.

Proof. Let ¢ > 0, a € (0,1) and z,y € FZ . (A, B). Then, assume that
6 > 0 and

inf{t >0: N(x—y,t)>a}—inf{t >0: N(Tu—Tv,t) > a}<6.
Since T': AUB — AU B is an F-Kannan contraction,
inf{t>0:N(x—y,t) >a}<s@inf{t>0:N(x—Tu,t) > a})

+s(inf{t >0: N(y—Tv,t) > a})+0.

Since x,y € Fj . (A, B), it follows that

inf{t >0:N(x—Tz,t)>a}<inf{t>0: N(A-B,t)>a}+e,
and

inf{t>0:N(y—Ty,t) >a}<inf{t >0: N(A—-B,t) > a}+e
Hence
inf{t>0: N(x—y,t) >a}<2s[inf{t >0: N(A—- B,t) > a}]+ 2se+6.
So for every 6 > 0 there exists

$(0)=0+2s(inf{t>0: N(A—B,t) > a}+¢) >0,

such that

inf{t>0:N(z—y,t) >a}—inf{t >0: N (Tx—Ty,t) >a} <6,
which implies that

inf{t >0:N(x—y,t)>a}<eo().
Now by Lemma B3, we obtain that
5 (F2,(A,B)) < 6(2).
Therefore
6 (F; . (A,B)) <2e(1+4s)+2s[inf{t >0: N (A-B,t) >a}].
O

Theorem 5.3. Let (X,N) be a fuzzy normed space, o € (0,1) and
(0 #)A, B C X. Moreover, let T : AUB — AU B be an F-Chatterjea
contraction. Then

6 (F;.(AB)) <(2¢(1+s)+2sinf{t >0: N (A—B,t) > a}/1—2s),
for all e > 0.
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Proof. Let € >0, a € (0,1) and z,y € F} . (A, B).
Assume that 6 > 0 and
inf{t>0:N(x—y,t) >at—inf{t >0: N(Tz—-Ty,t) > a} <0
Since T': AU B — AU B is an F-Chatterjea contraction,
inf{t >0: N(x—y,t) >a}<s(inf{t>0:N(x—Ty,t) > a})
+s(inf{t>0:N(y—Tu,t) > a})+46
<s(inf{t>0:N(x—Ty,t) > a})
+s(inf{t>0: N(y—Tx,t) > a})+46
<s(inf{t>0:N(zx—vy,t) > a})
+s(inf{t >0: N (y — Ty,t) > a})
+s(inf{t>0: N (y—=x,t) > a})
+s(inf{t >0: N (z — Tz, t) > a}) +6.
Since z,y € Fj . (A, B), it follows that
inf{t>0:N(x—Tzx,t)>a}<inf{t>0: N(A—-B,t) > a}+e,
and
inf{t>0:N(y—Ty,t) >a}<inf{t >0: N(A—-B,t) > a}+e
Hence
inf{t>0:N(z—y,t) >a} <
25 (inf{t >0: N(x —y,t) > a})+2s(inf{t >0: N (A - B,t) > a})

+2se + 0.
Thus
(1—-2s)(inf{t>0:N (z—uy,t) >a})
<2s(inf{t >0: N(A—B,t) > a})+ 2se+ 6.
Then

inf{t >0: N (z—y,t) > a}
< (2s(inf{t >0: N(A—-B,t) >a}+e)+6)/(1—2s).

So for every 6 > 0 there exists

$(0)=(2s(inf{t >0: N(A—B,t) >a}+e)+0)/(1—2s)>0,
such that

inf{t>0: N(z—y,t) >a}—inf{t >0: N (Tx—Ty,t) >a} <0,
which implies that

inf{t>0:N(x—y,t) >a}t<¢(0).
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Now by Lemma BZ35, we obtain that
5 (FZ, (A, B)) < 6(26).
Then
6 (F; (AB)) <(2¢(1+s)+2sinf{t >0: N(A—B,t) > a})/(1—2s).
O

Theorem 5.4. Let (X,N) be a fuzzy normed space, o € (0,1) and
(0 #£)A, B C X. Moreover, let T : AUB — AU B be an F-Zamfirescu
contraction. Then

0 (Fie(A,B))

<2e(l4+n)+2n(inf{t>0: N(A—B,t) >a}l+(1/2)))/(1—-n),
for all e > 0, where n = max {s1,s2/ (1 — s2),s3/ (1 — s3)} and s1,s2, s3
as in Definition F.11.

Proof. Let z,y € AU B and « € (0,1). Suppose that (Fz;) holds,
Co={t>0:N(zx—y,t) >atand C; ={t >0: N (Tx —Ty,t) > a}.
We have
inf Cy < s1 A finf Cp] < 5.
Assume that (Fz2) holds, we have
inf{t >0: N (Tx —Ty,t) > a} <s[inf{t >0: N (z —Tz,t) > a}]
+so[inf{t >0: N (y—Ty,t) > a}]
<sglinf{t >0: N (x—Tx,t) > a}
+ sy [inf{t >0: N (y—z,t) > a}]
+so[inf{t >0: N (x—Tx,t) > a}]
+so[inf{t >0: N (Tz—Ty,t) > a}]
=2s9 (inf{t >0: N (z —Tx,t) > a})
+so(inf{t >0: N (z—y,t) > a})
+so(inf{t >0: N Tz —Ty,t) > a}).
Thus
infCh < (2s2/ (1 —s2)) (inf{t >0: N (x — Tz, t) > a})
+ (s2/ (1 — s2)) (inf Co) .
Suppose that (F3) holds, we have
inf{t >0: N(Tz—Ty,t) > a} <sg[inf{t >0: N (xz—Ty,t) > a}]
+s3[inf{t >0: N (y—Tx,t) > a}l]
< sglinf{t>0:N(z—uy,t) > a}]
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+s3[inf{t >0: N (y—Ty,t) > a}]
+s3[inf{t >0: N (y—Ty,t) > a}]
+s3finf{t >0: N Ty —Tz,t) > a}]

=s3(inf{t >0: N (Txz —Ty,t) > a})

+2s3 (inf{t >0: N (y —Ty,t) > a})
+s3(inf{t>0: N(x—y,t)>a}).

Thus

infCy < (2s3/ (1 —s3))(inf{t >0: N (y —Ty,t) > a})
+ (s3/ (1 = s3)) (inf Cy) .
These imply that
inf C; <2n(inf{t >0: N (x — Tx,t) > a}) + n (inf Cy) + n,

where n = max {s1,s2/ (1 — s2),s3/ (1 —s3)}.
Now let 0 > 0 and z,y € Fj . (A, B). Assume that

inf{t>0:N(x—y,t) >at—inf{t >0: N Tz —-Ty,t) > a} <0
Then
inf{t>0:N(x—y,t) >a}<inf{t >0: N Tx—Ty,t) >a}+0
<2n(inf{t >0: N (z —Tx,t) > a})
+n(inf{t>0: N (z—y,t)>a})+n+0.
Since z,y € Fj . (A, B), it follows that
inf{t>0:N(x—Tzx,t) >a}<inf{t >0: N(A—- B,t) > a}+e,
and
inf{t >0: N(y—Ty,t) >a} <inf{t >0: N(A— B,t) > a}+e
Hence
(1—n)infCo <2n(inf{t >0: N (x —Tx,t) > a})+n+0
<2n(inf{t >0: N(A— B,t) > a}) +2ne+n+6.
Therefore
infCop < (2n(inf{t >0: N(A—B,t) > a}+e+(1/2))+0)/(1—n).
So for every 6 > 0 there exists
@) =02n(nf{t>0: N(A—B,t) > a}l+e+(1/2))+6)/(1—n) >0,
such that
inf{t>0:N(xz—y,t)>a}—inf{t >0: N (Tx—Ty,t) >a} <6,
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which implies that
inf{t>0:N(z—y,t) >a}<¢(0).
Now by Lemma BZ3, we obtain that
5 (F% (A,B)) < ¢(2e).
Thus
0 (Fic(A,B))
< (2e(14n)+ 2 (nf{t>0: N(A—B,1) = a} +(1/2)) /(1 - ).
O

Theorem 5.5. Let (X,N) be a fuzzy normed space, o € (0,1) and
(0#)A,B C X. Moreover, let T : AUB — AU B be an F-weak
contraction. Then

0 (Fozz,e (A7 B)) < 51+ 52+ 2, fOT all € > 0.

Proof. Let € >0, a € (0,1) and z,y € F} . (A, B).
Assume that > 0 and

inf{t>0: N(z—y,t) >a}—inf{t >0: N (Tx—Ty,t) > a} <6.
Since T: AUB — AU B is an F-weak contraction,
inf{t>0: N(z—y,t)>a}<inf{t>0: N (Tx—Ty,t) > a}+0
<siA(inf{t >0: N (z—y,t) > a})
+soA(inf{t >0: N(y— Tz, t) > a})
+0
<s1+ 52+ 0.

So for every 6 > 0 there exists ¢ (0) = s1 + s2 + 6 > 0 such that
inf{t>0:N(x—y,t) >at—inf{t >0: N Tz —-Ty,t) > a} <0,
which implies that
inf{t>0:N(x—y,t) >a}t<¢(0).
Now by Lemma B3, we obtain that
§ (Fie(A,B)) < 6(2€).
Hence

1) (Foi6 (A, B)) < 81+ s + 2e.
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