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Non-Equivalent Norms on C*(K)

Ali Reza Khoddami

ABSTRACT. Let A be a non-zero normed vector space and let K =

B£0> be the closed unit ball of A. Also, let ¢ be a non-zero element
of A such that ||¢|| < 1. We first define a new norm | - ||, on
Cb(K ), that is a non-complete, non-algebraic norm and also non-
equivalent to the norm || - ||cc. We next show that for 0 # ¢ €
A* with ||¢]| < 1, the two norms || - ||, and || - || are equivalent
if and only if ¢ and v are linearly dependent. Also by applying
the norm || - ||, and a new product ¢ - ” on C°(K), we present
the normed algebra (C*?(K), || -|,). Finally we investigate some
relations between strongly zero-product preserving maps on Cb(K )
and C*?(K).

1. INTRODUCTION

Let K = B%O) be the closed unit ball of a non-zero normed vector
space A and let ¢ be a non-zero element of A* such that ||¢| < 1.
We consider C?(K) for the space of all complex-valued, bounded and
continuous functions on K. It is well-known that C°(K) is a unital
algebra with respect to the pointwise algebraic operations. The function
lg is the identity of C*°(K). The uniform norm on K is

I flloc =sup {|f(2)] | 2€K},

for all f € C*°(K). Clearly (C°(K), || [) is a commutative, unital,
Banach algebra. For details concerning the Banach algebra C?(K), we
refer to [Il] and [9].
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Let A and B be two normed algebras. Then a linear map T : A — B
is said to be zero-product preserving, if T'(a)T(c) = 0 whenever ac =
0, a,c€ A. Also T is said to be strongly zero-product preserving, if
for any two sequences {an}n,{cn}tn in A, T(an)T(c,) —> 0 whenever
ancn, — 0. Many of the basic properties concerning strongly zero-
product preserving maps are investigated in [3—4].

Let || - [|1 and || - ||]2 be two norms on A. It is obvious that || - ||; and
|| - |2 are equivalent, if and only if, for each sequence {ay}, C A,

lan]i — 0 < |lan|l2 — 0.
On the space C*(K) we define the product

(f-9)(x) = f(z)e(x)g(x), xe€K,
for all f,g € C*(K). Obviously (Cb(K), ) is an algebra that we denote it
by C*(K). In [7] it is shown that (C*?(K),|| - ||lsc) is a non-unital, com-
mutative Banach algebra. Some basic properties such as, idempotent,
nilpotent, zero divisor elements and also bounded approximate identities
of C*(K) are investigated in [7]. Also some relations between character

spaces of C*?(K) and C°(K) are characterized in [7].
Let A be a Banach algebra. In [2] R. A. Kamyabi-Gol and M. Janfada
defined a new product “ - ” on A by a - ¢ = aec for all a,c € A, where

¢ is a fixed element of the closed unit ball Bio) of A. The pair (4,-)
is a Banach algebra which is denoted by A.. Some properties such
as, Arens regularity, amenability of A. and also derivations on A, are
investigated in [2]. Also biflatness, biprojectivity, p—amenability and
p—contractibility of A. are investigated in [g].

For a normed algebra (A, || - ||), define A™ to be the set of all equivalent
classes of Cauchy sequences obtained by the relation {a,}n, ~ {bn}n if
and only if lim,,— o ||an, — by|| = 0. For a™ = [{an}n] and b~ = [{b, }n],
the operations

(IN + bN = [{(ln + bn}n] 9

Aa™ = [{Aaptn],
a”~b™ = [{anbn}nl,
a™l~ = Tim_la)

make A~ into a Banach algebra containing a dense subalgebra that is
isometric with A. (A™, ] - ||~) is called the completion of A.

In this paper we first define a new norm || ||, on C°(K), that is a non-
complete, non-algebraic norm and also non-equivalent to the norm ||| -
We next show that for 0 # ¢ € A* with ||| < 1, the two norms || - ||,
and || - || are equivalent if and only if ¢ and 1) are linearly dependent.
Also by applying the norm || - ||, and a new product “ - 7 on C*(K),
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we present the normed algebra (C**(K),|| - ||,). We finally investigate

some relations between strongly zero-product preserving maps on C?(K)
and C*(K).

2. NON-EQUIVALENT NoORMS ON C*(K)

In this section, let A be a non-zero normed vector space and let ¢

be a non-zero linear functional on A with [|¢| < 1. Also let K = Bgo)

be the closed unit ball of A. We set || f||, = ||f¢lloo for all f € C*(K).
Also let 1x be the constant function on K such that 1x(z) = 1 for all
x € K. The following proposition is used repeatedly in the sequel.

Proposition 2.1. For f € C*(K), fo =0 if and only if f = 0.

Proof. Let fo =0. So f‘ = 0. Choose e € A such that ¢(e) = 1.
K\ker ¢

Since K is convex so, n%rlﬁ + (1 — %H) ko € K \ ker ¢ for all kg €

K Nker and for all n € N. Clearly 16+ (1 - 111) ko — ko and
by continuity of f,

1 e 1
0= ——— 4+ 1= —— | ko )| — f(ko).
(g () ) — 700
This shows that f =0 on K. g

Proposition 2.2. (C*(K),|| - ||y) s a non-complete normed vector space.

Proof. Let || fll, = [|f¢lloo = 0. Then fo = 0. So by Proposition @
f = 0. Clearly llafli, = lalllflly and [f +glly < £l + gl for al
f,g € C°(K). We shall show that |- ||, is a non-complete norm. To this
end, define f,, : K — C by,

£y - V@]
n{le@P +1

So (fap)(z) = frn(z)e(x) = nVIp@lp(@) Hence we can conclude that

n ¥/ lp(z)2+1
fn M g where
0, x € K Nkerp,
9(z) = { Sﬁfﬂil)I’ x € K \ ker .

It follows that
lim [|f, — fm||<p = m}}goo | fre = fnelloo

m,n—;00
=0.
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So {fn}n is a Cauchy sequence in (C*(K),|| - |,). We shall show that
there is no function h € C*(K) such that, f, —= Iey b, On the contrary,
if f, — Me, 4, for some b € C*(K) then

A [[fup — hglloe = Tim_[[fu — ll,

= 0.
x) 34‘:(?)‘
_ e@)| 1
Hence g = hp. So h(z) = @ =@~ Vo) for all x € K \ ker ¢.
This shows that, h is not a bounded and continuous function on K, that
is a contradiction. So (C*(K), | -||,) is not complete. O
Corollary 2.3. || - ||, and || - ||« are not equivalent norms.

Proof. Since by Proposition @ (C*(K), || - ||4) is not complete, so || - ||,
and | - ||c are not equivalent norms. O

In the following example we present a sequence { f,}, in C*°(K) such
that, || fnll, — 0, whereas || fp||cc = 0.

Example 2.4. Define f,, : K — C by fp(x) = llJﬂlﬁp((:B))"
Clearly f,(0) =1 -+ 0. So ||fullec = 0. But

[fn(@)p(2)] = fulz)[o(z)]

_ le@)] = lo(@)?
)
1
S Ea

for all z € K. So || fully = || faplloc — 0.

In the following proposition, we shall show that for two non-zero linear
functionals ¢, 1 € A* such that [j¢|| < 1, |[¢|| <1, || - ||, and || - ||y are
non-equivalent norms whenever (¢ and v are linearly independent.

Proposition 2.5. The norms |- ||, and || - ||y are equivalent if and only
if o and ¢ are linearly dependent.

Proof. Let 1 = Ay for some 0 # A € C. So,

11l = lf¥lleo
= [[Afelloo
= [ fellso
= [ flle-

This shows that || - ||, and || - || are equivalent. For the converse, let
|-l and |- || be equivalent norms, and on the contrary, let ¢ and 1) be
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linearly independent. So ker ¢ ¢ kert. Hence there exists an element
xo € kery such that i(zg) # 0. Define f, : K — C by f,(z) =

I:lﬂé))" for all x € K. By Example @ we have, || fulle = || fa¢lloo — 0,

whereas
[fally = I fntllo
T
o (2
' "\l
_ (=)l
[zl
Thus || fn||ly = 0. This shows that || - ||, and | - ||, are non-equivalent
norms, that is a contradiction. O

Remark 2.6. Smce K is connected and |p| : K — C is continuous, so
ol (K) := {|e(z) } z € K} is connected in R. Thus, |¢|(K) = [0,a)
or |<,0|( ) [0, a] for some a > 0. It follows that,

lell = llelloo
—sup{p(@) | = ek}
= a.
So, [¢[(K) = 10, [l¢lleo) or [@|(K) = [0, [[¢]loc]-
Theorem 2.7. The norm || - ||, is not an algebraic norm on C*(K).

Proof. Define f, : K — C and g, : K — C by fu(x) = I—T\;p@(az)l and
gn(x) = W forallz € K. SO,

~Jp(@)
et

_ ()] = Je(@)?
I UC

|(fnip) (@) =

n

[(gn)(2)] = 7)“@(%)\

1+ n|p(x

_ nfe(@)
T+ nlp(@)]

and

_ 1 lp(@)] n

’ 2

_ nfe(@)| —nle(z)
(1 + nfe(z)])?

9



6 A. R. KHODDAMI

for all z € K. By Example @ we have || fo@|lcc — 0.
Set z = |p(x)| for x € K. So, by Remark R.G we have,

nz
lonpll = s { 5 | 2 e foltn

and

nz — nz2

e | setim}

|m%mm=m{

It follows that,
1f|@]loo

=——F——, neN,
2
n“+n 1
S e L LR S S )
| frgnlloo m24sn+4 "7 Jolle
Indeed, let Gy (2) = 175 and Hy(2) = ?117?22)2,2 € |p|(K).
Clearly G,)/(z) = Tz S0 G is increasing on |p|(K) and conse-
quently,
lgnelloc = IGnlloo
= lim Gyp(2)
z—|¢elloo
il
1+ nflpfloo

Obviously the only root of the equation H,'(z) = % =0is

z = Thus if n > — 2, or equivalently, n+2 < ||¢|loc, then Hy,

n+2 H<P||

is increasing on {0 ] and decreasing on {n%ﬂ, Hg0||oo> Therefore,

’ 42

anQn‘PHoo = ”Hn”oo

- ()
n+2

n?+n
T A2 £ 8n+4°
We claim that there is no & € RT such that | fgll, < a|f[sllgll, for
all f,g € C*°(K). To obtain a contradiction, let there exists & € RT
such that ||fgll, < allfllsllglly for all f,.g € C*(K). So | fagully <

O‘Hfﬂ”g@”gana foralln € N. It fOHOWS that || fngn@llee <l faplloollgnelloo

for all n € N. Hence if n > H<P|| — 2 we have,

n?+n nl!solloo

2.1 —_—
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Letting n — oo in (@) we obtain, + < a x 0 x 1 = 0, that is a

contradiction. O
Remark 2.8. Clearly || - ||, is an algebraic norm on C*?(K). Indeed,
1F - glle = I Feglle

= [Ifegelle

< [lfelloollgeplioo

= [Ifllellglle-
Since (C*(K),| -|l,) is a non-complete normed vector space, so
(C*(K),| - [|lo) is a non-complete normed algebra.

Let C*(K)™ be the completion of C*#(K). Then (C**(K)™, | - [lx..)
is a Banach algebra and CW(K)”‘H% = C%(K)~.

In the following proposition we characterize the norm || - ||, .
Proposition 2.9. Let [{f,}n] € C*%(K)~. Then ||[[{fa}nlllo = llgllco
for some g € C*°(K).

Proof. Let [{ f,}n] € C*?(K)™. Since { fn}y is Cauchy in (C*?(K), | - [|o),
SO

0= lim Hfm_anAO

m,n—>00

= lim | fme = fapllco-

m,n—00
It follows that { f,¢}n is a Cauchy sequence in (C®(K), || - || ). So there

exists g € CP(K) such that f,¢ LLLN g. Hence || fn¢|looc — [|9]|co- Thus
by definition,

I{fatnlllon = Tm [ falls

n—»ao0

= lim_ [ fuplloc

= [lglloo-
O

3. STRONGLY ZERO-PRODUCT PRESERVING MAPS ON C’(K) AND
CY(K)

In this section we investigate some relations between strongly zero-
product preserving maps on C?(K) and C*?(K).

Proposition 3.1. Let T : C*(K) — C*(K) be a linear map. Then
T : (CYK),||lso) — (C*K),| |loc) is zero-product preserving if
and only if T : (C*?(K), | - [|so) — (C*(K), || - [|o) is so.
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Proof. Let T : (C*(K),| - |ls) — (C*(K),| - |loc) be a zero-product
preserving map and let f-g =0, f,g € C*(K). So fog = 0 and
consequently by Proposition R.1l, fg = 0. Therefore T'(f)T(g) = 0 and
soT(f)-T(9) =T(f)¢T(g9) =0. Thus T is zero-product preserving on
C*(K). Conversely, let T : (C’b“’(K), | [loe) — (C’b“’(K), |+ [lo) be
zero-product preserving and let fg = 0, f,g € C*(K). So f-g =0.
It follows that T'(f)¢T(g9) = T(f) - T(g9) = 0. So by Proposition @,
T(f)T(g) = 0. Therefore T is zero-product preserving on C*(K). O

The following result shows that Proposition EI is not the case when
we replace strongly zero-product preserving map instead of zero-product
preserving map.

Example 3.2. Define T': (C*(K), || - [|oc) — (C(K), || - lloc) by T(f) =

f(0)p for all f € C*(K). Clearly T is a linear map. Let f,g, LLEN 0.
So fn(0)gn(0) — 0. It follows that

IT(f)T(gn)lloc = 11 £2(0)9n(0) 0% [l

= 1£2(0)g,(0)| [l 1l
— 0.

So T is a strongly zero-product preserving map. We shall show that
T : (C*¥(K), || [loc) — (C*(K),| - |lo) is not strongly zero-product

preserving. To this end, let f,,(x) = 11J:T‘L‘|f0(2)‘| for all n € N and for all

ll-llo

x € K. By previous example we have, f, - 1x = fpopo —— 0. But

T(fn) T(1x) = fn(0)?
Mee, 3

£ 0.

Example 3.3. Define T : C*(K) —s C*(K) by T(f)(z) = f (—) ze
1.

llell
K, where e € A is an element such that ¢(e) = 1. Then,

T (CW(K), |- HOO) — (wa(K)a I Hoo) ;
and

T (CP2(K) - o) — (CP#( - D)
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are both strongly zero-product preserving maps. Indeed, let f, - g, _>”'”¢

0. So || fnegn®llsc = || fn - gnll, — 0. It follows that,

30 () o () = G (i) — o

Hence by (@) we can conclude that,
e
HT(fn) : T(gn)Hs@ = < > Pdn ()
el el /11,

<HO@%Qﬂ>4
= | (5 ) o (g )t

— 0.

This shows that T : (C*(K),||-|l,) — (C"(K),|-|,) is strongly
zero-product preserving. A similar argument can be applied to show
that T : (C*(K), || [ls) — (C*(K), |- |lo) is also strongly zero-
product preserving.

Proposition 3.4. Let T : (C*%(K),| - |le) — (C*?(K),|| - |ls0) be a
strongly zero-product preserving map such that T(fp) = T(f)p for all
feCY(K). Then T : (C*(K),|||l,) — (C*(K),| - |l,) is strongly

zero-product preserving.

Proof. Let f - gn —— e —= 0. So fn - (gnp) M 0. It follows that T'(f,) -

T(gnp) 1= 0. Hence T( )T (g2) 1025 0. Thus T(f) - T(gn) 12
0. 2

The following proposition is a result concerning algebraic homomor-
phisms on C*(K) and C*(K).
Proposition 3.5. Let T : C*(K) — C*(K) be an algebraic homomor-
phism such that T(¢) = ¢. Then T : C*(K) — C*(K) is so.

Also if T : C*(K) — C*(K) is an algebraic homomorphism such
that T(1x) = 1 then T : C*(K) — C*(K) is so.

Proof. Let T : C*(K) — C®(K) be an algebraic homomorphism and
T(p) = ¢. So,
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for all f,g € C*(K). Thus T is an algebraic homomorphism on C* (K).
Also let T : C*(K) — C®(K) be an algebraic homomorphism such
that T(1x) = 1. So,

T(f)eT(g) =T

(f-9)
((fg9)- 1K)
(f9)-T(1k)
(

(

f9) -1k
f9)e,
for all f,g € CY(K). Tt follows that (T'(f)T(g) — T(fg)) v = 0. Hence,

by Proposition R.1 we can conclude that T'(fg) = T'(f)T'(g) for all f, g €
CP(K). Therefore, T is an algebraic homomorphism on C?(K). O

Question 3.6. Let T : (C*(K),| - [lc) — (C*?(K),| - [l) be a
strongly zero-product preserving map.

Is necessarily T : (CP(K), | - [|o) — (C*(K), || - ||0) & strongly zero-
product preserving map?

HH 94

4. CONCLUSIONS

If dim A > 1 then there are non-equivalent norms on C®(K). The
norm || - ||, is not an algebraic norm on C®(K), whereas it is an alge-
braic norm on C*(K). The pair (C*(K), | - ||) is a Banach algebra,
whereas (C*?(K), | - [|,) is a non-complete normed algebra. So | - |,
and || - ||l are non-equivalent norms on C*(K). The zero-product pre-
serving maps on (C*(K), || - [|) and (C*(K),|| - [|) are the same, but
it is not the case for strongly zero-product preserving maps.
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