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Caristi Type Cyclic Contraction and Coupled Fixed Point
Results in Bipolar Metric Spaces

Gagula Naveen Venkata Kishore'™*, Bagathi Srinuvasa Rao?, Stojan Radenovié® and
Huaping Huang*

ABSTRACT. In this paper, we establish the existence of common
coupled fixed point results for new Caristi type contraction of three
covariant mappings in Bipolar metric spaces. Some interesting con-
sequences of our results are achieved. Moreover, we give an illus-
tration which presents the applicability of the achieved results.

1. INTRODUCTION

This work is motivated by the recent work on extension of Banach
contraction principle on Bipolar metric spaces, which has been done
by Mutlu and Giirdal [2]. Also, they investigated some fixed point and
coupled fixed point results on this spaces (see [, Z]). Subsequently, many
authors established coupled fixed point theorems in different spaces (see
[3, B, 0, @01, 14, 05]). Caristi’s fixed point theorem ([7]) is a well-known
extension of Banach contraction principle ([T3]). The proof of Caristi’s
result has been generalized and extended in many directions (see [9, [2]).
It is also a modification of the Ekeland’s e-variational principle (see [G]).
Later, many authors referred it to Caristi-Ekeland fixed point results
and extended different types of distance spaces ([, B]).

The aim of this paper is to initiate the study of a common coupled
fixed point results for three mappings under various new Caristi type
contractive conditions in bipolar metric spaces. We have also illustrated

the validity of the hypotheses of our results.
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Definition 1.1 ([?]). Let A and B be two nonempty sets. Suppose that
d: Ax B —[0,00) is a mapping satisfying the following properties:
(Bo) If d(a,b) = 0 then a = b for all (a,b) € A x B,
(B1) If a = b then d(a,b) =0, for all (a,b) € A x B,
(B3) If d(a,b) = d(b,a), for all a,b € AN B,
(B4) If d(al,bg) < d(al,bl) + d(ag,bl) + d(QQ,bg) for all a1,a0 € A,
bl, by € B.
Then the mapping d is called a bipolar-metric on the pair (A4, B) and
the triple (A, B, d) is called a bipolar-metric space.

Definition 1.2 ([2]). Assume (A;, B1) and (A3, By) as two pairs of sets.
The function F': A; U By — Ay U Bs is said to be a covariant map, if
F(A;) € Ay and F(B;) C By and we denote this as

F: (A1, Br) = (Az, Ba).

The mapping F' : A1 U By — As U B is said to be a contravariant
map, if F/(A;) C By and F(B;) C Az and we denote this as

F (Al,Bl) = (AQ,BQ).

In particular, if d; and dg are bipolar metrics on (Aj, B1) and (Asg, Bg)
respectively, then sometimes we use the notations

F (Al,Bl,dl) = (AQ,BQ,dg) and F : (Al,Bl,dl) = (AQ,BQ,dQ).

Definition 1.3 ([2]). Let (A, B,d) be a bipolar metric space. A point
v € AU B is said to be a left point if v € A, a right point if v € B and
a central point if both v € AN B.

Similarly, a sequence {a, } in A (resp.{by }inB) is called a left (resp.right)
sequence.

In a bipolar metric space, sequence is the simple term for a left or
right sequence.

A sequence {v,} is convergent to a point v if and only if {v,} is a
left sequence, v is a right point and nlLrgO d(vp,v) = 0; or {v,} is a right

sequence, v is a left point and lim d(v,v,) = 0.
n—oo

A bisequence ({a, }, {b,}) on (A, B, d) is a sequence in Ax B. If the se-
quences {a,} and {b,} are convergent, then the bisequence ({a,}, {b,})

is said to be convergent. ({an},{bn}) is a Cauchy sequences if
lim d(an,bm) =0.

n,Mm—00
A bipolar metric space is called complete, if every Cauchy bisequence

is convergent, hence biconvergent.

Definition 1.4 ([0]). Let (A,B,d) be a bipolar metric space,
F : (A?,B*) = (A,B) be a covariant mapping. If F (a,b) = a and
F (b,a) = b for (a,b) € A2U B? then (a, b) is called a coupled fixed point
of F.
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2. MAIN RESULTS

In this section, we give some common coupled fixed point theorems for
three covariant mappings satisfying various new caristi type contractive
conditions in bipolar metric spaces.

Definition 2.1. Let (A,B,d) be a Dbipolar metric space,
F:(A?,B*) = (A,B) and f: (A,B) = (A, B) be two covariant map-
pings. An element (a,b) is said to be a coupled coincident point of F
and f if F (a,b) = fa and F (b,a) = fb.

Definition 2.2. Let (A,B,d) be a bipolar metric space,
F:(A?,B*) = (A,B) and f : (A,B) =% (A, B) be two covariant map-
pings. An element (a,b) is said to be a common coupled fixed point of
F and f. If F(a,b) = fa=a and F (b,a) = fb=0.

Definition 2.3. Let (A,B,d) be a bipolar metric space,
F: (A%, B?) = (A,B) and f: (A, B) = (A, B) be two covariant map-
pings. Then F' and f are called w-compatible if f (F' (a,b)) = F (fa, fb)
and f (F (b,a)) = F (fb, fa) whenever F (a,b) = fa and F (b,a) = fb.

Theorem 2.4. Let (A, B,d) be a bipolar metric space. Suppose that
F:(A?,B?) = (A,B) and f,g : (A, B) = (A, B) be covariant mappings
satisfying

(2.1)  d(F(a,b), F(p,q)) < ¢ (a(fa)) a(fa) — a(F(a,b))

+ 1 (B(f0)) B(fb) — B(F (b, a))
Y (v(gp)) v(gp) — v(F(p, q))
Y (v(99)) p(9q) — »(F(q;p))-

for all a,b € A and p,q € B, where a, B,7,p : AUB — [0,00) are lower
semi-continuous functions and v : (—oo,00) — (0,1) is a continuous
function.

a) F(A2UB?) C g(AUB) and F (A?UB?) C f(AUB).

b) Fither (F, f) or (F,g) are w-compatible.

c) Either f(AU B) or g(AU B) is complete.
Then the mappings F : A2UB? — AUB and f,g: AUB — AUB have
a unique common coupled fixed point of the form (u,u).

Proof. Let ap,bp € A and pg,qo € B. From (a), we construct the bise-

quences ({azn}, {p2n}), ({ban},{g2n}), {wan}, {x2n}) and ({€an}, {r2n})
in (A, B) as

F (a2n> b2n) = faoni1 = wop,
F (b2na a2n) = fb2n+1 = &on,

F (a2n+1,b2n+1) = gagnt2 = wan+1,
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bon+1, @2n+1) = gbant2 = Eant1,

F(

F (p2n; @2n) = [P2n+1 = X2n,

F (q2n,p2n) = f@2n+1 = K2n,

F (p2n+1, @2n+1) = gP2n+2 = X2n+1,

F(q2n+1,P2n+1) = 9G2n+2 = K2n+1,
forn=20,1,2,....
Now from (E1), we have
(2.2)

= d (F (a2n,b2n) , F (P2n+1, @2n41))
<9 (a(fazn)) a(fazn) — a(F (azn, b))
+ 9 (B(fban)) B(fban) — B(F (ban, azn))
+ 9 (v(gp2n+1)) Y(gp2n+1) — Y(F(P2n+1, 2n+1))
+ ¥ (p(992n+1)) ©(942n+1) — P(F(g2n+1, F (P2nt1))
< a(wap-1) — a(wan) + B(§2n-1) — B(E2n)
+v(Xx2n) — Y(X2n+1) + @(K2n) — @(K2n+1),

d (Wan, X2n+1)

and
(2.3)
d (§2n, Kony1) = d (F (ban, a2n) , F (q2n+41, P2n11))
< ¥ (a(fb2n)) a(fban) — a(F (ban, azn))
+ 9 (B(fazn)) B(fazn) — B(F (azn, ban))
+ 9 (v(992n+1)) 7(92n+1) — Y(F(q2n+1, P2n+1))

+ 9 (p(gp2n+1)) p(gp2n+1) — P(F(P2n+1, F(q2n+1))
< afbon-1) — a(&en) + Blwan—1) — Blwan)
+ (K2n) — Y(K2n+1) + @ (X2n) — P(X2n+1)-
Combining (22) and (EZ3), we get
(2.4)
d (wan, Xon+1) + d (ans Kont1) < a(wan—1) — a(wzn) + Blwn-1)

- B(wzn) +v(X2n) — V(X2n+1)
©(x2n) — ¢(X2n+1) + @(§2n-1)
a(&an) + B(&an—1) — B(&2n) + (K2n)
— Y(K2nt1) + @(K2n) — ©(K2n+1),

and
(2.5) (a(wzn) + Blwan)) + (V(X2n+1) + ©(X2n+1)) + (a(&2n) + B(E2n))
+ (Y(K2nt1) + o(K2n+1))
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< (¥ (a(w2n-1)) e(wan-1) + ¥ (B(wan-1)) Blwan-1))
+ (¥ (v(x2n)) Y(X2n) + ¥ (#(X2n)) ©(x2n)
+ (¢ (a(§2n-1)) @(§2n-1) + ¥ (B(E2n-1)) B(E2n-1))
+ (¥ (v(k2n)) v(K2n) + ¢ (0(K2n)) (K2n))
< (a(wan-1) + Bwan-1)) + (v(x2n) + ¢(x2n))
+ (a(€on-1) + B(&2n-1)) + (v(K2n) + (K2n)).
On the other hand

(2.6) d(w2n+1,x2n) = d(F (a2n+1,b2n+1) , F (P2, g2n))

(Oé( azn+1)) a(fazn+1) — a(F(azn+1, boan+1))
Y (B(fb2n+1)) B(fbant1) — B(F (b2n+1, a2n+1))
Y (v(gp2n)) ¥(gp2n) — Y(F(P2n, 42n))
¥ (¢(942n)) ©(992n) — ©(F (q2n, F'(p2n))
wan) — (wan1) + B(&2n) — B(&2n+1)
+7(X2n—1) — v(x2n) + ©(k2n-1) — @(K2n),

<a(

and

(2.7) d(&ant1, hi2n) = d (F (bant1, a2n+1) , F (q2n, P2n))
(Oé( ban+1)) a(fbant1) — a(F (b2nt1, azn+1))

¥ (B(fazn+1)) B(faznt1) — B(F(aznt1,b2n41))

¥ (v(9a2n)) v(94920) — V(F (g2, P2n))

Y ((gp2n)) ©(gp2n) — ©(F(p2n, F(q2n))

< Oé(ﬁzn) — a(&ant1) + Blwan) — Blwant1)
+v(k2n-1) = V(k2n) + @(Xan-1) — ¢(X2n).

Combining (Z8) and (EZ7), we get
(2.8)
d (wan+1, x2n) + d (E2nt1, Kon) < a(won) — alwant1) + Blwzn)

- 5(W2n+1) +7(x2n-1) — v(x2n)
o(x2n—-1) — @(Xx2n) + a(&2n)
a(8an+1) + B(&2n) — B(§2n+1)

+ y(K2n—1) — V(k2n) + @(Kan—1) — @(K2n),
and
(2.9)
((wan+1) + Blwan+1)) + (Y(x2n) + P (X2n)) + (@(2n41) + B(€2n+1))
+ (v(k2n) + p(K2n))
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< (¥ (wan)) a(w2n) + 1 (B(wan)) Blwzn))
(¥ (v(x2n-1)) Y(x2n-1) + ¥ ((x2n-1)) (X20—1))
(¥ (a(€2n)) (8an) + 9 (B(E2n)) B(E2n))

(¥ (v(K2n—1)) Y(K2n—1) + ¥ (p(K2n—1)) p(K2n-1))

+ (a(§2n) + B(&2n)) + (V(K2n—1) + p(K2n-1))-

Moreover,

(210) d(w2n7x2n) = d(F (CL bZn) 7F(p2n q2n))

Y (a(fazn)) a(faz) — a(F (azn, ban))

+ 1 (B(fban)) B(fbon) — B(F (ban, azn))
+ 1 (v(gp2n)) Y(gp2n) — Y(F (P2n; G2n))
+ 1 (p(992n)) p(9920) — P(F(g2n, F(p2n))
¥ ((wan-1)) a(wan—1) — a(wan)

w(/@(&n 1)) B(&an—1) — B(&2n)
¥ (v(x2n-1)) v(X2n—1) — ¥(X2n)
+¢(90(f€2n 1)) (K2n—1) — @(K2n)
< afwon-1) — a(wan) + B(€2n-1) — B(E2n)
+ 7(x2n-1) — 7(X2n) + @(K2n-1) — @(K2n),

and

(2.11) d (&an, kon) = d(F (b2n, a2n) , F (q2n, p2n))
(a( ban)) o fb2n) — a(F (b2n, azn))
Y (B(fazn)) B(fazn) — B(F(azn, b2n))
¥ (v(992n)) Y(9q20) — Y(F'(q2n: P2n))
¥ (¢(gp2n)) p(gp2n) — o(F (P2n, F(g2n))
< a(§2n—1) — a(&2n) + B(wan-1) — B(wan)
+ v(K2n—1) = V(k2n) + P(X2n-1) — ©(X2n)-
Combining (Z10) and (1), we get
(2.12)
d (wWan, X2n) + d (&2n, Kon) < a(wan—1) — a(wan) + Blwan—1) — Blwan)
+7(X2n-1) = v(X2n) + ©(X2n-1) — ©(X2n)
+ a(§on-1) — a(§an) + B(&an-1) — B(&2n)
+ (K2n—1) — V(K2n) + ©(K2n-1) — P(K2n),
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and
(2.13)  (afwan) + B(w2n)) + (v(x2n) + p(x2n)) + (a(E2n) + B(E2n))
+ (v(K2n) + p(K2n))
< (Y (a(won—1)) a(wan—1) + ¥ (B(wan-1)) Blwan-1))

)) v(x2n—1) + ¥ ((X2n-1)) ¢(X2n-1))
§an—1)) a(§an-1) + ¥ (B(§2n-1)) B(E2n-1))
Kon—1)) V(k2n—1) + ¥ (p(k2n-1)) P(K2n-1))
—1) + Blw2n-1)) + (v(X2n—1) + ©(x2n-1))

X2n—1

N~~~
3 Q
—~ o~

ABwan)}) . ({eléen)}, {B(&n)})
Aexan)}) s ({v(r2n)} {p(K2n)}),

and

({a(want1)} {B(wans1)}),  ({aléant1)}, {B(Eanst1)})
({7(X2n+1)} ) {90(X2n+1)}) ) ({V(HQH-H)} ) {90(52714-1)}) )

are non-increasing bisequences of non-negative real numbers. So they
must converges to A1, A2, A3, Ag, As, Ag, A7, Ag > 0, respectively.

Suppose A1 > 0or Ay >00r A3 >0o0r Ay >0o0r A5 >0 or A\¢g >0 or
A7 > 0 or Ag > 0. Letting n — oo in equations (E4), (28) and (E712),
we get a contradiction. Therefore,

Jim d(a(wzn), Blwen)) = lim d(v(x2n), ¢(x2n)) = 0,

Jim d(a(&2n), B(€2n)) = lim_d(7(kan), p(K2n)) = 0,

Jim d(a(wzn+1), Blwant1)) = Hm d(y(x2n+1), 9(X2n+1)) = 0,
(2.14) lim d(e(§2n+1), B(&2n+1)) = Jim d(v(Kant1), ¢(

Now, from (24), we have

Kon+1)) = 0.

2m

Z (d (wan, X2n+1) + d (&2n, K2n+1))
2n=1

= (d (w1, x2) + d (&1, K2)) + (d (w2, x3) + d (§2,K3)) + -+
+ (d (w2m, X2m+1) + d (§2m K2m+1))

< afwo) — a(wr) + Blwo) — Blw1) +v(x1) — v(x2) + ¢(x1)
—p(x2) + a(éo) — a(&1) + B(&) — B(&1) + (k1) — v(K2)
+ (K1) — @(k2) + a(wr) — aw2) + Blwr) — B(wa) +7(x2)
—7(x3) + e(x2) — o(x3) + a(&) — a(&2) + B(&1) — B(&2)
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+v(k2) — v(k3) + @(K2) — p(K3)

+ a(wn-1) — a(wn) + Blwn-1) — B(wn) +7(xn) — Y(Xnt1)
+ @(xn) — e(xn+1) + a(én-1) — a(&n) + B(€n—1) — B(&n)
+v(kn) — Y(Ent1) + @(kn) — @(Knt1)
< (a(wo) + B(wo)) + (v(xa) + »(x1))
+ (a(x0) + B(x0)) + (v(k1) + @ (k1)).
This shows that

2m

> (d(wans Xont1) + d (€an, F2nt1)),
2n=1

is a biconvergent series.
Similarly, we can prove

2m

> (d(want1, X2n) + d (€an11, F2n)),

2n=1

and
2m

Z (d (w2na X2n) +d (62113 /{2n))

2n=1
are biconvergent series and hence convergent.
Using the property (By), we get

2.15
(d (w2)m Xam) < d(w2n, Xon+1) + d (Wont1; Xont1) + -+ - + d (Wam—1, Xom)
d (§an, kom) < d(§an, Font1) + d (S2nt1, Kont1) + -+ d (am—1, Kom)
and
(2.16)
d (wams X2n) < d(Wom, Xom—1) + d (Wom—1, Xom—1) + - + d (W2nt1, X2n)
d (am, k2n) < d (§om, k2m-1) + d (§2m—1, K2m—1) + - -+ + d (E2n+1, K2n) ,
for each n,m € N with n < m. Then from (£4), (EX), (212),(213)
and (PT18), we have
d (wan; X2m) + d (&2n, Kom) < (d (wan; Xont1) + d (€2n, Kons1))

+ (d (w2nt1, Xon+1) + d (§2n+1, K2nt1))

+ -+ (d(wam—1, X2m—1) + d (§2m-1, K2am—1))

+ (d (wam—1, X2m) + d (E2m—1, K2m))

< a(wn-1) = a(wzn) + Blwan—1) — Blw2n)
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+v(x2n) — v(X2n+1) + ©(x20) — P(X20+1)

+a(€2n 1) — a(§2n) + B(E2n-1) — B(&2n)

(ffzn) V(k2n+1) + p(K2n) — P(K2nt1)

a(w2n) — (wan+1) + Blwan) — B(w2n+1)

(X2n) Y(X2n+1) + ©(x2n) — P(X2n+1)
a(§2n) — al€ant1) + B(&2n) — B(E2n+1)
(ffzn) V(k2n+1) + P(K2n) — (K2nt1)

+ - 4 a(wom—2) — a(wam—1) + B(wam—2)

- 5(0J2m ) (X2m 2) (X2m71)

+ o(xam—2) — ©(xem-1) + @(&2m—2)

— a(om-1) + B(&am—2) — B(§am-1)

+( ) — V(k2m—1) + ©(k2m—2)

— p(kam—1) + a(wam—2) — a(wam-1)

+ Blwam—2) — Bwam—-1) + v(x2m-1)

—(

+ of

— B(

+ o(

X

2m—2

Xom) + @(Xom—1) — ¢(X2m)

) — a(&am—1) + B(E2m—2)
Som—1) + V(K2m—1) — V(K2m)
Kom—1) — p(kam) — 0 as n,m — oo.

£2m72

Similarly, we can prove d (wam, X2n) + d (§2m, K2n) — 0 as n,m — 0.
This shows that (way, xom) and (£a2p, K2m) are Cauchy bisequences in
(A, B).

Therefore,

nli_{god(wm,mm) = Ji_god(fzm Kom) = 0.

Since f(AUB) is a complete subspace of (A4, B,d), so {wan+1}, {X2m+1},
{&n+1}, {kam+1} C f(AUB) are converge in the complete bipolar metric
space (f(A), f(B),d). Therefore, there exist u,v € f(A) and w, z € f(B)
with

(2.17)

lim wopy1 =w, lim &py1 =2, lim xopp1 =u, lim Kopt1 =v.
n—oo n—o0 n—o0 n—oo

Since f : AUB — AU B and u,v € f(A), w,z € f(B), there exist
l,me A, r,s € Bsuch that fl =u, fm =v and fr = w, fs = z. Since
a, 3,7, ¢ are lower semi-continuous functions, hence

lim a(wsn) = a(w),  Lm y(x2n) = v(u),

lim B(&2n) = B(2), lim @(k2n) = ¢(v).

n—0o0 n—o0
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From (E03), we get a(w) = (z) = v(u) = ¢(v) = 0. From (211) and
(B4), we have
d(F(l,m),w) < d(F(l,m), xen+1) + d (W2n+1, X2n+1) + d (W2n+1, W)
< d(F(I,m), F(p2n+1, q2n+1))
+ d (Wont1, X2n+1) + d (W2nt1, W)
< ¢P(a(fD)alfl) — a(F(l,m)) + P(B(fm))B(fm)
= B(F(m, 1)) + ¥ (v(9p2n+1))7(gP2n+1)
= Y(F(P2n+1, @2n+1)) + ¥ (@(9G2n+1))9(9G2n+1)
o(F(q2n+1,P2n+1)) + d (w241, X2n+1)
d (won+1, w)
(W) a(F(l,m)) + B(z) — B(F(m,1))
(X n) = Y(Xan+1) + @(K2n) — ©(K2n+1)
d (wan+1, X2n+1) + d (wont1, w) — 0 as n — oo.
Therefore, d (F(I,m),w) = 0 implies F'([,m) = w = fr.
Similarly, we can prove F(m,l) = z = fs, F(r,s) = u = fl and
F(s,r) = v = fm. Since (F,f) is w-compatible mapping, we have
F(u,v) = fu, F(v,u) = fv, F(w, z) = fw and F(z,w) = fz. We shall
prove fu=u, fv=v, fw=w and fz = z.
Now consider
d (fu, x2n) = d (F(u,v), F(pan, g2n))
< ¢(alfu))alfu) — alF(u,v)) + (B(fv))B(fv)
— B(F(v,u)) + ¥ (v(gp2n))v(gp2n) — V(F (P2n; G2n))
+ 1(p(992n))0(992n) — ¢ (F (g2n: P2n))
< a(fu) = a(fu) + B(fv) = B(fv)
+ 7(x2n-1) = 7(X2n) + (K2n-1) — @ (K2n),

letting n — oo, we get

d(fu,u) <~y(u) —y(u) + @) — (v) =0,

therefore, fu = u.
Similarly, we can show fw = w, fv =wv and fz = z. Therefore,

Fw,z) = fu=w= fr=F(,m),

F(u,v) = fu=u= fl =F(r,s),
F(z,w) = fz=2z= fs=F(m,l),
F(v,u) = fv=v= fm= F(s,r).
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On the other hand, from (27I7), we get
d(fl, fr) = d(u,w)
=d ( lim xon, hm wgn)

n—00
= lim d(wzn,mn)
=0,
and
d(fm, f5) = d(v,2)
=d ( hm Kon, hm §2n>
= lim d(§2n,/€2n>
n—oo
= 0.
Since F(A? U B?) C g(AU B), so there exist a,b € A and x,y € B such
that ga = u, gb = v, gr = wand gy = z.
Therefore, F(u,v) = gr = w, F(v,u) = gy = 2z, F(w,z) = ga = u
and F(z,w) = gb=w.
Now from (By4) and (20), we have
d(u, F(2,y)) < d(u,x2n) + d (w2n; X2n) + d (won, F(,y))
<d (u, X2n) +d (w2n7 X2n) + d( (a2n7 b2n) F(l‘, y))
< d (u, x2n) + d (W2n, X2n) + @(w2n—1) — a(wap)
+ B(&on—1) — B(&2n) +v(u) — v(F(z,y)
+ ¢(v) — o(F(y, z).
Letting n — oo, we get
d (u, F(z,y)) < a(w) — a(w) + 5(z) = B(z) +7(u)
—7(E(z,y) + ¢(v) = o(F(y, z)
= 0’
that is d (u, F(x,y)) = 0 implies F(z,y) = u,
therefore, u = F(z,y) = ga. Similarly, we prove v = F(y,x) = gb,
w = F(a,b) = gx and z = F(b,a) = gy. Since (F,g) is w-compatible,
so we have F(u,v) = gu, F(v,u) = gv, F(w, z) = gw and F(z,w) = gz.
Now we prove gu = u, gv = v and gw = w, gz = z.
d(gu, x2n+1) = d (F(u,v), F(p2n+1, G2n+1))
< ¥(a(fu))a(fu) — a(F(u,v))
+ ¥ (B(fv)B(fv) — B(F(v,u))
+ P (v(gp2n+1))7(gP2n+1) — V(F (P2n+1, @2041))
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+ Y((9g2n+1))9(9%2n+1) — P(F(G2n+1,P2n+1))
< a(fu) —a(fu) + B(fv) — B(fv)
+7(x2n) — Y(X2n+1) + @(K2n) — ©(K2n+1),
letting n — oo, we get
d (gu,u) < y(u) —y(u) + ¢(v) — ¢(v)
=0.

Therefore, gu = u. Similarly, we can show gw = w, gv = v and gz = z.

F(w,z) = gw=w = gz = F(a,b), F(z,w)=g9z=2z=gy = F(bya),
F(u,v) = gu=u=ga= F(z,y), F(v,u) =gv=v=gb= F(y,x).
On the other hand, from (217), we get
d(ga,gx) = d(u,w)
=d ( lim yop, lim (JJQn)
= lim d(wan, X2n)
—0,
and
d(gb,gy) = d(v,z)
=d ( lim Koy, hm §2n>

n—oo

= hm d(fgn,,‘ign)

n—oo

=0.

So u = w and v = 2. Therefore, (u,v) € A2N B2 is a coupled fixed point
of covariant mappings F, f and g. Now we prove the uniqueness. We
begin by taking (u*,v*) € A%2 U B? as another fixed point of F, f and g.
If (u*,v*) € A% then we have

d(UU) d(F(u,v), F(u",v"))
Y(a(fu))a(fu) — a(F(u,v)) +P(B(fv))B(fv)
B(F (v, u)) +¥(v(gu))y(gu®) — y(F(u*,v"))
+Y(p(gv))p(gv™) — (F(v*,u))
< a(u) = a(u) + B(v) = Bv) +y(u*) = y(u*) + p(v*) — p(v*)
=0.

Therefore, d (u,u*) = 0 implies © = u*. Similarly, we can prove that
v = v*. Similarly, if (u*,v*) € B2, then we have u = u* and v = v*.



CARISTI TYPE CYCLIC CONTRACTION AND COUPLED FIXED POINT ... 13

Then (u,v) € A2NB? is unique coupled fixed point of covariant mappings
F, f and g. Finally we will show v = v.

d(u,v) = d (F(u,v), F(v,u))
< pla(fu)alfu) — a(F(u,v)) + (B(fv))B(fv)
+(1(g0)(g0) — Y(F(v,1)) + d((gu))p(gu) — o(F(u,v))
< a(u) — a(u) + B©) — B(v) +1(v) = 1(v) + p(u) — plu
=0.

Therefore, d (u,v) = 0 = u = v. Hence u is the common fixed point of
F.f.g. 0

Corollary 2.5. Let (A, B,d) be a bipolar metric space. Suppose that
F:(A?,B%*) = (A,B) and f : (A, B) = (A, B) are covariant mappings
satisfying

(2.18) d(F(a,b), F(p,q)) < ¢ (a(fa)) a(fa) — a(F(a,b))
+ 1 (B(fb)) B(fb) — B(F (b, a))
+ ¥ (v(fp) v(fp) = v(F(p,q))
+ 1 (p(fq) p(fq) — w(F(g,p)),

foralla,b € A and p,q € B, where a, 3,7, : AUB — [0,00) are lower
semi-continuous functions and ¢ : (—oo,00) — (0,1) is a continuous
function.

a1) F(A*UB?) C f(AUB).

b1) (F, f) is w-compatible.

c1) f(AU B) is complete.
Then the mappings F: A2UB? - AUB and f : AUB — AU B have
a unique common coupled fixed point of the form (u,u).

Example 2.6. Let A = (1,00) and B = [—1, 1]. Define

d: AxB — [0,+00) as d(a,b) = |a®?—b?|, for all (a,b) € (A, B). Then the
triple (A, B, d) is a Bipolar-metric space. Suppose F : A2UB? -+ AUB
is a covariant mapping defined as

1
o g(a*b), aZb,
F(a,b)—{ 0, a < b,
1

and define two covariant mappings f,g : AUB — AU B as ga = 3a
and fa = %a. Let a, 8,7, : AUB — [0, +00) be lower semi-continuous
mappings defined as

1, ifw>0 2, ifx>0
atw) = { § v o0={} .

otherwise otherwise



14  G.N. V. KISHORE, B.SRINUVASA RAO, S. RADENOVIC AND H. HUANG

(y) = 4, ify>0 (2) = 6, ifz>0
Y= 0, otherwise v\ = 0, otherwise

and define 9 : (—o0,+00) — (0,1) as
2 .
o 3 if ¢ > 07
vit) = { 0. ift<0,

then clearly, F, f and g satisfied all the conditions of Theorem 4. Then
F, f and g have unique common coupled fixed point.

Theorem 2.7. Let (A, B,d) be a bipolar metric space. Suppose that
F: (A%, B*) = (A,B) and f,g : (A, B) = (A, B) are covariant map-
pings satisfying
(2.19)
d(F(a,b), F(p,q)) < o (¢(fa, gp)) ¥(fa, gp) — ¥ (F(a,b), F(p,q))
+ o (¢(fb,9q)) o(fb, 99) — ¢(F (b, a), F(q,p)),

for all a,b € A and p,q € B, where ¢, ¢ : (A x B)U (B x A) — [0,00)
are lower semi-continuous functions and o : (—oo,00) — (0,1) is a
continuous function.

az) F (A?UB?) C g(AUB) and F (A2UB?) C f(AUB).

by) Fither (F, f) or (F,g) is w-compatible.

c2) Either f(AU B) or g(AU B) is complete.
Then the mappings F : A2UB? — AUB and f,g: AUB — AUB have
a unique common coupled fized point of the form (u,u).

Corollary 2.8. Let (A, B,d) be a bipolar metric space. Suppose that
F:(A?,B%*) = (A,B) and f : (A, B) = (A, B) are covariant mappings
satisfying
(2.20)

d (F((L, b)’ F(pa Q)) Sa (w(fav fp)) ¢(fa7 fp) - ¢(F(a7 b)u F(p) q))

for all a,b € A and p,q € B, where ¢, ¢ : (A x B)U (B x A) — [0,00)
are lower semi-continuous functions and o : (—oo,00) — (0,1) is a
continuous function. Furthermore, assume

az) F (A2UB?) C f(AUB);

bs) (F, f) is w-compatible;

c3) f(AU B) is complete.
Then the mappings F: A2UB? - AUB and f : AUB — AU B have
a unique common coupled fixed point of the form (u,u).
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Example 2.9. Let U,,(R) and L,,(R) be the set of all m xm upper and
lower triangular matrices over R. Define d : U,,(R) X Ly, (R) — [0,00)

as

P.Q)= > Ipij — gl

ij=1

for all P = (pij)mxm € Un(R) and Q = (¢ij)mxm € Lm(R). Then
obviously (Up,(R), Li(R),d) is a Bipolar-metric space.
Define F: A2UB? - AUB as F(P,Q) = (P52,
where (P = (pij)mxm, @ = (¢ij)mxm) € Un (R) U Ly, (R)? and define
fr9: AUB = AUB as f(P) = 5(pij)mxm and g(P) = (pij)mxm- Let
Y, ¢ : Un(R)? U Ly(R)? — [0,00) be lower semi-continuous mappings
defined by

Q)= Ipij+al, ¢(C,D) Z |cij + dijl.-

,j=1 t,j=1
Define o : (—o00,+00) — (0,1) as

2 .
2 ift>0
_ 3 1 9
ot) { 0, ift<0,

then clearly, F,f,g satisfy all the conditions of Theorem PZ@ and
(Omxcms Omxm) is the unique coupled fixed point.

Definition 2.10. Let (A,B,d) be a bipolar metric space and
F:(AxB,Bx A) = (A, B) be a covariant mapping. If F (a,p) = a
and F (p,a) = p for a € A,p € B then (a,p) is called a coupled fixed
point of F.

Theorem 2.11. Let (A, B,d) be a bipolar metric space and suppose that
:(Ax B,BxA) = (A,B) and f,g : (A,B) = (A, B) are covariant
mappmgs satisfying
(2.21)
d(F(a,p), F(b,q)) < ¢ (a(fa)) a(fa) — a(F(a,p)) + 1 (B(fp)) B(fp)
— B(F(p,a)) + ¢ (v(gb)) v(gb) — v(F (b, q))
+ v (v(99) v(99) — ©(F (g, D)),

for all a,b € A and p,q € B, where a, 8,7, : AUB — [0,00) are lower
semi-continuous functions and  : (—oo,00) — (0,1) is a continuous
function. Furthermore, assume
as) F((Ax B)U(Bx A)) Cg(AUB) and
F((AxB)U(BxA))Cf(AuB).
by) Fither (F, f) or (F,g) is w-compatible.
ca) Either f(AUB) or g(AU B) is complete.
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Then the mappings F: (A x B)U (B x A) - AU B and
f,g: AUB — AU B have a unique common fixzed point of the form
(u,u).
Theorem 2.12. Let (A, B, d) be a bipolar metric space and suppose that
F:(AxB,BxA) = (A,B) and f,g : (A, B) = (A, B) are covariant
mappings satisfying
(2.22)
d(F(a,p),F(g,b)) < a(¥(fa,gp))¥(fa,gp) — (F(a,p), F(q, b))
+ a(o(fq, gb)) 6(fa, 9b) — ¢(F(p,a), F(q,b)),

for all a,b € A and p,q € B, where ¢, ¢ : (A x B)U (B x A) — [0,00)
are lower semi-continuous functions and o : (—oo,00) — (0,1) is a
continuous function. Furthermore, assume

as) F((Ax B)U (B x A)) Cg(AUB) and

F((AxB)U(BxA))C f(AuB).

bs) Either (F, f) or (F,g) is w-compatible.

¢s5) Fither f(AU B) or g(AU B) is complete.
Then the mappings F : (Ax B)U (B x A) - AU B and
frg: AUB — AU B have a unique common fixed point of the form
(u,u).
2.1. Application to Homotopy.

Theorem 2.13. Let (A, B,d) be a complete bipolar metric space, (U, V)

be an open subset of (A, B) and (U,V') be a closed subset of (A, B) such

that (U, V) C (U,V). Suppose H : (U2 UV2) x [0,1] - AU B is an

operator with satisfying the following conditions:

(2.23)

d(H(u,v,k), H(z,y, k) < a(y(u, 2)(u, v) = Y(H(u, v, k), H(z,y, K))
+ ({0, 9)0(0,y) — B(H (0, u, 5), H(y, 7, %)),

for allu,v €U, z,y €V and k € [0, 1], where
Y, ¢p: (Ax B)U (B x A) — [0,00) are lower semi-continuous functions
and
a: (—o00,4+00) = (0,1) is a continuous. Furthermore, assume
A) u # H(u,v,k) and v # H(v,u, k) for each u,v € OU U IV and
k € [0,1] (Here QU UV is boundary of UUV in AU B)
B) 3 M >0>5, dH(u,v,k),H(z,y,()) < M|k — (|,
for every u,v € U, z,y €V and x,( € [0, 1].
Then H(.,0) has a fized point <  H(.,1) has a fized point.

Proof. Set
X ={rk€e0,1]:u=H(u,v,k),v=H(v,u,xr) for some (u,v) € U?UV?}.
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Y = {C €[0,1]: 2= H(x,y,¢),y = H(y,z,¢) for some (z,y) € U? UV2}.
Since H(.,0) has a fixed point in U2 U V2, s0 (0,0) € X2 NY?2,

Now, we show that X2NY? is both closed and open in [0, 1] and hence
by the connectedness X =Y = [0,1]. Let ({sn},q,{C}ney) € (X,Y)
with (kn,Cn) — (K, ¢) € [0,1] as n — oo.

We must show that (k,¢) € X2N Y2 Since (kn,(n) € (X,Y) for
n=0,1,2,3,..., there exist bisequences (uy,xy), (Vn, yn) With

Unt1 = H(Up, vp, Kn), Unt1 = H(Un, Up, Kn),
and
Tpt1 = H(Zn, Yn, Cn), Yn+1 = H(Yn, Tn, Cn)-
Consider
(2.24)
d(tn, xn—ﬁ—l) = d(H (un—1,V—1, kn-1), H(Tn, yn, (n))
a(Y(un—1,T5)) Y (Un—1,2n)
1/’(H(un—l, Vn—1, Kn—1), H(Tn, Yn, Cn))
(d(Vn-1,Yn))P(Vn—1,Yn)
- ¢( (Vn—1,Un—1, kn—1), H (Yn, Tn; Cn))
< P(un—1,2n) — V(H (Un—1,Vn-1, fn-1), H(ZTn, Yn, Cn))
+ ¢(Vn—1,Yn) — ¢(H (Vn—1,Un—1, kn—1), H(Yn, Tn, Cn))
= Y(un—1,Tn) — V(Un, Tn+1) + ¢(Vn—1,Yn) — ¢(Vn; Yn+1),
and
(2.25)
d(vn, yn+1) d(H (vn-1,tun-1, kn-1), H(Yn, Tn, Cn))
(Y (vn—1,Yn))V(Vn-1,Yn)
¢(H('Un 15 Un—1, Kin—1)s H (Yn, Tn, Cn))
(P(un—1,2n))P(tUn—1,n)
- ¢( (Un—1,Vn—1, Kn—1); H(ZTn, Yn, o))
<Y (Wn-1,Yn) — Y(H (Vn—1,Un—1, kn—1), H(Yn, Tn, Cn))
+ d(un—1,2n) — ¢(H (Un—1,Vn—1, fn—1), H(ZTn;, Yn, Cn))
= Y (Vn-1,Yn) = Y (Vn, Yn+1) + ¢(Un—1, Tn) — G(tn, Tnt1)-
Combining (ZZ24) and (E2Z3), we have
d(tn; Tny1) + d(Vn, Yns1) < Y(Uun—1,2n) = ¥ (tn, Tns1) + G(vn—1,Yn)
— (v, Yn+1) + ¥ (Vn—1,Yn) — Y (Un, Yn+1)
+ ¢(tn—1,%n) = ¢(tn, Tn+1),
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letting n — oo, we get

i (@, 251) + (v 1)) < T ((o1,70) = Dt 041)
)
+ lim (¢ (vn-1,Yn) = (U, Ynt1))
+ lim (b(un—1,2n) = Gtn, Tn+1))-

It follows li_>m (d(tn, Tpt+1) + d(Vn, Ynt1)) = 0.

+ lim (¢(Un—17yn) - (Umyn-i-l
n—00

Similarly, we can show nli_)ngo(d(unﬂ, Zn) + d(vnt1,yn)) = 0 and
nli_)rgo(d(un,wn) + d(vpn,yn)) = 0 for each n,m € N,n < m. Using the
property (B4), we have
d(tn, Tpm) + d(Vn, Ym) < (d(tn; Tnt1) + d(Vn, Ynt1)) + (d(Unt1; Tns1)

+ d(Vnt1, Ynt1)) + -+ (d(Um—1, Tm—1)

+ d(Vm—1,Ym-1)) + (d(Um—1,Tm) + d(Vm—1,Ym))
< Y(un-1,7n) = Y(tn, Tnt1) + ¢(Vn-1,Yn)

— &V, Ynt1) + Mlkn+1 — Coga| + -+

+ Mtm—1 = Gn-1| + P(Uum—2, Tm—1)

— Y(Um-1,Tm) + ¢(Vm-2, Ym—1)

— ¢(Vm—1,Ym) — 0 as n,m — oo.

It follows
lim (d(up, xm) + d(vn, ym)) = 0.

n—oo
Similarly, we can show

lim (d(tm, Tn) + d(Vm, yn)) = 0.

n—oo

Therefore, (uy,x,) and (v,,y,) are Cauchy bisequences in (U, V). By
completeness, there exist £, € U and §,n € V with

(2.26) nh_)ngo Uy = 0, nlggo Up =1, nh_)rglo Tp =&, nh—>Holo Yn = .
Now consider
d(H (& v,K),6) < d(H (&, v, k), Tnv1) + d(unt1, Tns1) + d(uns1, 6)
< d(H (&, v, k), H(Zn, Yn, Cn))
+ d(H (un, v, k), H(xp, Yn, €)) + d(tn1, 0)
<P(&,xn) — Y€, 70) + O(V, yn) — A(V, yn)
+ M|kpn — (o] + d(tups1,6) — 0 as n — oo.
It follows d(H(&,v,k),0) = 0, which implies H(,v,k) = 6. Similarly,
we get H(v,&, k) =n, H(0,n,() =& and H(n,d,() = v.
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On the other hand, from (2228), we get
A&, 0) = dl g, ny 09 vn) = 55, 0ltim, 20) =0,

d(v,n) = d( hm Yn,s hm vp) = lim d(vn,yn) = 0.

n—oo

Therefore, ¢ = § and v = 7 and hence x = ¢. Thus (x,() € X2NY?2.
Clearly X2NY?is closed in [0, 1]. Let (o, (o) € (X,Y), then there exist
bisequences (ug, zo), (vo, yo) With ug = H (uo,vo, ko), vo = H (vo, uo, ko),
xo = H(z0,y0,¢) and yo = H(yo, x0, (o). Since U? U V? is open, then
there exists r > 0 such that Xg(ug,r) C U? U V2, X4(vo,7) C U?UV?,
Xg4(wo,7) CU?UV? and Xy(yo,7) € U2UV2. Choose k € (o —e, C0+6)
and ¢ € (kg — €,k +€) such that [k — (o| < 777 < 5, [( —ko| < 3 < &
and |I€0 *<0| < ﬁ < %
Then we have
x € Bxuy (uo,r) = {z, 20 € V/d(ug,z) <7+ d(ug,x0)},
Yy € Bxuy (vo,7) = {y,y0 € V/d(vo,y) <7+ d(vo,y0)}

and
u € Bxuy (1, 20) = {u,up € U/d(u,z0) < 7+ d(ug, z0)},
v € Bxuy (r,y0) = {v,v0 € U/d(v,y0) <7+ d(vo,40)} -
Also
d(H(u,v,k), ) = d(H(u,v, k), H(xg, Y0, 0))

< d(H(u,v, k), H(z,y, (o)) + d(H (ug, vo, k), H(x,y, (o))
+ d(H (ug, vo, %), H (w0, Y0, Co))
< o+ o, ) — (H (o, v0, ), H(z,y, o)

+ ¢(’U07 ) - ¢<H(’U0,’U,0, ’%)7 H(ya Zz, CO))

Letting n — oo, we get

d(H (u,v, k), o) < P(uo, x) — P (H (uo,vo, k), H(z,y, o))
+ ¢(vo,y) — ¢(H (v, uo, k), H(y, x, o))
< Y(uo, ) + ¢(vo,y) < d(uo, ) <7+ d(ug, o).
Similarly, we can prove d(H (v,u,k),y0) < d(vo,y) < 7+ d(vo, o),
d(up, H(z,y,(),) < d(u,z9) <1+ d(ug,zp) and

d(U07 H(yv x, C)v ) S d(U, yO) S T+ d(U07 yO)
On the other hand

d(UOa :EO) = d(H(u()aUOa ’{0)7H($07y0> CO)) < M|I{U - <0|
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1 1
=M = e

— 0 as n — 00,

and

d(UOa Z/O) = d(H(/U(]a uo, ’{0)) H(y(]a xo, CO))

< M|ko — (ol

1
=My
SW—)()&;STL%OO.

So ug = zg and vy = yp and hence x = (. Thus for each fixed
K € (ko — € ko +€), H(.,k) : Bxuy (uo,7) = Bxuy (uo,r) and
H(., H) : BXUy(Uo,T‘) — BXUy(U(), T).

Then all the conditions of Theorem (E13) are satisfied. Thus we
conclude that H(.,x) has a coupled fixed point in U’ NV°. But this
must be in U2 NV2. Therefore, (k,k) € X2NY? for k € (ko — €, Ko + €).
Hence (kg — €, /59 +€) € X2 NY?2 Clearly X2 NY? is open in [0,1]. To
prove the reverse, we can use the similar process. O

Theorem 2.14. Let (A, B, d) be a complete bipolar metric space, (U, V')
be an open subset of (A, B) and (U,V) be a closed subset of (A, B) such
that (U, V) C (U,V). Suppose H : (UQ UV2) x [0,1] — AU B is an

operator satisfying the following conditions:

(2.27)  d(H(u,v,k), Hz,y,k)) < ¢ (a(u)) a(u) — a(H (u, v, K))
+4(B(v) B
+ v (v(@)v(x) — y(H(z,y, 5
+ v (o) ¢

for allu,v € U, x,y € V and k € [0,1], where o, 8,7, : AUB — [0, o0)
are lower semi-continuous functions and ¥ : ( ) s a
continuous. Furthermore, assume
C) u # H(u,v,k) and v # H(v,u,k)for each u,v € OU U IV and
k € [0,1] (Here OU U OV is boundary of UUV in AUB)
D) 3M 203, d(H(u,v, 5), H(z,y,C)) < Mls — C| for every
w,v €U, z,y €V and x,( € [0, 1].
Then H(.,0) has a fized point <<  H(.,1) has a fized point.

3. CONCLUSIONS

In this paper, we obtain the existence and uniqueness solution for
three covariant mappings in a complete bipolar metric space under new
caristi type contraction with an example. Also, we have provided some
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applications to Homotopy theory by using fixed point theorems in bipo-
lar metric spaces.

4. DECLARATION

Competing Interesting. The authors declare that they have no com-
peting interest.

Funding. No funding.

Author contributions. All authors contributed equally and signifi-
cantly in writing this article. All authors read and approved the final
manuscript.

Acknowledgment. The authors are very thankful to the reviewers and
editors for valuable comments, remarks and suggestions for improving
the content of the paper.

REFERENCES

1. A. Mutlu, K. Ozkan and U. Giirdal, Coupled fized point theorems
on bipolar metric spaces, Eur. J. Pure Appl. Math., 10 (2017), pp.
655-667.

2. A. Mutlu and U. Gurdal, Bipolar metric spaces and some fized
point theorems, J. Nonlinear Sci. Appl., 9 (2016), pp. 5362-5373.

3. B. Samet and C. Vetro, Coupled fixed point theorem for multivalued
nonlinear contraction mappings in partially ordered metric spaces,
Nonlinear Anal., 74 (2011), pp. 4260-4268.

4. 1. Ekeland, Nonconvex minimization problems , Bull. Am. Math.
Soc., 1 (1979), pp.443-474.

5. 1. Ekeland, On the variational principle , J. Math. Anal. Appl., 47
(1974), pp. 324-353.

6. 1. Ekeland, Sur les problems variationnels, C.R.Acad.Sci.Paris, 275
(1972), pp. 1057-1059.

7. J. Caristi, Fized point Theorems for mappings satisfying inwardness
condition, Trans. Amer. Math. Soc., 215 (1976), pp. 241-251.

8. M. Abbas, M. Alikhan and S. Radenovié, Common coupled fixed
point theorems in cone metric spaces for w-compatible mappings,
Appl. Math. Comput., 217 (2010), pp. 195-202.

9. M.A. Khamsi, Remarks on Caristi’s fized point theorem, Nonlinear
Anal. TMA., 71 (2009), pp. 227-231.

10. N.V. Can, V. Berinde, N.V. Luong and N.X. Thuan, A Coupled co-
incidence point theorem in partially ordered metric spaces, Kragu-

jevac J. Math., 37 (2013), pp. 103-119.



22 G.N. V. KISHORE, B.SRINUVASA RAO, S. RADENOVIC AND H. HUANG

11. N.V. Luong and N.X. Thuan, Coupled fized point in partially or-
dered metric spaces and application, Nonlinear Anal., 74 (2011),
pp- 983-992.

12. R.P. Agarwal and M. A. Khamsi, Fxtension of Caristi’s fized point
theorem to vector valued metric space, Nonlinear Anal., 74 (2011),
pp. 141-145.

13. S. Banach, Sur les operations dans les ensembles abstraits etleur
applications auz equations integrales, Fund. Math., 3 (1922), pp.
133-181.

14. V. Lakshmikantham and L;j. Cirié, Coupled fixed point theorems for
non linear contractions in partially ordered metric spaces, Nonlin-
ear Anal., 70 (2009), pp. 4341-4349.

15. W. Sintunavarat, Y.J. Ch and P. Kumam, Coupled fized point theo-
rems for Nonlinear contractions without mixed monotone property,
Fixed Point Theory Appl., (2012), 2012:170.

! DEPARTMENT OF MATHEMATICS, SAGI RAMA KRISHNAM RAJU ENGINEERING
COLLEGE, BHIMAVARAM, WEST GODAVARI - 534 204, ANDHRA PRADESH, INDIA.
E-mail address: kishore.apr2@gmail.com

2DEPARTMENT OF MATHEMATICS, DR.B.R.AMBEDKAR UNIVERSITY, SRIKAKU-
LAM, ETCHERLA - 532410, ANDHRA PRADESH, INDIA.
E-mail address: srinivasabagathi@gmail.com

3DEPARTMENT FACULTY OF MECHANICAL ENGINEERING, UNIVERSITY OF BEL-
GRADE, BELGRADE.
E-mail address: stojan.radenovic@tdt.edu.vn

4 SCHOOL OF MATHEMATICAL SCIENCES, BEIJING NORMAL UNIVERSITY, LAB-
ORATORY OF MATHEMATICS AND COMPLEX SYSTEMS, MINISTRY OF EDUCATION,
BEwING, 100875, CHINA.

E-mail address: mathhhp@163.com



	1. Introduction
	2. Main Results
	2.1. Application to Homotopy

	3. Conclusions
	4. Declaration
	References

