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On F-Weak Contraction of Generalized Multivalued Integral
Type Mappings with a-admissible

Vatan Karakaya'*, Necip Simgek? and Derya Sekman®

ABSTRACT. The purpose of this work is to investigate the existence
of fixed points of some mappings in fixed point theory by com-
bining some important concepts which are F-weak contractions,
multivalued mappings, integral transformations and a-admissible
mappings. In fixed point theory, it is important to find fixed points
of some classess under F- or F-weak contractions. Also multival-
ued mappings are the other important classes. Along with that,
a-admissible mapping is a different approach in the fixed point the-
ory. According to this method, a single or multivalued mapping
does not have a fixed point in general. But, under some restriction
on the mapping, a fixed point can be obtained. In this article, we
combine four significant notions and also establish fixed point the-
orem for this mappings in complete metric spaces. Moreover, we
give an example to show the interesting of our results according to
earlier results in literature.

1. INTRODUCTION

Contraction mappings have a very important role in fixed point theory
since they are used to solve the problems of existence in many branches
of mathematics. Initially, Banach [d] defined the classical contraction
principle that guarantees the existence and uniqueness of a fixed point.
Due to its usefulness, it has been generalized by using different trans-
formations types and changing the structure of the space. Afterward,
Nadler [§] extended the Banach contraction principle for single valued
mappings to multivalued mappings by using the Hausdorff metric. This
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idea has led many researchers extensively to investigate the various fixed
point theorem results related to multivalued contraction mappings, es-
pecially, both the metric space and topological fixed point theory. One
can find some related papers in list [B, 10, I2]. In 2012, Wardowski [T4]
introduced a new type of contraction mapping known as F-contraction
and shown that this mapping is a Banach contraction. The concept of
multivalued F-contraction mapping was introduced by Altun et al. [3]
and they obtained some fixed point theorems for multivalued contraction
mappings in a complete metric space. Then, Acar et al. [I] generalized
this mapping and achieved some results. Samet et al. [I] introduced
a-admissible mappings and a new type of the (a-¢) contraction mapping
which is a generalization of the Banach principle. Later, Choudhury et
al. [5] introduced a multivalued version of the (a-¢) contraction and
they defined multivalued a-admissible mappings. The applications of
contraction which are mentioned above under integral operator have
been studied by some authors [, [, I3].

The purpose of this paper is to apply F-contractions on generalized
multivalued integral type (a-¢) contraction mappings which are also a-
admissible. We will also establish a fixed point theorem for this mapping
in complete metric spaces. Moreover, we will give an example to show
the application of our results according to earlier results in literature.
Now, give some definitions and theorems that we will use in this article.

Let (X,d) be a metric space. Denote by P(X) the family of all
nonempty subsets of X, C'L(X) the family of all nonempty and closed
subsets of X, CB(X) the family of all nonempty, closed and bounded
subsets of X and K (X) the family of all nonempty compact subsets of
X.

Definition 1.1. Let (X, d) be a complete metric space. We define the
Hausdorff metric on CB(X) by

H(A, B) :== max { supD(z, B),supD(y, A) »,
€A yeB
for all A,B € CB(X), where D(x,B) := I;ln]i;)d(x,b) for all x € X. The
€
mapping H is said to be a Hausdorff metric induced by d.
Definition 1.2 ([8]). Let (X,d) be a complete metric space. A map
T:X — CB(X) is said to be a multivalued contraction if there exists
0 < X <1 such that
H(Tz,Ty) < M(z,y),
for all x,y € X.
Definition 1.3 ([8]). A point 9 € X is said to be a fixed point of a
multivalued mapping 7' : X — CB(X) if xg € Tzp.
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Theorem 1.4 ([4]). Let (X,d) be a complete metric space. Suppose
T: X — CB(X) is a contraction mapping in the sense that for some

0< A<,
H(Tz,Ty) M(z,y)
/ o(1)dt < A / o(t)dt,
0 0

where
1
M(a,y) = max { e, ), Do T2), DUy Ty) y [Dle. Ty) + DG T |
for all z,y € X. Then, there exists a point x € X such that x € Tx (i.e.,
x is a fized point of T).
Wardowski [14] introduced the following definition.

Definition 1.5. Let F': Rt — R be a mapping satisfying:

(Fy) F is strictly increasing, i.e. for all v, 8 € R* such that v < f3,

F(y) < F(B),
(F2) For each sequence {7V}, of positive numbers lim v, = 0 if
n— o0

and only if li_}rn F(yp) = —o0,

(F3) There exists k € (0,1) such that lim v*F(y) = 0.
a—0t

A mapping T : X — X is said to be an F-contraction if there exists
7 > 0 such that

(1.1) d(Tz,Ty) >0 = 714+ Fd(Tz,Ty))<F(d(x,y)),
for all x,y € X.

Definition 1.6 ([1]). Let (X, d) be a metric space and T': X — CB(X)
be a mapping. Then T is said to be a generalized multivalued F-
contraction if there exists 7 > 0 such that

H(Txz,Ty) >0 = 71+ F(H(Tz,Ty)) < F(M(zx,y)),

where

M(z,y) = max {d<x,y>, D(x,Te), D(y, Ty), - [D(x, Ty) + D(y,T:cn} ,

1
2
for all x,y € X.

Theorem 1.7 ([0]). Let (X,d) be a complete metric space and T :
X — K(X) be a generalized multivalued F-contraction. If T or F is
continuous, then T has a fixed point in X.

Definition 1.8 ([13]). Let (X,d) be a complete metric space. The
mapping 7' : X — CB(X) is a F-contraction of generalized multivalued
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integral type mapping if there exists 7 > 0 such that, for all x,y € X,
(1.2)

H(Tz,Ty) M(z,y)
H(Tz,Ty) >0 = 7+F / syt | < F / o()dt | |
0 0

where

Ma,) = max {d(o.9), Do 7). D 7). 5

1

Dl Ty) + Dy 7o) |
where ¢ : [0, +00) — [0,+00) is a Lebesque-integrable mapping which
is summable on each compact subset of [0, +00), non-negative and such
that for each e > 0, [; ¢(t)dt > 0.

Theorem 1.9 ([I3]). Let (X,d) be a complete metric space and let
T:X — K(X) be a generalized multivalued F-contraction mapping of
integral type. If T or F' is continuous, then T has a fized point in X .

Choudhury et al. [6] introduced the concept of multivalued (a-¢)
contraction and multivalued c-admissible in the following way:

Definition 1.10 ([5]). Let (X, d) be a metric space and o : X x X —
[0,00), ¢ : [0,00) — [0,00) be two mappings such that ¢ is a nonde-
creasing and continuous function with ) ¢™(t) < oo and ¢(t) < t for
each t > 0. T': X — CL(X) be a multivalued mapping. We say that T’
is a multivalued (a-¢) contraction if

a(z,y)H(Tz, Ty) < ¢(d(z,y)),
for all z,y € X.

Definition 1.11 ([5]). Let X be any nonempty set and 7' : X — P(X)
and a : X x X — [0,00) be two mappings. Then, T is said to be
multivalued a-admissible if

a(z,y) >1 = «a(a,b) > 1, for all a € Tz and for all b € Ty,
for all x,y € X.

Theorem 1.12 ([5]). Let (X, d) be a complete metric space and T : X —
CL(X) be a multivalued (a-¢p) contraction. Also, suppose T' satisfies the
following:
(i) T is multivalued a-admissible,
(ii) For some xo € X, a(xp,a) > 1 holds for all a € Tz,
(iii) If {xzn} is a sequence in X such that a(zy,xn41) > 1 for all n,
where xp41 € Txy and x, — x as n — oo, then a(x,,x) > 1
for all n.

Then T has a fized point.
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2. MAIN RESULTS

Before giving the main results, we define generalized multivalued inte-
gral type mapping under F-contraction with a-admissible. Afterwards,
we prove that these mappings on complete metric spaces have a fixed
point.

Definition 2.1. Let (X, d) be a complete metric space and let T': X —
CB(X) be an F-weak contraction of generalized multivalued integral
type mapping. T is a multivalued a-admissible satisfying the conditions
of Theorem 17 if there exists 7 > 0 such that, for all z,y € X

(2.1)

a(z,y)H(Tz,Ty) M(z,y)
H(Tw,Ty) > 0= r+F ( / <p(t)dt> <F <¢ ( / <p(t)dt>>
0 0

where
M(a,y) = wax {d(e.9), Do 7). DUy Ty). 3 DG Ty) + DG T}

where ¢ : [0, +00) — [0,+00) is a Lebesque-integrable mapping which
is summable on each compact subset of [0, +00), non-negative and such
that for each e > 0, [i o(t)dt > 0.

Example 2.2. Let T be a multivalued a-admissible and it satisfies the
conditions of Theorem IT2. Let F : Rt — R be a mapping given by
F(t) = Int. It is clear that F satisfies (F}-F3). Every F-weak contraction
for generalized multivalued integral type mapping satisfies

o(z,y)H(Tz,Ty) M(z,y)
r4F (/ e go(t)dt> <F <¢> (/ ’ go(t)dt)) .
0 0

Now, we have

a(z,y)H(Tz,Ty) M (z,y)
Ine” +1In / et)dt | <Iln|¢ / o(t)dt
0 0

o(z,y)H(Tz,Ty) M (z,y)
/ St)dt < e~ / S(t)dt
0

0

for all x,y € X, Tx # Ty.
It is clear that for z,y € X such that Tz = Ty the inequality

a(z,y)H(Tz,Ty) M (z,y)
/ p(t)dt <e ¢ / e(t)dt |,
0

0
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also holds, i.e. T' is a contraction.

Theorem 2.3. Let (X,d) be a complete metric space and let T : X —
CB(X) be an F-weak contraction of generalized multivalued integral type
mapping. Also, the a-admissible mapping T satisfies the conditions of
Theorem TI3. Then T has a fized point.

Proof. Let xyp € X be an arbitrary point. Define a sequence {x,} by
Tnt1 € Taxy for n € N If 21 € Tz, then this point is a fixed point of 7.
Suppose that z1 ¢ Tx;. Then by the conditions (i) in Theorem [I2,
we can choose 1 € T'zg such that a(xg,x1) > 1. By same idea, let
o € T'x1, then we have

d(z1,x2) a(zo,z1)H(Txo,T21)
/ p(t)dt < / o(t)dt
0 0

M(zo,z1)
< ¢ (/0 go(t)dt) .

M(xg,x1) = max {d(a:o, x1), D(xg, Txo), D(x1, Tx1),

Since

% [D(zo, Tx1) + D(21, Tﬂco)]} ,

we get

d(z1,22)
(2.2) / o(t)dt
0

IN

a(zo,z1)H(Tzo,Tx1)

/ ()t
0

¢

max{d(zo,z1),D(x1,Tx1)}
/ o(t)dt
0
d(zo,71)
<6 / o(t)dt | .
0

Moreover, since 1 € Txg and xo € Tx1, by using Definition I, we
have a(x1,x2) > 1. Now, for x9 € Tz, we can choose 3 € Txy and
then by repeating the process in (22), we get

d(z2,x3) a(z1,x2)H(Tz1,T22)
/ p(t)dt < / o(t)dt
0 0

d(z1,22)
([ a)

From Definition [T, «(x2,x3) > 1 and by using (22), we have

d(z2,x3) a(z1,x2)H(Tz1,T22)
[ emars | plt)dt
0 0

IA
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d(zo,1)
§&<£ wwﬁ-

If we continue n times the above mentioned process, we obtain that

a(tn-1,2n)H(Txn-1,TTn)
/ o(t)dt

d(mn7m7L+1)
(2.3) / o(t)dt <
0 0

d(zo,21)
s&(A wwﬁ-

From (i) in Theorem TT2, a(zp—1,%,) > 1 for all n € N. Without
loosing of generality in (E23), we can take ¢(t) = 1 for t > 0. Then we
have

d(xrw xn—l—l) < Oé(xn_l, xn)H(Txn—lv Twn) < (bn (d((L’(), 1'1)) .

Therefore from Theorem 2.1 in [4], we obtain {z,} is a Cauchy sequence.
Also, since X is complete there exists p € X such that z,, — p when
n — oo.

Now we show that p € T'p. Let xp 41 € Txy,. Then

d(anrl ,Tp) a(wn,p)H(Txn,Tp)
(2.4) / o(t)dt < / o(t)dt
0 0

d(zn,p)
<ol [ et ).
0
By taking limit in (E), we get

d(p,Tp) a(p,p)H(Tp,Tp)
/ p(t)dt < / o(t)dt
0 0

d(p,p)
§¢<A ¢ww)

=¢(0).
Also since ¢(t) < t for t > 0, then ¢ (0) = 0. Along with that [; (t)dt >

0, and fod(p’Tp) @(t)dt = 0, that is, d(p,Tp) = 0 and we get p € T'p.
After these processes, we prove that all of these processes valid for F-
weak contraction.
By considering ¢(t) < t and (F}), since x, 41 € Tx, for n > 1, we
have

d(z1,x2) a(zo,z1)H(Txo,T21)
(25 F / o)t | < F / o(b)dt
0 0
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d(zo,1)
§F<¢ (/0 cp(t)dt)) -7

d(zo,x1)
< F / p(t)dt | — .
0
Again using (E3),

F (/d(m’m) <p(t)dt> <F <¢ (/d(xl’m) cp(t)dt)) _r
0 0
d(z1,x2)
( /0 w(t)dt) .
F ( /0 o) <p(t)dt> — 97

If repeated this process n times, we get

d(wnywnJrl) a(wnflyxn)H(TfnflyTxn)
(2.6) F /0 o(t)dt | < F /O o(t)dt
d(zo,x1)
<F / p(t)dt | —nr.
0

Let v, = fod(x"’x”“) ©(t)dt. From (E8) and by taking limit when n — oo
we get

IN
!

IN

lim F(vy,) = —o0.
n—oo
It is easy to see that lim ~, = 0 together with (Z4). From (F3), there
n—oo
exists k € (0,1) such that

lim (’Yn)kF(’Yn) =0.

n—oo
It is easy to see that all conditions of F-weak contraction hold and
therefore mapping (P0I) is F-weak contraction. Hence it has a fixed
point. Il

Corollary 2.4. Let (X,d) be an complete metric space and let T : X —
CB(X) be an F-weak contraction of a-admissible multivalued mappings.
Also, the a-admissible mapping T satisfies the conditions of Theorem

I13. Then, T has a fized point in X.

Proof. In Definition B, if we take ¢(t) = 1 for all ¢ € R, we get the
following inequality

H(Tz,Ty) >0 = 74 F(a(z,y)H(Tz,Ty)) < F (6 (M(z,y))),
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where
79

The rest of the proof can be obtained using the same procedures we
used in the proof of Theorem 3. 0

M(z,y) = max {d(az, y), D(x,Tx), D(y, Ty), ~ [D(z, Ty) + D(y, T:n)]} .

In this step, in order to construct an example for the mapping given
in (E01), we will use the example given in [f].

Example 2.5. Let X = R, d(z,y) = |r —y| and T : R — CB(R) by

{1,t}, a>1,
Tr = {0’%6 5 Oéﬂjg]-,
{2,3}, x < 0.

It is easy to show that H(70,7Tz) =3 > 1 and M (z,y) = 2. Therefore
the contraction mapping given in Theorem 4 does not hold due to the
condition k > %

Let o : RT — R* be a map defined by

_ 27 $’ y 6 [0’ ]‘] )
ow,y) = { 0,  otherwise
and also ¢ : R™ — R* defined by ¢(t) = %t. For z,y € [0,1], T is a
multivalued (a-¢) contraction according to integral type mapping. Now
we have

H(Tz,Ty) = max < sup D(z,Ty),sup D(y, Tx)
z€Tx yeTy

_ Sl =yl LSl |2yl
= max < inf , ,inf ,
16" 16 16" 16

[z — |

16

Also we can see that

M(z,y) = max {d(w, y), D(z,Tx), D(y, Ty), = [D(z, Ty) + D(y,Tx)]}

NN

= |z —yl.

By using these results, we show that

a(z,y)H(Tz,Ty) M (z,y)
/ o(t)dt < & / s()dt |
0 0

Taking ¢(t) = 3t and ¢(t) =1 for all t € R, we have
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Now we show that this mapping is an F-contraction for 7 € [0, 1.386] .
Let F(t) =1Int and 7 > 0.
We have the following inequality as in (1)

a(z,y)H(Tz,Ty) M (z,y)
H(Te,Ty) >0 = r+F / o)dt| < F (o / o)t | |-
0 0

By taking F'(t) = Int in the above inequality, we have

lecul 1 [le—yl
In eT/ dt | <ln / dt
0 2 Jo
In (eTx_y’) <In <|x _ y|)
8 2

e —yl _ —lz—yl
§ = 2

Hence, we get an F-weak contraction of generalized multivalued integral
type mapping given in (2).

1]

8]
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