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Almost Multi-Cubic Mappings and a Fixed Point Application

Nasrin Ebrahimi Hoseinzadeh!, Abasalt Bodaghi?* and Mohammad Reza
Mardanbeigi®

ABSTRACT. The aim of this paper is to introduce n-variables map-
pings which are cubic in each variable and to apply a fixed point the-
orem for the Hyers-Ulam stability of such mapping in
non-Archimedean normed spaces. Moreover, a few corollaries corre-
sponding to some known stability and hyperstability outcomes are
presented.

1. INTRODUCTION

The study of stability problems for functional equations is related
to a question of Ulam [26] concerning the stability of group homomor-
phisms and affirmatively answered for Banach spaces by Hyers [I6] for
the Cauchy difference. Later, the result of Hyers was significantly gen-
eralized by Aoki [0], Th. M. Rassias [?4] (stability incorporated with
sum of powers of norms), Gavruta [I4] (stability controlled by a gen-
eral control function) and J. M. Rassias [23] (stability including mixed
product-sum of powers of norms).

Let V be a commutative group, W be a linear space, and n > 2
be an integer. Recall from [I2] that a mapping f : V" — W is called
multi-additive if it is additive (satisfies the Cauchy’s functional equation
A(x+vy) = A(x)+ A(y)) in each variable. Some facts on such mappings
can be found in [20] and many other sources. In addition, f is said to
be multi-quadratic if it is quadratic (satisfies the quadratic functional
equation @ (z +y) + Q (z —y) = 2Q(x) + 2Q(y)) in each variable [I3].
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In [30], Zhao et al. proved that the mapping f : V" — W is multi-
quadratic if and only if it satisfies the equality

(L) Y flattz) =2" > (@1, T2, 5 Tng,)

te{—1,1}» J15525-,Jn€{1,2}

where z; = (z15,22j,...,2n5) € V" with j € {1,2}. In [I2] and [T3],
Cieplinski studied the generalized Hyers-Ulam stability of multi-additive
and multi-quadratic mappings in Banach spaces, respectively (see also
[80]). The Jensen type of multi-quadratic mappings and their charac-
terization can be found in [P4].

The cubic functional equation has been introduced by J. M. Rassias
in [27] as follows:

(1.2) flx+2y) = 3f(x+y)+3f(z) — flz —y) =6f(y).

He obtained the general solutions of (I"2) and studied the Hyers-Ulam
stability problem for these cubic functional equation. The following
alternative cubic functional equation

(1.3) fRx+y)+ f(2x —y)=2f(z +y) +2f(z —y) + 12f(z)

has been presented by Jun and Kim in [I7]. They found out the gen-
eral solutions and established the Hyers-Ulam stability for the functional
equation (IZ3). Furthermore, they considered the cubic functional equa-~
tion

(1.4) flz+2y)+ f(z —2y) +6f(z) =4f(x +y) +4f(z —y)

which somewhat different from (I=3) and proved the Hyers-Ulam stabil-
ity problem for it in Banach spaces setting [IR]. Next, the second author
in 5] showed that the functional equation

(1.5)  flra+sy) + f(re — sy)
= rs?[f(z +y) + f(z —y)] +2r (2 = 5°) f(2)

can be a generalization of the equations (I=3) and (I4) where , s are
integer numbers with r £ s # 0; for other forms of the cubic functional
equations and their stabilities on the various Banach spaces refer to
8], [@], [6], [@] and [29]. Recently, in [d], the second author and Sho-
jaee introduced the multi-cubic mappings (unified as a equation) and
studied the Hyers-Ulam stability for multi-cubic mappings on normed
spaces by a fixed point theorem and moreover proved that a multi-cubic
functional equation can be hyperstable; see also [21] for more forms of
multi-cubic mappings and their stabilities on normed spaces. Besides,
for the characterization and stability of multi-quartic mappings refer to

5].
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In this paper, by using the functional equation (IZH), we define new
multi-cubic mappings and present a characterization of such mappings.
In other words, we reduce the system of n equations defining the multi-
cubic mappings to obtain a single functional equation. We also prove
the generalized Hyers-Ulam stability for multi-cubic functional equations
by applying the fixed point method in non-Archimedean normed spaces
which is introduced in [I0]; for more applications of this approach for the
stability of multi-Cauchy-Jensen and multi-additive-quadratic mappings
see [2]. In addition, for the stability of multi-Jensen and multi-additive
mappings in non-Archimedean spaces refer to [27] and [28], respectively.

2. CHARACTERIZATION OF MULTI-CUBIC MAPPINGS

Throughout this paper, N stands for the set of all positive inte-
gers, Ny := NU {0},R; := [0,00),n € N. For any | € Nyg,n € N,
qg=1(q1,-..,qn) € {-1,1}" and = = (21,...,2,) € V" we write lz :=
(lxy,...,lzxy) and gz := (121, . .., qnTy), where lz stands, as usual, for
the scaler product of an element [ on z in the vector space V.

From now on, let V and W be vector spaces over the rationals, n € N
and z = (zi1, Ti2, . .., Tin) € V™, where i € {1,2}. We shall denote z7
by x; if there is no risk of ambiguity. Let x1,22 € V™ and T € Ny with
0<T<n. Put M= {‘ﬁn = (Nl,NQ, Ce ,Nn) ’ Nj S {xlj :EZCQj,ZL‘lj}},
where j € {1,...,n}. Consider

7% = {mn = (Nl,NQ,...,Nn) € M| Card{Nj : Nj = Qj‘lj} = T}

We say the mapping f : V' — W is n-multi-cubic or multi-cubic
if f is cubic in each variable (see equation ([H)). For the multi-cubic
mappings, we use the following notations:

(2.1) FME) =Y f(ON),
NpeML
FME2)i= > f(Ma,2), (z€V).
NpeME

Let r be the fixed integer in (IH) such that r # £1,0. We say
the mapping f : V" — W satisfies the m-power condition in the jth
variable if

f (Zl, sy RBj—1,TZ5, 2541y - e Zn) = Tmf (zl, R R R S PR Zn)
for all z1,...,2, € V™.

Remark 2.1 ([21]). It is easily verified that if f is a multi-cubic map-

ping, then it satisfies 3-power condition in each of variable. Note that
the converse is not true. Here, by means of an example we show that
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3-power condition in all variables for a mapping f does not imply be-
ing multi-cubic. Let (A,| -||) be a Banach algebra. Fix the vector
ap in A (not necessarily unit). Define the mapping h : A" — A by
h(ai,...,an) =]}, laj|[3ag for (a1,...,a,) € A" It is easy to check
that the mapping h satisfies 3-power condition in all variables but not
multi-cubic even for n = 1, which means that is h does not satisfy in
equation (I3).

In what follows, (Z) is the binomial coefficient defined for all n, k € Ny
with n > k by n!/(k!(n — k)!).

Theorem 2.2. Suppose that the mapping f : V"™ — W is multi-cubic.
Then, f satisfies the equation

n
—k k
(2.2) Z [ (rzy + qsza) = Z (rs?)" " [2r (r? = $H)]" f (M)
qe{_171}n k=0
where r,s are integer numbers with r + s # 0. The converse is true
provided that f has 3-power condition in all variables.

Proof. (Necessity) We prove that f satisfies the equation (222) by induc-
tion on n. For n = 1, it is trivial that f satisfies the equation (IH). If
(22) is valid for some positive integer n > 1, then

Z f( n+1 +qsxn+1)

qe{-1,1}n+!

=rs’ Z f(rat +qsay, Tipt1 + Topt1)

qe{-1,1}"
2
+rs Z f(ra} + qsry, x1n41 — Tont1)

qe{_lvl}n

+2r (rP =% > f(ral + gsal, win)
ge{-1,1}"

=rs’ Z Z 2"” (’" - 52)]k f(ME, 2141 + q2on41)

k=0 ge{-1 1}
+ 2r (7“2 — 52) Z (TSZ)nik [27“(7“2 — 52)]k f(ME, z1p41)
k=0

n+1

- Z )" 2 (= 7)) (M)

This means that (2) holds for n + 1.
(Sufficiency) Assume that f satisfies equation (E22). Fix j € {1,...,n}.
Putting zor, = 0 for all k € {1,...,n}\{j} in the left side of (Z22) and
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using the assumption, we get

(2.3) on—l % T?’(”*l)[f (11, Z1j—1,TT15 + ST25, T1jg1, - - Lin)
+ f(z11, ..., Z1j—1, T — ST, T1j41,-- - Tin)]
= 2"71[f (reqn, ..., 1T1j-1, 7215 + ST, TL1j41, - - -, T L1n)
+ f(rzi, ..., 1T1j-1, 721 — ST2j, TT1j41, - - -, TT1n)].
Set
[ (@1, x05) = f (11, ..., T1j—1, X1 + T2, T1j41s - - -, Tin)
+ f(z11, .., @11, T1j — T2j, T1jg1, - - -5 Tin) -

By the above replacements in equation (232), relation (223) implies that
(2.4)

2”717’3(7171) [f (1'11, ce ey T1j—1,TX1j + ST25, T1j+1, - - - ,l’ln)
+ f (211, - .- y L1j—1,TT15 — ST25, L1415 - - - , T1n)]

=271 (rs*)" f* (21, 725)

where
n—1
Ay =2""1 (’1“82)” + Z <Z: i) gn—hk-1 (ng)n—k (2r (r* — 32))k
k=1
and
n—1
Brs = (2r (r? = s*))" + n-1 on=k (1s2)" 7 (2 (2 — s2))F.
L= (o X
k=1
On the other hand, we have
(2.5)
n—1
Ars=rs [(QTS I <n ; 1) (2 Q)n_k_l (2r (r* - 32))k
k=1
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= rs? (27“52 +92r3 — 27“32)”71

— 2n71743(n71)r82'
In addition,

(2.6) By = (2r (r* —s%))"
1

+ Z_: <n ; (QTSQ)n_k_l (2r (r2 — 32))k+1

“2r () )
o

=2r (r2 — 52) Ti (Z : 1) (2 Q)nfkfl (27“ (7’2 - SQ))k

= 2r (7“2 - 82) (27“52 + 213 — 2r52)n_1
= gn—1p3(n=1)g, (7”2 — 52) .

It follows from relations (24), (28) and (225) that

f(x1, .., 21, 721 + ST25, T1j41,- - - T1n)
+ f (@11, .., 11, T — ST, T1jgl, - -5 Tln)
= rs?f* (1), x25) + 2r (r2 — 52) f(z11, .. x1m)

This means that f is cubic in the jth variable. Since j is arbitrary, we

obtain the desired result.

3. STABILITY RESULTS FOR (E2)

We firstly express some basic facts concerning non-Archimedean spaces
and some preliminary results. Let us recall that a metric d on a nonempty

set X is said to be non-Archimedean (or an ultrametric) provided

d(z, z) < max {d(z,y),d(y, 2)}

for x,y,z € X. By a non-Archimedean field we mean a field K equipped
with a function (valuation) |- | from K into [0, 00) such that |a| = 0 if
and only if a = 0, |ab| = |a||b|, and |a+b| < max{|a|, |b|} for all a,b € K.

Clearly, |[1| =|—1| =1 and |n| <1 for all n € N.

Let X be a vector space over a scalar field K with a non-Archimedean
non-trivial valuation |-|. A function [|-|| : X — R is a non-Archimedean

norm (valuation) if it satisfies the following conditions:
(i) ||z]| = 0 if and only if z = 0;
(i) laz| = [alllz]l, (z € X,a € K);
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(iii) the strong triangle inequality (ultrametric); namely,

[l +yll < max{{lz|, lyll}, (z,y€X).

Then, (X, - ||) is called a non-Archimedean normed space. Due to the
fact that

[ = 2m|| < max{[lzj41 —2jl;m <j<n—1}, (n>m)

a sequence {z, } is Cauchy if and only if {z,,11 — =, } converges to zero in
a non-Archimedean normed space X. By a complete non-Archimedean
normed space we mean one in which every Cauchy sequence is conver-
gent. If (X, -]|) is a non-Archimedean normed space, then it is easily
verified that the function dy : X x X — Ry, given by dx(z,y) :=
lx — y||, is a non-Archimedean metric on X that is invariant (i.e.,
dy(z + z,y + z) = dx(z,y) for x,y,z € X). Hence, non-Archimedean
normed spaces are also special cases of metric spaces with invariant met-
rics.

The most important examples of non-Archimedean normed spaces
are the p-adic numbers, which have gained the interest of physicists be-
cause of their connections with some problems coming from quantum
physics, p-adic strings and superstrings [I9]. Indeed, Hensel [I5] discov-
ered the p-adic numbers as a number theoretical analogue of power series
in complex analysis. The most interesting example of non-Archimedean
normed spaces is p-adic numbers. A key property of p-adic numbers is
that they do not satisfy the Archimedean axiom: for all z,y > 0, there
exists an integer n such that x < ny.

We recall that for a field K with multiplicative identity 1, the charac-

. n—times
teristic of K is the smallest positive number n such that 1 +---+ 1= 0.

Throughout, for two sets A and B, the set of all mappings from A to
B is denoted by BA. In this section, we prove the generalized Hyers-
Ulam stability of equation (E22) in non-Archimedean spaces. The proof
is based on a fixed point result that can be derived from [I0, Theorem
1]. To present it, we introduce the following three hypotheses:

(H1) E is a nonempty set, Y is a complete non-Archimedean normed
space over a non-Archimedean field of the characteristic differ-
ent from 2, 5 €N, ¢g1,...,9;: F — Eand Ly,...,L; : E —
R4,

(H2) T :Y® — Y is an operator satisfying the inequality

1TA(z) = Tu()|l < maxieqr, gy Li(z) [[A(gi(2)) — wlgi(@)]l

forall \,p € Y¥ 2 € E,
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(H3) A:RY — R¥ is an operator defined through
Ad(r) := maxeqy, . ;3 Li(7)d(g:(x)), &€ RY,z € E.

Here, we highlight the following theorem which is a fundamental result
in fixed point theory [I0, Theorem 1]. This result plays a key tool to
obtain our goal in this paper.

Theorem 3.1. Let hypotheses (H1)-(H3) hold and the function 0 :
E — R, and the mapping ¢ : E — Y fulfill the following two condi-
tions:

1T(x) — ()] < 6(x), lim A'9(z) =0, (€ E).

l—0o0
Then, for every x € E, the limit lim;_,o, T'p(x) =: ¢(x) and the map-
ping Y € Y defined in this way, is a fized point of T with
lp(z) = ¢(2)] < supjen,A'9(z),  (z € E).

In the sequel, given the mapping f : V" — W, we delineate the
difference operator ®.f : V" x V" — W by

Def(xr,22) = Z [ (rzy + gswo)

ge{-1,1}"
=S () T 2 (2 - )] F M)
k=0

where f(M?7}) is defied in (27T).

Here and subsequently, without loss of generality we assume that r is
a fixed positive integer such that r > 2. We now are ready to indicate
the upcoming result which is the main result in this paper.

Theorem 3.2. Let 5 € {—1,1} be fized, V be a linear space and W be a
complete non-Archimedean normed space over a non-Archimedean field
of the characteristic different from r. Suppose that ¢ : V* x V" — R
1$ o function satisfying the equality

. 1!
for all x1,x9 € V™. Assume also f: V" — W is a mapping satisfying
the inequality
(3.2) 1Def (@1, )| < @ (21, 22)

for all 1,29 € V™. Then, there exists a unique multi-cubic mapping

C:V"™ — W such that

1 1\ 1
(33) 17() - (&) < suprers, s () 2 (7250)

27 x [P
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forallx € V™.
Proof. Putting x = 1 and z2 = 0 in (82), we have

2" f(rz) — (Zn: (Z) 2 (rs?)"” (27“ (r* — 52))k> f(z)

k=0
< o(x,0)

for all x € V™. By an easy computation, we have

(3.4)

n

(3.5) Z@T‘ E(rs?)" ™ (20 (2 — )"

k=0
(21"5 + 273 — 2rs )

= (%)

It follows from (B4) and (B3) that

(3.6) Hf rT) —T3”f (z,0)

)l < e

12|
for all x € V™. The inequality (B4) implies that
(3.7) [ () = Tf(2)]| <6(x)
for all x € V™, where

1 B—t 1
— — B

)= e () Te) = e ()
for all ¢ € WV" and € V™. Define An(z) = ‘Tlﬁn (rfz) for all
n € RY", x € V™. It is easy to see that A has the form described in (H3)

with E = V", g1(z) := rPx forall z € V" and Ly (z) = m%ﬂ' Moreover,
for each \,u € WV" and x € V", we get
1
ITA@) ~ @)l = | 5 A0Pe) — zu(ria)

< Li(z) [Mg1 (@) — plgr(2))] -

The above relation shows that the hypothesis (H2) is valid. By induction
on [, one can check that for any [ € N and = € V" that

(3.8) Ao(z) = <| énﬁ)la(r’%)

1 1\ /58
- b+ 0)
2 x [rPn (!r|3”5> o (e

|r

for all x € V™. The relations (B7) and (88) necessitate that all assump-
tions of Theorem B are satisfied. Hence, there exists a unique mapping
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C: V"™ — W such that C(x) = lim;_, (Tlf) (z) for all z € V", and
also (B23) holds. We also can verified by induction on [ that

69 Jo () ] = () o (02

for all x1,x9 € V™. Letting | — oo in (89) and applying (8), we arrive
at ©.C (x1,22) = 0 for all 1,29 € V™. This means that the mapping
satisfies equation (22) and the proof is now completed. O

Remark 3.3. We note that in Theorem B3, it is assumed that the
non-Archimedean field has the characteristic different from r and so the
conditions of Theorem Bl are valid because |r| < |2| < 1.

The following corollaries are some direct applications of Theorem B2
concerning the stability of (22).

Corollary 3.4. Let § > 0. Let V be a normed space and W be a
complete non-Archimedean normed space over a non-Archimedean field
of the characteristic different from r and |2| < 1. If f: V" — W is a
mapping satisfying the inequality

[Dcf (z1,22)|| <6

for all x1,z9 € V™, then there exists a unique multi-cubic mapping C :
V* — W such that

1f(2) = Cl)l| < o
forallz € V™.
Proof. We firstly note that |r| < 1. Letting ¢ (z1,22) = 0 in the case
8 = —1 of Theorem B2, we have lim;_, (M%gm)l 6 = 0. Therefore, one
can obtain the desired result. O

Corollary 3.5. Let p € R fulfills p # 3n. Let V be a normed space and
W be a complete non-Archimedean normed space over a non-Archimedean
field of the characteristic different from r and 2| < 1. If f: V" — W
18 a mapping satisfying the inequality

2 n
IDef (1)l <D0 Ml

k=1 j=1

for all x1,z9 € V™, then there exists a unique multi-cubic mapping C :
V* — W such that

e S s P p>3n
()~ Ca)]| <

o gt 1P p<3n
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forallx =x1 € V",

Proof. Putting ¢ (x1,22) = Y2, > i=1 ks [P, we have ¢ (rlay, rlas) =

7| (21, 29). It now follows from Theorem B2 the first and second
inequalities in the cases § =1 and 8 = —1, respectively. O

Let A be a nonempty set, (X, d) a metric space, ¢ € R{", and Fy, Fy
operators mapping a nonempty set D C X4 into X4". We say that
operator equation

(3.10) Fre(ar, ... an) = Fap(ar,...,an)
is ¢-hyperstable provided every ¢o € D satisfying inequality

d(]'—lgOo (al,...,an) , Fao (al,...,an)) < ¢(a1,...,an)

for all ay,...,a, € A, fulfils (810); this definition is introduced in [IT].
In other words, a functional equation F is hyperstable if any mapping
f satisfying the equation F approximately is a true solution of F. Un-
der some conditions the functional equation (E22) can be hyperstable as
follows.

Corollary 3.6. Suppose that py; > 0 for k € {1,2} and j € {1,...,n}
Sulfill Zi:l Z?:l prj # 3n. Let V be a normed space and W be a
complete non-Archimedean normed space over a non-Archimedean field
of the characteristic different from r and 2| < 1. If f : V" — W is a
mapping satisfying the inequality

2 n
I1Def (v, x2) | < T 1T lws P

k=1j=1

for all x1,xo € V", then f is multi-cubic.
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