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Fixed Point Results for Extensions of Orthogonal Contraction
on Orthogonal Cone Metric Space
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ABSTRACT. In this paper, some fixed point results of self mapping
which is defined on orthogonal cone metric spaces are given by using
extensions of orthogonal contractions. And by taking advantage of
these results, the necessary conditions for self mappings on orthog-
onal cone metric space to have P property are investigated. Also
an example is given to illustrate the main results.

1. INTRODUCTION AND PRELIMINARIES

The cone metric is obtained by selecting an ordered Banach space in-
stead of real numbers for the range of the metric mapping. The primary
studies on this subject are given by Huang and Zhang. (see [8]) The
authors introduced cone metric spaces and proved some fixed point the-
orems of contractive mappings on cone metric spaces in their research
article. Then, different fixed point theorems are obtained on cone metric
spaces by many researchers. (see [1, 2, 9, 10, 13-16]).

On the other hand, the notion of orthogonal set and orthogonal metric
spaces are introduced by Gordji.(see [7]) Then, some researchers present
the generalizations of the theorems on this type sets. (see [3, 6, 11, 12])

Very recently, a new concept of orthogonal cone metric spaces, or-
thogonal completeness and orthogonal continuity are defined in [4] and
illustrative examples are given for this new definitions. Also, an ex-
ample is given for orthogonal complete cone metric space which is not
complete cone metric space. Furthermore, fixed point theorems and
their corollaries are proved on orthogonal cone metric spaces and also
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some fixed point theorems for contractive mappings are presented on
ordered orthogonal cone metric spaces in [5].

In this paper, some fixed point results of self mapping which is de-
fined on orthogonal cone metric spaces are given by using extensions
of orthogonal contractions. And by taking advantage of these results,
the necessary conditions for self mappings on orthogonal cone metric
space to have P property are investigated. Also an example is given to
illustrate the main results.

In the sequel, respectively, Q, Q¢ Z, R denote rational numbers, irra-
tional numbers, integers and real numbers.

Definition 1.1 ([7]). Let X # () and LC X x X be a binary relation.
If 1 satisfies the following condition
(1.1) dxp € X;(Vy € X,y Laog)V (Vye X,z Ly),

it is called an orthogonal set (shortly O-set), (X, 1) is called an O-set
and the element z is called an orthogonal element.

Example 1.2 ([6]). Let X = Z. Define m L n if there exists k € Z
such that m = kn. It is easy to see that 0 L n for all n € Z. Hence
(X, 1) is an O-set.

By the following example, we can see that xg is not necessarily unique.

Example 1.3 ([6]). Let X = [0,00), we define z L y if zy € {z,y},
then by setting o = 0 or 29 = 1, (X, L) is an O-set.

Definition 1.4 ([[7]). Let (X, L) be an orthogonal set (O-set). Any two
elements x,y € X are said to be orthogonally related if x L y.

Definition 1.5 ([[7]). A sequence {z,} is called an orthogonal sequence
(shortly O-sequence) if

(1.2) (VneN;xy, Lxpyr)V(Vn € Njapg L xy).

Similarly, a Cauchy sequence {z,} is said to be an orthogonally Cauchy
sequence (shortly O-Cauchy sequence) if

(1.3) (VneN;z, Lxpyr)V(Yn € Njxy L xy).

Definition 1.6 ([7]). Let (X,L1) be an orthogonal set and d be an
usual metric on X. Then (X, L,d) is called an orthogonal metric space
(shortly O-metric space).

Definition 1.7 ([§]). Let E be a real Banach space and P a subset of
E. P is called a cone if and only if
(i) P is closed, nonempty, P # {0g};
(ii) a,b € Rya,b > 0,z,y € P = ax + by € P;
(iii) x € Pand —x € P = = = 0.
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Given a cone P C E, we define a partial ordering < with respect to
P by x =<y if and only if y — x € P. We shall write z < y to indicate
that x <y but x # y, while x << y will stand for y — x € intP, where
int P denotes the interior of P.

The cone P is called normal if there is a number K > 0 such that for
all 2,y € B, 0 <z < y implies |z]|; < K ]|

The least positive number satisfying above inequality is called the
normal constant of P.

The cone P is called regular if every increasing sequence which is
bounded from above is convergent. That is, if {z,} is sequence such
that

(1.4) 2 W B 7 B s O e S O T

for some y € F, then there exists « € E such that |z, — 2|z — 0(n —
00).

Equivalently the cone P is regular if and only if every decreasing
sequence which is bounded from below is convergent.

It is well known that a regular cone is a normal cone.

In the following we always suppose E is a Banach space, P is a cone
in E with intP # () and < is a partial ordering with respect to P.

Definition 1.8 ([8]). Let X be a nonempty set. Suppose the mapping
d: X x X — E satisfies

(d1) 0 = d(z,y) for all z,y € X and d(z,y) = 6 if and only if

T =y.

(d2) d(x,Z) =d(y,z) for all z,y € X,

(d3) d(z,y) = d(z,z) +d(z,y) for all z,y,z € X.
Then d is called a cone metric on X and (X, d) is called a cone metric
space.

Lemma 1.9 ([15]). Let (X,d) be a cone metric space. Then for each
0 << ¢, ¢c € FE, there exists 6 > 0 such that ¢ — x € intP whenever
|z ||<d, xz€E.

Definition 1.10 ([4]). Let (X, L) be an orthogonal set and d be a cone
metric on X. Then (X, L,d) is called an orthogonal cone metric space
(briefly O-cone metric space).

Example 1.11 ([4]). Let E = R P = {(z,y) € E : z,y > 0} C R?
and X =Zandd: X x X — E, dz,y) = (|z—y |,a|z—y|)
where o > 0, « € R. Assume that binary relation 1 on X = Z as in the
Example@, then (X,d, 1) is an orthogonal cone metric space.

Example 1.12 ([4]). Let ¢,b € R where ¢ > 1,0 > 1, E = {{zn} | zp €
Rand > 27 (] xn [)? < oo} and P = {{z,,} € E | z,, > 0,Vn € N}.
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Assume that (X, L, p) is an orthogonal metric space, then the mapping

1
oA\
(1.5) d:XxX%E,d(x,y):(b—ny,

can be defined on X and this mapping is an orthogonal cone metric. So
(X, 1,d) is an orthogonal cone metric space.

Example 1.13 ([4]). Let E = (Cr[0,00),]|| . ||oc) and P = {f € E |
f(t) > 0}. Assume that (X, L, p) is an orthogonal metric space, then
the mapping

(1.6) d: X x X = E,d(x,y) = fuy where fy,(t) = p(z,y)t,

can be defined on X and this mapping is an orthogonal cone metric. So
(X, L,d) is an orthogonal cone metric space.

Definition 1.14 ([4]). Let (X, L,d) be an O-cone metric space. Let
{z,} be an O-sequence in X and x € X. If for any ¢ € E with § << ¢
there is N € N such that for all n > N(n € N), d(x,,z) << ¢, then x,
is said to be convergent and the sequence {x,} converges to z( or x is
the limit of {x,}). We denote this by

(1.7) ILm Ty =T O Ty, — x(n — 00).

Definition 1.15 ([4]). Let (X, L,d) be an O-cone metric space. Let
{z,} be an O-sequence in X. If for any ¢ € E with § << c there is
N € N such that for all n,m > N(n,m € N), d(zp,xn,) << ¢, then
O-sequence x,, is called an O-Cauchy sequence in X.

Definition 1.16 ([4]). Let (X, L,d) be an O-cone metric space. If
every O-Cauchy sequence in X is convergent, then (X, L, d) is called an
O-complete cone metric space.

Lemma 1.17 ([4]). Let (X, L,d) be an O-cone metric space, {z,} be
an O-sequence in X. If the sequence {x,} converges to x € X, then
{zn} is O-Cauchy sequence.

Definition 1.18 ([4]). Let (X, L, d) be an O-cone metric space. If for
any O-sequence {z,} in X, there is an O-subsequence {zy,} of {z,}
such that {z,,} is convergent in X, then (X, L,d) is called a sequently
compact O-cone metric space.

Definition 1.19 ([4]). Let (X, L,d) be an O-cone metric space and
A€eR,0< A< 1. A mapping f: X — X is said to be an orthogonal
contraction ( shortly L-contraction ) with Lipschitz constant A when

(1.8) d(fz, fy) 2 Ad(z,y) if x L y.
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Definition 1.20 ([4]). Let (X, L, d) be an O-cone metric space. A map-
ping f : X — X is called orthogonal preserving (shortly |-preserving)
when

(1.9) fr L fyifx Ly.

Definition 1.21 ([4]). Let (X, L, d) be an O-cone metric space. A map-
ping f: X — X is called orthogonal continuous (shortly L-continuous)
at © € X if for each O-sequence {z,} in X such that x,, — x then

f(zn) = f(x). Also f is L-continuous on X if f is L-continuous in each
recX.

The following remarks note which are given in [4].

Remark 1.22 ([4]). (i) It is easy to see that every Lipschitz con-
traction is O-Lipschitz contraction. The converse of the state-
ment is not true in general.

(ii) There are L-preserving or not L-preserving mappings on O-
cone metric space.

(iii) It is easy to see that every continuous mapping is | -continuous.
The converse of the statement is not true in general.

(iv) Every complete cone metric space is an O-complete cone metric
space. The converse of the statement is not true in general.

Also the following fixed point results are given in [4].

Theorem 1.23 ([4]). Let (X, L,d) be an O-complete cone metric space
(not necessarily complete cone metric space) and X\ € R,0 < A < 1. Let
f:(X,L1,d) = (X,L,d) be an L-contraction with Lipschitz constant
and 1 -preserving. In this case, there exists a point x* € X such that
for any orthogonal element o € X, the iteration sequence {f™(zo)}
converges to this point. Also, if f is L-continuous at x* € X, then
z* € X is a unique fixed point of f.

Corollary 1.24 ([4]). Let (X, L,d) be an O-complete cone metric space,
P be a normal cone with normal constant K and A € R,0 < A < 1. For
c € E with 0 << ¢ and any 9 € X, define B(zg,c) = {z € X :
d(zo,x) < c}. Let f: (X, L,d) = (X,L,d) be an L-contraction with
Lipschitz constant X for all z,y € B(xg,c), L-preserving on B(xg,c) and
d(fzo,z0) =X (1 — k)e. In this case, there exists a point x* € B(zg,c)
such that for any orthogonal element xo € X, the iteration sequence
{f™(x0)} converges to this point. Also, if f is L-continuous on B(xg,c),
then x* € B(xg,c) is a unique fized point of f.
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2. MAIN RESULTS

It is useful to examine the following note and definition before start-
ing:

Remark 2.1 ([2]). It is an obvious fact that, if f is a map which has a
fixed point p, then p is also a fixed point of f™ for every natural number
n. However, the converse is false. For example, consider X = [0, 1] and
f defined by fx =1 — x. Then, f has a unique fixed point at % , but
every even iterate of f is the identity map, which has every point of [0, 1]
as a fixed point. On the other hand, if X = [0, 7],fx = cosz, then every
iterate of f has the same fixed point as f.

Definition 2.2 ([2]). If a map f satisfies F/(f) = F(f") for each n € N,
where F'(f) denotes the set of all fixed point of f, then it is said to have
property P. We shall say that f and g have property Q if F(f)NF(g) =

E(f")NE(g").
Now, we are ready to give and prove our main results.

Theorem 2.3. Let (X, L,d) be an O-cone metric space, f: (X, L,d) —
(X, L,d) be an L-preserving mapping. Assume that, one of the following
conditions holds:

() for all x € X which satisfying x L fx, there exists A € R,0 < A < 1,

(2.1) d(fx, f*x) < Md(z, fz),
(7i) for all x € X which satisfying x L fx and x # fz,
(2.2) d(fz, f2z) < d(z, fz).

IfF(f) #0 and uw L fu for allu € F(f™), then f has property P.

Proof. Firstly from the assumption F(f) # ) and using Remark @, we
know F(f) C F(f™),¥n € N. For this reason F(f") # (. Thus if we
prove F(f™) C F(f),Vn € N, then the proof is completed. Now, we can
choose u € F(f™). In this case f"(u) = u and from the assumption for
this element u € F(f™), u L fu.

Suppose that (i) is satisfied. Then, from the inequality (EI)

(2.3) d(u, fu) = d(f(f"u), f2(F" )
< A", fu)

< N'd(u, fu).

From the definition of <, A"d(u, fu) — d(u, fu) = (A" — 1)d(u, fu) € P
and so d(u, fu) = 0 that is u € F(u).
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Suppose that (ii) is satisfied. Assume that u # fu and then by using
inequality (@),

(2.4) d(u, fu) = d(f(f" u), 2(f"u)
< d(f" L, fru)

< d(u, fu).

This is a contradiction. So, uw = fu that is u € F'(u).
Thus, in both cases f has property P. O

Theorem 2.4. Let (X, L, d) be an O-complete cone metric space (it not
necessarily complete cone metric space ) and o, B,v € R,0 < a + 25 +
2v < 1. Let f: (X, L,d) — (X, L,d) be an L-preserving which satisfies
the following inequality

(2.5)

d(fx, fy) 2 ad(z,y)+B[d(=, fz)+d(y, fy)]+yld(z, fy)+d(y, f2)] if = Ly.

In this case, there exists a point x* € X such that for any orthogonal
element xog € X, the iteration sequence {f"(xo)} converges to this point.
Also, if f is L-continuous at x* € X, then z* € X is a unique fixed
point of f.

Proof. Because (X, 1) is an O-set,
(2.6) drpe X;(Vye X,y Lzg) VvV (Vye X,zo Ly).

And since, f is a self mapping on X, for any orthogonal element xg € X,
x1 € X can be chosen as z; = f(zg). Thus,

(2.7) Ty L f(:Eo) V f(l‘o) lxzy = x9lz1VE L 20
Then, if we continue in the same way
(2.8) @1 = f(x0), 22 = f(21) = f*(w0), .., 20 = f(wn1) = ["(20),

so {f™(zo)} is an iteration sequence. Since f is L-preserving, {f"(z¢)}
is an O-sequence and by using (2.5),

(2.9)  d(@nt1,20) = d(f(2n), f(2n-1))
= ad(zn, n1) + Bld(zn, fzn) + d(@n-1, fTn-1)]
+7ld(@n, frn—1) + d(zn-1, fzn)]
= ad(xn, Tn—1) + Bld(Tn, Tnt1) + d(Tn_1,2y)]
+[d(@n, T0) + d(Tn-1, Tri1)]
< ad(zn, Tn-1) + Bld(@n, Tnt1) + d(zn_1, )]
+[d(zn-1,2n) + d(@n, Tny1)]-
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And so, we get
(2.10) d(Tpi1, Tn) =

Since o, 8,7 € R,0 < o, B,y and a+25+2y < 1, if t = %ﬂfz is chosen
then t € (0,1) and
(2.11) d(xpt1, Tn) 2 td(Tn, Tn_1)

= t2d($n—17$n—2)

< t"d(x1,x0).

If for all n € N,z, = z,41 then we get =, = f(x,) and so f has
a fixed point. Assume that Vn,n +1 € Nz, # x,+1. In this case,
Vn,m e N,n>m,

(2.12)
0= d(ﬂ?n, xm) = d(xny ajn—l) + d(xn—l’ xn—2) + o+ d(l'm-‘rlv -Tm)
= tn_ld(xl, 170) + tn_2d(l‘1, SU(]) + -4 tmd(ﬂjl, .’L’o)

m

<~ .
=7 _td(ﬂﬁhiﬂo)

In the sequel there are two cases:

Case I: If P is a normal cone with normal constant K, from the inequality
T2,

tm
(2.13) ld(zp, xm)|| < K H_td(xl,a:o)

tm
< K (e, wo)]).
Using the above equation, since 0 < t < 1, d(xp, zy) — 0(n,m — 00)
and so {z,,} = {f"(x0)} is an O-Cauchy sequence.

Case II: If P is not a normal cone, let ¢ € E such that § << ¢. Then
¢ € intP. Also 0 > 0 can be chosen such that ¢ + Ns(f) C P where
Ns(0) ={ye E:||y—0]|<d}. Since 0 <t <1,

m

t
—— ||d(x1, x0)|| — O(m — o0).

1t

(2.14) Hl—td T1,0)

Since the choosing of 9, f—_t

d(x1,$o)H < 6 and using the Lemma 9
we get

m m

t t
(2.15) ¢— ﬁd(acl,xo) € intP that is 1

td(azl,xo) << ¢(m — o0).
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Thus, for all n,m € N such that n > m, we obtain that d(z,, ;) <
%d(xl, xo) << ¢, s0 {xn} = {f"(x0)} is an O-Cauchy sequence.

In both cases, since (X, L,d) is an O-complete cone metric space,
there exists z* € X such that {z,} = {f"(z0)} converges to this point.
Now, assume that f is |-continuous at z* € X and let ¢ € E such that
0 << c. Because of {z,} = {f™(zo)} converges to z* € X and f is

1 -continuous at z* € X, there exists ng € N and for all n > ny,

(2.16) d(fzn, ") <<§ and  d(fan, fr*) << g

So, for all n > ng, d(fz*,z*) 2 d(fz*, fxn) + d(fzn, ") << c. On the
other hand, for m € N,m > 1 we obtain 0 < % < 1. Using ¢ € intP and
AintP C intP(A € R, A > 0) we get = € intP. Thus, for all n > ng and
for m € N,m > 1 we have d(fz*,2*) << <, then < —d(fz*,z*) € P.
Using the cone P is a closed set, where taking limit m — oo we get
(2.17) lim (3 - d(fx*,ac*)) = —d(fz*,2*) € P.

m—o00 \M

Besides 0 < d(fz*,z*) that is d(fz*, z*) € P. So, because P is cone
d(fz*,z*) = 0 that is fz* = 2*, so 2* € X is a fixed point of f.
Now, we show the uniqueness of the fixed point. Suppose that there

exist two distinct fixed points z* and y*.Then,
(i) If =* L y* vy* L ¥,

(2.18) d(z*,y*) = d(fz*, fy*) < Ad(z*,y") < d(z*, y").

This is a contradiction and thus z* € X is an unique fixed point of f.
(ii) If not * L y* Vy* L a*, for the chosen orthogonal element zy € X,

(2.19) [(zo L ™) A(xo L y")] V [(z" L xo) A(y™ L o),
and since f is |- preserving,
(2.20) [(f(@n) L&) A (f(zn) Ly")]VI[@" L flan) A" L f(za))];

is obtained. So,

(2.21) d(z*,y*) 2 d(@”, feni1) + d(frpi1,y")
=d(fz”, f(fzn)) +d(f(f2n), fY7)
= Ald(z”, fon) + d(fzn, y7)]
= Ad(z", zny1) + d(@ns1,y7)],

and taking limit n — oo, we get that —d(z*,y*) € P. Besides 6 <
d(xz*,y*) that is d(z*,y*) € P. So, because of P is a cone, d(z*,y*) = 6
that is * = y*. Thus, z* € X is a unique fixed point of f. O
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Theorem 2.5. Let (X, L,d) bes an O-complete cone metric space and
a,B,y e RO< a+28+2y < 1. Let f: (X, L,d) — (X,L,d) be
L -preserving which satisfies the following inequality

(2.22)

d(fz, fy) = ad(z,y)+B[d(z, fz)+d(y, fy)|+7ld(z, fy)+d(y, fo)] if v Ly.

Ifu L fu for allu € F(f™), then f has property P.

Proof. From Theorem @, f has a unique fixed point. By Remark @,
we know F(f) C F(f™),Vn € N. For this reason F(f™) # (). Thus if we
prove F(f™) C F(f),¥n € N, then the proof is completed. Now, we can
choose u € F(f") that is f"(u) = u. By using (@3),

(2:23) d(u, fu) = d(f(f""u), f(f"u))
< ad(f"tu, fru) + BlA(F s fru) + d(fu, [ )
A, [ ) + d(f M, )
< ad(f" u, fru) + Bl fru) + d(fMu, £ )]
A s fu) + ([ )
= ad(f"tu,u) + BlA(f" u,u) + d(u, fu))
+ (", w) + d(u, fu)].
And so, we get
a+ B+
1-p—vy
Since o, 8,7 € R,0 < a, B,vyand a+28+2y < 1,if t = %ﬁf;’ is chosen
then t € (0,1) and
(2.25) d(u, fu) = d(f™u, f* )
< td(f" u, fu)

(2.24) d(u, fu) < d(f" tu,u).

< t"d(u, fu).

From the definition of <, t"d(u, fu) — d(u, fu) = (t" — 1)d(u, fu) € P
and so d(u, fu) = 0 that is u € F(u). Thus, we say f has property
P. O

Example 2.6. Let £ = R? be the Euclidean plane, P = {(x,y) € E :
z,y > 0} be a cone in F and X = {(z,0) € E:0 <z < 1}. Define the
binary relation | on F such that

(2.26)

(z1,91) L (22,92) = ((z1,91), (¥2,92))e € {l[ (T1,91) lles [| (z2,92) ||}
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(Here (.,.)e denotes the Euclidean inner product and || . ||c denotes
Euclide norm.) In this case, (X, 1) is an O-set. The mapping d :
X x X — FE is defined by

(2.27) (.0).0) = (G2 =l be = 1)

Then,(X, L,d) is an O-complete cone metric space. Consider f : (X, L
,d) — (X, L,d) with

(2.28) F(z,0) = (go) .

It can be seen easily f is an J_—freserving and _-continuous mapping on

X which satisfies inequalit with a = %, 8= % and v = % Thus,
all hypothesis of Theorem P.4 are satisfied and so, f has an unique fixed
point in X. On the other hand, v L fu for all w € F(f™) and from
Theorem f has property P.

3. CONCLUSION

It is an obvious fact that, if f is a map which has a fixed point p,
then p is also a fixed point of f™ for every natural number n. However,
the converse is false. If a map f satisfies F'(f) = F(f™) for each n € N,
where F(f) denotes the set of all fixed point of f, then it is said to have
property P. In this paper, some fixed point results of self mapping which
is defined on orthogonal cone metric spaces are given by using extensions
of orthogonal contractions. And by taking advantage of these results,
the necessary conditions for self mappings on orthogonal cone metric
space to have P property are investigated. Also an example is given to
illustrate the main results.
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