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Generalized Continuous Frames for Operators

Chander Shekhar', Sunayana Bhati** and G.S. Rathore?

ABSTRACT. In this note, the notion of generalized continuous K-
frame in a Hilbert space is defined. Examples have been given
to exhibit the existence of generalized continuous K-frames. A
necessary and sufficient condition for the existence of a generalized
continuous K-frame in terms of its frame operator is obtained and
a characterization of a generalized continuous K-frame for H with
respect to p is given. Also, a sufficient condition for a generalized
continuous K-frame is given. Further, among other results, we
prove that generalized continuous K-frames are invariant under a
linear homeomorphism. Finally, keeping in mind the importance
of perturbation theory in various branches of applied mathematics,
we study perturbation of K-frames and obtain conditions for the
stability of generalized continuous K-frames.

1. INTRODUCTION

Frames for Hilbert spaces were formally introduced by Duffin and
Schaeffer [12] who used frames as a tool in the study of non-harmonic
Fourier series. Daubechies, Grossmann and Meyer [I0], reintroduced
frames and observed that frames can be used to find series expansions
of functions in L?(R). As we know frames are more flexible tools to
convey information than bases and so they are suitable replacement for
bases in a Hilbert space H. Finding a representation of x € ‘H as a lin-
ear combination of vectors of a frame, is the main goal of discrete frame
theory. But in case of a continuous frame, which is a natural generaliza-
tion of the discrete case, this property of frame is not straightforward.
However, one of the applications of frames is in wavelet theory. In fact,
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the practical implementation of the wavelet transform in signal process-
ing requires the selection of a discrete set of points in the transformed
space. Keeping applications in mind, various generalizations of frames
were introduced and studied namely Frames of subspaces in Hilbert
spaces were first introduced and studied by Casazza and Kutyniok [7]
and then in [4, P0]; Pseudo frames were introduced by Li and Ogawa [21];
Oblique frames were first introduced and studied by Eldar [T3] and then
by Christensen and Eldar [9]; Outer frames were introduced and studied
by Aldourbi, Cabrelli and Molter [I] and Bounded quasi-projectors were
studied by Fornasier [T4]. Sun [25] introduced a more general concept
called G-frames and pointed out that most of the above generalizations
of frames may be regarded as a special cases of G-frames and many of
their basic properties can be derived within this more general setup.
Rahimi [22] studied Multipliers of generalized frames in Hilbert spaces
and Rahimi and Balazs [23] studies Multipliers for p-Bessel sequences in
Banach spaces.

Another generalization of frames was proposed by Kaiser [I8] and
independently by Ali Tawreque, Antoine and Gazeau [2] who named
it as continuous frames while Kaiser used the terminology generalized
frames. Recently, Gabardo and Han [T5] studied continuous frames and
use the terminology (2, u)-frame. Discrete and continuous frames arise
in many applications in both pure and applied mathematics and, in
particular, they play important roles in digital signal processing and
scientific computations. Alizadeh, Faroughi and Rahmani [3] studied
continuous K — G-frames in Hilbert spaces. Continuous frames were
further studied in [H, [, [9]. For a nice introduction to frames an inter-
ested reader may refer to [8] and references therein.

In this paper, we define the notion of generalized continuous K-frame
in a Hilbert space and give various characterisations of generalized con-
tinuous K-frames in terms of its frame operators. Also, we give a suf-
ficient condition for the existence of generalized continuous K-frames.
Further, we obtain a condition under which a generalized tight contin-
uous K-frame for H yields a generalized continuous for H. Finally, we
study perturbation of K-frames and obtain various conditions for the
stability of generalized continuous K-frames.

2. PRELIMINARIES

Through this paper, H denotes seperable Hilbert spaces. L. Gavruta
[T6, 07] recently introduced a frame with respect to a bounded linear
operator K in a Hilbert space H, which is called K-frame, to reconstruct
the elements in the range of K (range of K is denoted by R(K)). In
fact, they gave the following definition:
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Definition 2.1. A system {fx} C H is called K-frame for A if there
exists two positive constants A, B > 0 such that

(2.1) A||K*z|]? < Z |z, fi)|> < Bllz||?, for all z € H.
keN
We call A,B the lower frame bound and the upper frame bound for
K-frame { fi}reny C H respectively. If only the upper inequality in (E71)
is satisfied, then { fx}ren is called Bessel sequence.

Gavruta [I6] also proved the following result:

Theorem 2.2 ([06]). Let {fitren C H and K € B(H). Then the
following statements are equivalent:

(1) {fx}tren is an atomic system for K;

(i) {fx}ren is a K-frame for H;
(iii) there exists a Bessel sequence {gitren C H such that

Kz =) (x,ge)fr, Yz €M
keN

We call the Bessel sequence {gi }reny C H as the K-dual frame of the
K-frame {fx}ren-

Theorem 2.3 ([6]). Let H be a Hilbert space and S, K € B(H). Then
the following statements are equivalent:
(i) R(K) C R(S).
(ii) AKK* < SS*for some A > 0.
(iii) K = SQ for some Q € B(H).

Let By be the collection of all Bessel sequences in a Hilbert space H.
Let I be an at most countable index set. The following definition of a
generalized continuous frame introduced and studied in [IT] .

Definition 2.4. Let H be a complex Hilbert space, K € B(H) and
(Q, 1) be a measure space with positive measure p. A mapping F :
Q — By;w — {fi(w)}ier is called a generalized continuous frame with
respect to (€, ) if:
(i) F' is weakly measurable, i.e., for all f € H,i € I,w — (f, fi(w))
is a measurable function on 2;
(ii) there exist positive constants A, B such that

(22)  AlfIP < /Q ST, £ilw) Pdpu(w) < BIFI2 Vf € H.

i€l
The positive constants A and B are called generalized continuous frame
bounds. F'is called A-tight generalized continuous frame if condition (i)
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holds and
AlfIP = /Q SO L@ fen.

i€l
The mapping F is called Bessel if the upper inequality in (222) holds. In
this case, B is called the Bessel bound. If the cardinality of I is one, F is

a continuous frame and if, further, u is a counting measure and 2 := N,
F is called a discrete frame.

3. MAIN RESULTS
We began this section with the following definition:

Definition 3.1. Let H be a complex Hilbert space, K € B(H) and
(Q, 1) be a measure space with positive measure p. A mapping F :
Q — By;w — {fi(w)}ier is called a generalized continuous K-frame
with respect to (9, p) if:

(i) F' is weakly measurable, i.e., for all f € H,i € I,w — (f, fi(w))
is a measurable function on 2;
(ii) there exist positive constants A and B such that

(3.1)  AIE"fI* < /QZ (f, fiw))Pdu(w) < BIIfI?, VfeH.

i€l
The positive constants A and B are called generalized continuous K-
frame bounds. F' is called A-tight generalized continuous K-frame if
condition (i) holds and

ALK = [ ST S, forall £ € H,
ier
The mapping F is called Bessel if the upper inequality in (870) holds.
In this case, B is called the Bessel bound. If the cardinality of I is one,
F is a continuous K-frame and if, further, u is a counting measure and

Q) := N, F is called a discrete K-frame. Let A be a counting measure
and F' be Bessel with bound B.

The analysis operator associated with F' is defined by
(3.2) Up: M — L2(Qx I, ux)\), Upf(w,i) = (f, fi(w)),
and the synthesis operator associated with F'is defined as
(3.3)

Up  L2QxIux A —H,  Upp= /ngb(w,i)f,-(w)du(w).

el
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The frame operator for generalized continuous K-frame is defined as

SFf:/Qz<f,fi(w)>fi(w)du(w), for all f € H.
i€l
Next, we give examples to exhibit the existence of generalized contin-
uous K-frames.
Example 3.2. Let H = (2(N),I = N,Q = (0,1), K € B(H), p be
the Lebesgue measure and {e;} be an ONB for H . For z € Q, define
{fr(2)}ren as fr(z) = VxKey. Then, for any x € €2, we have

DL Sr@)? =Y 1 VaKey)
k=1 k=1

= (K foen)
k=1

= z||K*f||?, for all f € H.

Hence, the sequence {fi(z)}ren is a tight K-frame for H with frame
bounds A, = B, = z. Also, {{fx(z)}ren : * € Q} is a generalized
continuous K-frame for H.

Example 3.3. Let # = (2(N),] = N,Q = (0,1), K € B(H), p be
the Lebesgue measure and {e;} be ONB for H . For x € , define
{fi()}ren as fru(v) = Va(er + ext1) and K : H — H by

Kf =Y (fex)(ex +ext).

k=1
Clearly
K*f = (f ex+ erp1)er.
k=1

Then, for any x € €, we have

DU S@N P =D [ Valen + ens)]
k=1

k=1
o0
— o3 {f ek +erin)P

k=1
= z||K*f||?, for all f € H.

Hence, the sequence {fi(z)}ren is tight K-frame for H with frame
bounds A, = B, = x. Also, we have

| S )P = SIK AR, forall f

keN
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Therefore {{fix(z)}ren : © € Q} is a generalized continuous K-frame for
H.

In the following result, we give a necessary and sufficient condition
for a generalized continuous K-frame by using the synthesis operator.

Theorem 3.4. Let H be a complex Hilbert space and (€2, i) be a measure
space and K € B(H). A wvector-valued mapping F' : Q@ — Bypjw —
{fi(w)}ier is called a generalized continuous K -frame with respect to
(Q, 1) if and only if the operator T} as defined in (3.3) is well defined,
bounded and R(K) C R(T}).

Proof. Let F' = {{fi(w)}icr}weq be generalized continuous K-frame for
‘H with respect to u. Then

AP < |ITrfI? < BIIfI?,  for all f € H.

This gives |75 < VB and AKK* < T5Tr. Then, by Theorem 2.2,
there exists an operator Q € B(H, L?(Qx I, ux \)) such that K = T5Q.
Hence T} is well defined, bounded and R(K) C R(T}.). Conversely, since
T} is well defined and bounded, F' = {{ fi(w) }ier }weq is a Bessel family
in H. Also, R(K) C R(T}) so AKK* < TiTr. Hence

Al fI? < || Tp £

- /Q ST fiw) 2

i€l
which implies F' = {{fi(w) }ier }weq is a generalized continuous K-frame
for H. O

Next, we give another characterization of a generalized continuous
K-frame for ‘H with respect to pu.

Theorem 3.5. Let F = {{fi(w)}icrtwea be a generalized continuous
K-frame for H with respect to p. Let G : Q — By w — {gi(w) }ier
be a weakly measurable function. Then, the following statements are
equivalent:
(i) G = {{9i(w) }iertwea is a generalized continuous K -frame for
H with respect to p.
(ii) There exists A > 0 such that

/Q SO, fi(w) — gi(@))P

el

SAmin{/ﬂz|<f,fi(W)>\2’/QZ!<f,gi(W)>\2}-

el el
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Proof. For all f € H, we have
ARSI < [ 3016, i) P

el

= [ S5+ 0:) - (D) Paute)

el

<2</Z\ffz PPdu) + [ 1< fal

el i€l

2(M +1 /Zlf,gz ) Pdpu(e)

el

A 41 </Z|ffz () Pdpu(w)

el

/Z\f,fz )Edu( >)

el

A+ 17 [ ST A Pl

el
< 4(M +1)*By| f11*.

Hence, we obtain
s IIP < /Z| (F, Jiw)) Pap(w) < 20 + 1) 7]

Conversely, Let Ap, Br and Ag, Bg be frame bounds of generalized

continuous K-frames F' = {{f;(w)}icrtweq and G = {{gi(w) }icr}wen
respectively. Then, for each f € H, we have

| 145 5e) = i) Pt
i€l
= [ T ) - [P

el

> U filw)Pdp(w > O If.gi(w)) Pdp(w)
<2(/, ),

el i€l

(/Z\ffz )P )+BGHfH2>

el

2(1+ )/Z\ffz ) Pdp(w).

el

| /\
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Similarly, we can show that

| S0 50— g Paute) < <1+>/Z\f,gz ().

el

g

In the following result, we give a sufficient condition for the existence
of a generalized continuous K-frame.

Theorem 3.6. Let K,L € B(H) and F = {F(w)}weq be a generalized
continuous K-frame for H with best bounds A and B.

(1)

If Q : H — H is a co-isometry such that KQ = QK, then
{Qfi(w)}weq is a generalized continuous K-frame with same

best bounds.
If R(L) C R(K) is such that K has closed range, then F =
{fi(w)}weq is also a generalized continuous L-frame for H.

(i) Since F' : Q — H is weakly measurable i.e. the map
w — (fi(w),z) from € into C is measurable for all x € H. So
the map w — (Qfi(w),x) from Q into C is also measurable for
all x € H. Now, for all z € H, we have

| ¥l Qanl < Bl
iel
Also, we have

|l Qs > Al Qal?

iel
= A||K*z|?, for all z € H.

Hence, {Qfi(w)}weq is a generalized continuous K-frame with
same best bounds.

(ii) Straight forward.

O

Proposition 3.7. Let K € B(H) and let { fi(w)}weq be a generalized
continuous frame for H with frame bounds A and B. Then {K f;(w)}weq
is a generalized continuous K-frame with frame bounds A and B| K |)*.

Proof. Since {fi(w)}ueq is a generalized continuous frame for H with
frame bounds A and B, we have

A2 < /Z!f,fz D2duw) < BIFI?, Vf € H.

el
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Thus, we get
| K @) Pdute) = [ 31K . i) Pt
el i€l

> A|K*fII?, VfeH.

Also, we have

| 1K pw) Pute) = [ ST £ e

i€l i€l
< BIIE"f||?
< BIE|PIIfI?, VfeH.
O
Proposition 3.8. Let K,L € B(H), R(K) C R(L) and {fi(w)}wea is

a generalized continuous frame for H with frame bounds A and B, then
{Lfi(w)}weq is a generalized continuous K -frame.

Proof. Straight forward. U

Next, we obtain a condition under which a generalized tight continu-
ous K-frame for H yields a generalized continuous frame for H.

Theorem 3.9. Let K € B(H) and F' = {fi(w)}wea be a generalized
tight continuous K-frame for H. Then F = { fi(w)}weq is a generalized
continuous frame if and only if K is surjective.

Proof. Let F' = {fi(w)}wea be a generalized tight continuous K-frame
for H with frame bound A. Then, we have

AK*z|? = /Z]aﬁfl D2 Vo e H.

el

Since F' = {fi(w)}weq is a generalized continuous frame for H, there
exists a constant C' > 0 such that C||z| < ||K*z|, 2z € H. Hence K is
surjective.

Conversely, let K is surjective. Then there exists C' > 0 and D > 0
such that

|2 < /Z| o [i(@)2 < Dla|?, forall 7 € H.
el
Hence F' = {fi(w)},eq is a generalized continuous frame for H. O

Next, we show that generalized continuous K-frames are invariant
under a linear homeomorphism.
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Theorem 3.10. Let F = {fi(w)}wea be a generalized continuous K-
frame for H with best bounds A1, B1 and Q : H — H be a linear homeo-
morphism that commutes with K*. Then {Q(F(w))}weq is a generalized
continuous K -frame for H and its best bounds As, By satisfy the inequal-
ities

AQI 72 < Ay < AY|Q M

Bi]Q[* < By < BiQ|*.

Proof. Clearly, for all f € H, w — (f, fi(w)) is a measurable function on
Q. Now, for all z € H, we have

| Sl Q) Pante) = [ S1Qw. fi)Paue)

el el
< B Q|-
Also
IK*z|? = | K*(QQ'z)|?
< QIPIK*(Q'z)|
< HQHQ/Z\Q 2, £i(w) Pdp(w)
2
L85 [5 o it Paute),
i€l
This gives

A Q|| < /D £, Qf(w)) Pdp(w).

el
Therefore, we get

AIQIIT? K ]* < /Z\ z, Qfi(w))Pdp(w) < Bullz|*.

i€l
Now, for all x € H, we have

Ao|| K ||? < /ZI 2, Qfi(w))du(w) < Ballz|”.

el
This gives
Q7P <AL, B < BQ.
Hence
AQIT? < A < AQTHP,  BillQIT? < B2 < BiQI%
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4. PERTURBATION OF GENERALIZED CONTINUOUS K-FRAMES

Perturbation theory is an important tool in many branches of ap-
plied mathematics. In this section, we study perturbation of generalized
continuous K-frames. We begin with the following result that gives
a sufficient condition for the perturbation of a generalized continuous
K-frame.

Theorem 4.1. Let F = {fi(w)}weq be a generalized continuous K-
frame for H and let G : Q@ — By, w — {gi(w) }ier be a weakly measurable
function. Then G = {g;(w) }weq is a generalized continuous K -frame for
H if there exists M > 0 such that

/QZ [z, fi(w) — gi(w))Pdp(w)

i€l
< Mmin { | 31w s Pante). [ 3 |<x,gi<w>>|2du<w>} .
Qer Qer
Converse part holds if K is a co-isometry.

Proof. For all x € H, we have

AFHK*:EIIQS/QZI@,fi(w))IQdu(W)

el

<2 ( | Sl i) — () Pt

+ A 2d w
/ ;e] (2, gi(w))|"dp( ))

(W 2 w X, g;(W 2 w
<2 (M/ ;e[ (2, gi(w))|"dp( )+/ ;EI:K s gi(w))["dp( ))

<M +1) [ 3l () ()

el

< (4M +1) (/QZ (@, filw)) — (2, gi(w)) Pdu(w)

el
W 2 w
+/QZEZI|<x,fZ< ) 2du ))

< (M +1)? /Q S (a, fiw) Pdu(w)

il
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< (4M + 1)*Bp|z|*.
This gives
sirey el < [ Sl @) Pdnte) < M+ 1) Blol
el

Hence {g;(w)}weq is a generalized continuous K-frame for H.
Conversely, let Ap,Br and Ag, Bg be frame bounds for the generalized
continuous K-frame {f;(w)}weq and {g;(w)}wecq respectively. Then, for
all x € H, we have

/ S filw) — gi(w)) Pdp(w)

el

§2</§| i) Pdp(w /zezlwsgz Idu()>
<9 (/2; filw |du<>+BG||xH2)
(1+)/;|3€fz ) [2dpu(w).

Similarly, we can show that
Bp
| Sl i) - apPante) <2 (1455 [ o g Pt
i€l G L
Hence, we get M > 0 such that

| ¥ e i) = i) (o)

el

<Mmm{/2!wﬂ Fautw). [ 3 1e.ai) \dﬂ(}

el el

B B
where M = max{ 2 1+ =2 ,2 1+=F . O
Ap Ag

Next, we give a sufficient condition for the existence of a generalized
continuous K-frame for H.

Theorem 4.2. Let K € B(H) be surjective with closed range and
F = {fi(w)}weq be a generalized continuous K -frame for H with frame
bounds A and B. Let G : Q — By,w — {gi(w)}ier be a weakly mea-
surable function. Assume that there exists constants o, R,y > 0 with
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0<a+ %'KT” < 1, where KT is pseudo inverse of K and such that
| 301w 0) = ) Pe)
Qer

= a/QZ (@, fi(w)) Pdu(w) + RIK*|® + pllz?, Yz e H.
el

Then G = {g;(w)}weq is generalized continuous K-frame for H with
frame bounds

2
11|12 K2
A(l—\/a—i-R—i_HJK ’) , B<1+\/04+M+12| ”)

Proof. Using Minkowski inequality, we have

1/2 1/2
(/QZ \(x,fz-(w»!zdu(@) < (/QZ (@, fi(w) — gi(W)>\2du(w)>

el el 1/2
W 2 w X .
+</Q;\<x,gz< ) 2du >> . VeeH
This gives
1/2
( / S|, fi<w>>|2du<w>)
Qer

1/2
< <a /Q S W, filw)) Pdpu(w) + R Ko +Mllw!!2>

el
1/2
+ (/ Z \(x,gﬂw))]%u(w)) , VxeH.
el
Since R(K) is closed, there exists pseudo inverse KT of K such that
KT
fol < 0 [ Sl o Pt « € mi).
el
Thus, for each z € R(K), we get

2
A<1_¢a+}”‘ﬂl'K”'2> | Ea]? < /Q S Iz, gi(@)) Pdu(w).

iel
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Also, we have

1/2
( i Z|<x,gz-<w>>|2du<w>>

iel "
W) — g; (W 2 w
< (/Q;Kfv,fz( ) — gi(w) 2du( >>
1/2
+ ( /Q Z\<x,fi<w>>\2du<w>>
iel

1/2
< <04/QZ’<37vfi(w)>’2dﬂ(w)+RHK*33’2+N”37”2>

el

1/2
" ( /Q Zux,fi(w»\?du(w))

el

< (VaB+RIK?+ i+ VB) 2], Vo € R(K).

Hence, for each x € R(K), we have

2
A (1 ~ o R“ﬂl'K”) 1Kl < [ 3 (o) (o)

icl

2
R| K|
<B <1+\/a+“+3””) [ERR

g

Finally, we give the following corollaries of Theorem B2 :

Corollary 4.3. Let F = {fi(w)}weq be a generalized continuous K-
frame for H with frame bounds A and B. Let G : Q@ — By,w —
{g9i(w)}ier be a weakly measurable function. Assume that there exists
constants o, R > 0 such that 0 < o + % <1 and

/QZ |(@, fi(w) — gi(W)HQdu(w)

el

<a /Q S e, fi(w) Pdp(w) + RIK 2|2, Vo € K.

el
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Then G = {g;(w)}weq is generalized continuous K-frame for H with
frame bounds

2 2
/| R R|| K]
A(l a+A> , B(l—i— o+ B .

Proof. Take p = 0 in Theorem E2. U

Corollary 4.4. Let F = {fi(w)}wea be a generalized continuous K-
frame for H with frame bounds A and B. Let G : Q@ — By,w —
{g9i(w) }ier be a weakly measurable function. Assume that there exists
constant R such that 0 < R < A and

/Q S N, fiw) — gi(@))Pduw) < RIK" 2|, Vo € M.
iel

Then {gi(w)}weq is generalized continuous K-frame for H with frame

bounds ) )
/R R|K|?
All—1/—= Bl1 — .
Proof. Take o = 0 and p = 0 in Theorem E2. O
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