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On the Monotone Mappings in CAT(0) Spaces

Davood Afkhami Taba! and Hossein Dehghan?*

ABSTRACT. In this paper, we first introduce a monotone mapping
and its resolvent in general metric spaces. Then, we give two new it-
erative methods by combining the resolvent method with Halpern’s
iterative method and viscosity approximation method for finding
a fixed point of monotone mappings and a solution of variational
inequalities. We prove convergence theorems of the proposed iter-
ations in CAT(0) metric spaces.

1. INTRODUCTION AND PRELIMINARIES

Let (X, d) be a metric space. Berg and Nikolaev [G] introduced the
concept of quasilinearization in metric spaces. Let us formally denote a

pair (a,b) € X x X by c% and call it a vector. Then quasilinearization
is the map (-,-) : (X x X) x (X x X) — R defined by

1
(1.1)  (ab,cd) = 5 (@(a,d) + P (b,0) — P (ac) - (b)),
for all a,b,c,d € X. It can be easily seen that
(ab,cd) = (cd, ab), (ab, cd) = —(ba, cd),

and
— — -
(@, cd) + (b, ed) = (ab, cd),
for all a,b,c,d, x € X.
A metric space (X, d) is a CAT(0) space if it is geodesically connected
and if every geodesic triangle in X is at least as thin as its comparison
triangle in the Euclidean plane. For other equivalent definitions and
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basic properties, we refer the reader to standard texts such as [8, [].
Complete CAT(0) spaces are often called Hadamard spaces. Let x,y €
X and X € [0,1]. We write Az @ (1 — \)y for the unique point z in the
geodesic segment joining x to y such that

(1.2) d(z,x) = (1 — N)d(z,y), d(z,y) = Md(z,y).

We also denote by [z,y] the geodesic segment joining z to y, that is,
[z,y] = {Ax® (1 — ANy : XA € [0,1]}. A subset C of a CAT(0) space
is convex if [z,y] C C for all z,y € C. The metric space X is said to
satisfy the Cauchy-Schwarz inequality if

(ab, cd) < d(a,b)d(c, d),

for all a,b,c,d € X. It is known [6, Corollary 3] that a geodesically
connected metric space is CAT(0) space if and only if it satisfies the
Cauchy-Schwarz inequality.

Define the relation ~ on X x X as follows:

T~ad o (abF)) = (ab 7)) (Yabe X).

The equivalent class of :ﬁ; will be denoted by [:@] The metric space
X is said to satisfy the (S) property if for any (x,y) € X x X there
exists y, € X such that [zj] = [yz#] (see also [14, Definition 2.7]). It
is obvious that, for example, any Hilbert space enjoys the S property
(let y, := 22 — y then [z)] = [yz#] = [y — z]). Moreover, it is not
hard to check that any symmetric Hadamard manifold satisfies the (S)
property (exp;'y acts in the role of [Zj] in Hadamard manifolds (see
(T3, p. 3455]).

The concept of A-convergence, introduced by Lim [IR] in 1976, was
shown by Kirk and Panyanak [I6] in CAT(0) spaces to be very similar
to the weak convergence in Hilbert space setting. Next, we give the
concept of A-convergence and collect some basic properties. Let {z,}
be a bounded sequence in a CAT(0) space X. For z € X, we set

r(z,{z,}) = limsupd(z,x,).
n—oQ

The asymptotic radius r({zy}) of {z,} is given by
r({z,}) = inf{r(z, {z,}) : x € X},
and the asymptotic center A({z,}) of {z,} is the set

A{zn}) = {z e X :r(z, {on}) = r({zn})}-

It is known from [I0, Proposition 7] that in a CAT(0) space, A({z,})
consists of exactly one point.

A sequence {z,} C X is said to A-converges to z € X if A({zy,}) =
{z} for every subsequence {z, } of {z,}.
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On the other hand, Kakavandi and Amini [I3] introduced the concept
of w-convergence as follows. A sequence {z,,} C X is said to w-converges
toxr € X if li_)m (m?n,ﬁﬁ = 0 for each y € X. Note that it is equiv-

n [e.9]
— — .
alent to li_)m (m, bc) = ((ﬁ, be) for each a,b,c € X. Kakavandi [I4,
n—oo

Lemma 2.8] proved that w-convergence and A-convergence are equiva-
lent in CAT(0) spaces with (S) property.

Let C' be a nonempty closed convex subset of a complete CAT(0)
space X. It is known that for any x € X there exists a unique point
u € C such that

d(z,u) = ynelgd(a:,y)

The mapping Po : X — C defined by Pox = u is called the metric
projection from X onto C. It follows from [, Proposition 2.4] that
Pc is nonexpansive. Dehghan and Rooin [9] obtained the following
characterization of a metric projection in CAT(0) metric spaces.

Theorem 1.1 ([9, Theorem 2.2]). Let C' be a nonempty convex subset
of a Hadamard space X, x € X and uw € C. Then

u= Pcx if and only if <1ﬁv, ﬁ} >0, forallyeC.
We need the following lemmas in the sequel.

Lemma 1.2 ([16]). Every bounded sequence in a Hadamard space always
has a A-convergent subsequence.

Lemma 1.3 ([I0])). If C is a closed convex subset of a Hadamard space

and if {zn} is a bounded sequence in C, then the asymptotic center of
{zn} isin C.

Lemma 1.4 ([I7, Lemma 2.5]). A geodesic space X is a CAT(0) space
if and only if the following inequality

(13)  0a® (1- Ay, 2) < Az, 2) + (1 - (. 2)
= AL = Nd(z,y),
is satisfied for all x,y,z € X and X € [0, 1].

Lemma 1.5 ([id, Proposition 2.2]). Let X be a CAT(0) space, p,q,r,s €
X and XA € [0,1]. Then

(L4)dAp @ (1 = XN)g, Ar & (1 — N)s) < Md(p,r) + (1 — N)d(q, s).

Lemma 1.6 ([I2, Lemma 2.4]). Let X be a CAT(0) space, z,y,z € X
and A € [0,1]. Then

(1.5) dAx @ (1 =Ny, 2z) < Ad(z,2) + (1 — N)d(y, 2).
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Lemma 1.7 ([, Lemma 3.3]). Let X be a CAT(0) space, a,b,c,d € X
and \ € [0,1]. Then

(1.6) d*(Aa® (1 = N)b, e @ (1 —N)d) < Nd%(a,c) + (1 — \)?d*(b, d)
%
+ 2X\(1 — A)(aé, bd).
Lemma 1.8 ([21]). Assume that {a,} is a sequence of nonnegative real
numbers such that
Ap+41 < (1 - 'Yn)an + 'Ynfsn +on, n2>0,
where {yn} is a sequence in (0,1), {d,} is a sequence in R and {o,} is
a sequence of nonnegative numbers such that

(i) lim 7, =0 and
n—oo

0
Z PYTZ = 007
n=0

(ii) limsupdy, <0 or

n—o0

o
> " nln] < o0,
n=0
(iii)
o0
Zan < 00.
n=0

Then lim a, = 0.
n—oo

2. MAIN RESULTS

We begin with presenting an appropriate definition of monotone map-
pings in metric spaces.
Let C be a nonempty subset of a metric space X. We recall that a
mapping T : C — X is called nonexpansive if

d(Txz,Ty) < d(z,y),

for all z,y € C. A point z € C is called a fixed point of T if x = T'x.
For the set-valued mapping T', a point x € C' is called a fixed point of T’
if x € Tx. In each cases, we denote by F(T') the set of all fixed points of
T. Kirk [, Theorem 5.1] showed that every nonexpansive self-mapping
defined on a bounded closed convex subset of a Hadamard space always
has a fixed point. Also, F(T') is closed and convex.

For a mapping A : X — 2%, we define its domain, range and graph
respectively as follows:

D(A) ={z € X : Az # 0}, R(A)={Az:z€ D(A)},
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and

G(A) ={(z,y) e X x X :z € D(A),y € Az}.
To obtain an appropriate definition for a monotone mapping in metric
spaces, we first recall its definition in Hilbert spaces. Let H be a real

Hilbert space with the inner product (-, -) and the norm ||-||. A mapping
A: H — 2" is called monotone if for each x,y € D(A), we have
(2.1) (u—v,z—y) >0,

for all u € Az and v € Ay (see [I5] and references therein). Putting
T = I+ A, where [ is the identity map on H, we see that T — [ is
monotone.

Definition 2.1. Let X be a metric space X and T : X — 2% be a
mapping. Let us formally say that "7 — I” is monotone if for each
z,y € D(T), we have

(2.2) (ut, 7)) > d*(x,y),
for all w € Tz and v € Ty.

Note that T' — I is just a symbol. The definition of a monotone
mapping finds its origin in Hilbert spaces.

Example 2.2. Consider R? with the usual Euclidean metric d. Let
X = R? be an R-tree with the radial metric d,., where d,.(z,y) = d(z,y)
if x and y are situated on an Euclidean straight line passing through the
origin and d,(x,y) = d(z,0) + d(y,0) otherwise (see [19, p. 65]). We
put
A={(t,s):t+s=1t€0,1]}, B={(ts):t+25s=2,t€[0,1]},

C = AU B and define T : C — 2% by

T — {z,pz} =z €A,

x x € B,

where p, is the intersection of B with the line passing from z and the
origin. By elementary computations we see that 1" — I is monotone.

Remark 2.3. Let T : X — 2% be a mapping and
T7'={(u,z) : x € D(T),u € Tx},
be its inverse. By the Cauchy-Schwarz inequality and (22) for each
z,y € D(T), we have
d*(z,y) < (wb,zf) < d(u,v)d(z,y),

for all u € Tz and v € Ty, which implies that 77! : R(T) — D(T) is
a nonexpansive single-valued mapping. For each A € (0,1), define the
mapping J{ : R(T) — X by Jlz = (1 — N)z & AT~ 'z. It follows from
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() that J):\F is also a nonexpansive single-valued mapping. Considering
(I2), we see that F(T) = F(T~') = F(JL).

We formally say that “I — T is demiclosed at zero” if the conditions
{zn} € C A- converges to z* and d(zp, Tx,) — 0 imply z* € F(T).

Lemma 2.4 ([11]). Let C be a nonempty closed convex subset of Hadamard
space X and T : C — C be a nonerpansive mapping. Then, I — T is
demiclosed, i.e., if {xn} A-converges to x and d(zy,Tz,) — 0, then
Tr==x.

Next, we introduce the combination of the resolvent iterative method
and Halpern’s iterative method and prove the strong convergence of the
iterative algorithms. For more information about Halpern’s iterative
method see (8, 20].

Theorem 2.5. Let C' be a nonempty closed convex subset of a Hadamard
space X which satisfies (S) property. Let T : X — 2% be a mapping

such that T — I is monotone, F(T) # 0 and D(T) C C C R(T). If the
sequences {ay} and {5y} satisfy the following conditions:

(i) Bn C (o, B) with o, € (0,1) and
Z ’/Bn—i-l - /Bn‘ < 0Q;
n=1

(i) ap, € (0,1), lim oy, =0,
n—oo

9]
E Qay, = 00,
n=1

and
(e.@)
Z ‘an—l-l - O‘n’ < o0,
n=1
then the sequence {x,} defined by u,zy € C' and
(2 3) Yn = (1 - Bn)a;n @ ﬁn'];mna
’ Tnt1 = pu® (1 — an)yn, n >0,

converges strongly to ¢ = Pp(r)u.
Proof. Let p € F(T). It follows from (ICH) that

(2.4) d(rpt1,p) = d(anu @ (1 — an)yn, p)
< and(u, p) + (1 — an)d(yn, p).
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Again, by (IC5) and nonexpansiveness of JI we have
(2.5) d(yn,p) = d ((1 — Bn)Tn ® ﬁnjfxnap)

< (1= Bn)d(wn, p) + Bud(J3 o, )
< (1 = Bp)d(xn,p) + Brd(zn, p)
= d(zn,p).
Combining (Z4) and (EZ3) we get
< apd(u,p) + (1 = an)d(yn, p)
< and(u,p) + (1 — ap)d(zp, p)
< max{d(u,p), d(zn,p)}

d($n+1,p)

< max{d(u,p),d(xo,p)}.

Hence, {z,,}, {yn} and {J{xz,} are bounded. It follows from (I4), the
distance-preserving property of the segment [z, J/\Txn] and nonexpan-
siveness of JAT that

(2.6)
Ad(Yn+1,Yn) = d ((1 = But1)Znt1 D Brs1Jy Tni1, (L= Bn)zn @ BuJi )
<d((1 = Bpg1)Tnt1 ® Brs1Jy Tni1, (1= Bug1)Tn @ Bus1 5 o)
+d ((1 = Bug1)Tn @ Brs1J5 Tny (L= Br)zn @ B dy zn)
< (1= Bny1)d(@ns1, Tn) + Bngrd (J3 ng1, I3 )
+|Bnr1 = Bald(wn, JX )
< d(@p41,2n) + [Batr — BulM,
where we put M = sup,, {d (azn, J):\F:zn) } Now, we estimate d(xyt2, Tnt1)-
Again, by () and the distance-preserving property of the segment
[@n, J 2] we have
d(Tpt2, Tnt1) = d(an41u ® (1 — Ant1)Yn+1, @ntt © (1 — an)yn)
< d(an+1u @ (1 = ant1)Yn+1, i1t © (1 — ant1)yn)
+ d(on1u ® (1 — g 1)Yn, 0nu @ (1 — o) yn)
< ant1d(u,u) + (1 — ant1)d(Yn+1, Yn)
+ lans1 — anld(u, yn)
< (1 = any1)dYns1, Yn) + |lans1 — an|L,
where L = sup, {d(u,yy)}. This together with (Z8) implies that
d(Tnt2, Tnt1) < (1= ant1)d(Yn+1, Yn) + [any1 — an|L
< (1 = ant1)d(Tn+1,Tn) + |Bns1 — BnlM + [ani1 — anl|L.
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It follows from Lemma [ that

nh—>120 d(xp41,2n) = 0.

Using (I2) we have
(2.7) d(xn, yn) < d(@ny1,2n) + d(Tps1, Yn)
= d(Tpt1,xn) + and(u,y,) = 0, (as n — o00).
By (E3) we get
d(@n, p) < d(@n, yn) + d(yn, p)
= d(xnv yn) + d(xnvp)‘

This together with (227) implies that
(2.8) 7}1_{1010 supd(zy,p) = nll)rgo sup d(yn, p)-
Using (I23) we have
d2(ynap) = d2 ((1 - 571)«7371 S /angxnvp)

< (1 - Bn)dz(l'nap) + 5nd2(=]§$nap) - Bn(l - 6n)d2($na ngn)

< (1= Bu)d(@n,p) + Bud® (2, p) = Bu(l = Bu)d* (@n, I3 20)

= dz(xn,p) - 671(1 - /Bn)dZ(xnv J)\Txn)
Hence,

a(l = B)d*(zn, Jf 2n) < Bn(1 — Br)d*(zn, JL x,)
< d*(xp,p) — d*(yn, p)-
Therefore, by passing to the subsequence and using (228), we conclude
that
(2.9) limsup d* (z,, J/\Ta:n) =0.
n—o0
Next, we show that
lim sup(ag, Z,4) < 0,
n—oo

where ¢ = Pp(pyu. Since {z,} is bounded, Lemma 2 follows that {z,}
has a A-convergent subsequence and so by the (§) property it has a
w-convergent subsequence. Let {x,,} be a subsequence of {x,} that
w-converges to x* and

lim sup(id, () = lim (g, 7o, G).
—00

n—oo

Using (29) and Theorem 24 (demiclosedness of JI ), we get z* € F(T).
It follows from the definition of w-convergence and Theorem I that

lim sup (), Tod) = lim (@, T ) = (@, 2%4) < 0.

n—oo
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Furthermore,
lim sup(ud, gnf) < lim sup(ug, yn@s) + lim sup(ug, 7,4)
n—oo n—oo n—oo
< limsup d(u, q)d(yn, ) + lim sup (g, 7,4)
n—oo n—oo
<0.

Utilizing (IT8) we see that
d*(nt1,9) = d*(nu ® (1 — an)yn, )
< apd?(u, q) + (1 = an)*d*(yn, @) + 20 (1 — o) (4l )
< (1= an)d*(zn, q) + ay, (andg(u, q)+2(1— oz@(@,gﬁ)) )

Hence, from Lemma "8 we obtain the desired result. This completes
the proof. O

Next, we introduce the combination of the resolvent method and the
viscosity approximation method and prove the convergence of the iter-
ative algorithm.

Let T : X — 2% be amapping such that T—1I is monotone and A € (0, 1).
Define the sequence {z,} by z¢p € C and

Up = (1 - Bn)zn ¥ BnJ;Zm
(2.10) { Zn+1 = anf(zn) ¥ (1 - an)una n > 0,

where f : C' — C is a contraction mapping from C' into C with the
contraction coefficient ¢ € [0;1) and {ay,}, {8} C (0,1).

Theorem 2.6. Let C' be a nonempty closed convex subset of a Hadamard
space X which satisfies the (S) property. Let T : X — 2% be a mapping

such that T — I is monotone, F(T) # 0 and D(T) C C C R(T). If the
sequences {a,} and {Bn} satisfy the following conditions:

(i) Bn C (o, B) with o, 8 € (0,1) and

Z |/Bn+1 - /Bn‘ < 0Q;

n=1
(i) oy C (0,1), nh_}rrgo ap =0,
o0
S oo
n=1
and
o0
Z |an+1 - an| < 00,
n=1

then the sequence {z,} defined by (ZI0) converges strongly to an element
z* e F(T).
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Proof. Since Pp(r) is nonexpansive, then Pp(r)f is a contraction and by
the Banach Contraction Principle it has a unique fixed point, that is,
x* = Pp(p)f(z*) for some z* € C'. Note that z* is a unique solution of
the variational inequality

(@ (@), 2p) <0, (vp€ F(T)).
Replacing w by f(z*) in (E33), from Theorem 23, the sequence {z,}
converges strongly to Pp(r)f(2*) = z*. Using (I4) we have

d(zn+17xn+1) = d(anf( n) @ (1 - an)uny anf( ) S (1 - an)yn)
< and(f(zn), f(x¥)) + (1 — ap)d(un, yn)
< aped(zy, )
(1 - an)d((l - Bn)zn @ Bn!])\ Zn, (1 - Bn)xn @ Bn!])\ xn)
< apcd(zp, )
+(1-a, (
< aped(zy, )
)

< anCd(Zn7 Ln

(1 —an(1—2¢)d(zn,xn) + an(l —c) 0

1 - Bn Zn;xn) +/8nd(‘]§jzn7‘]§1xn))
+ (1 — ap)d(zn, zp)
+

ancd(zn, %) + (1 — ap)d(zn, Tn)

Cc
d(zp,x").
- d(wn, ")

Hence, from Lemma 8 we have lim,, ;o d(zp,z,) = 0. Consequently,
we obtain
lim d(z,,2") < lim d(zn,z,) + lim d(z,,2") = 0.

n—o0 n—o0 n—oo

This completes the proof. O
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