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Some Properties of Certain Subclass of Meromorphic
Functions Associated with (p, gq)-derivative

Mohammad Hassan Golmohammadi® *, Shahram Najafzadeh ? and Mohammad
Reza Foroutan®

ABSTRACT. In this paper, by making use of (p,q)-derivative op-
erator we introduce a new subclass of meromorphically univalent
functions. Precisely, we give a necessary and sufficient coefficient
condition for functions in this class. Coefficient estimates, extreme
points, convex linear combination, Radii of starlikeness and con-
vexity and finally partial sum property are investigated.

1. INTRODUCTION

The g¢-theory has an important role in various branches of mathe-
matics and physics as for example, in the areas of special functions,
ordinary fractional calculus, optimal control problems, ¢-difference, g¢-
integral equations, g-transform analysis and in quantum physics (see for
instance, [, 2, 9, 14, [16, 17]).

The theory of univalent functions can be described by using the theory
of the g-calculus. Moreover, in recent years, such g-calculus as the g¢-
integral and g¢-derivative were used to construct several subclasses of
analytic functions (see, for example, [11-13]).

For convenience, we provide some basic definitions and concept details
of fractionl g-calculus operators of complex-valued function f(z) which
are used in this paper.
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Let > denotes the class of meromorphic functions of the form
(1.1) f2) ==+ a2,
z

which are analytic in the punctured unit disk
A" ={zeC:0< |z| <1}.

Jackson [6] defined the (p,q)-derivative of a function f(z) in a given
subset of C by

(1.2) D, qf(z) =

and

f(pz) — f(q2)

b—qz z#0,0<qg<p<1,

Dy qf(0) = £/(0).
From relationships (@) and (EI) we get

( ) qu pq22+z —1 qakz 27 ZEA*’0<q<pS1’
where
k—1 k—1
p —q
(1.4) [k —1]pq =
pP—q
Also .
. 1— gkt
;1;1_{%[]{ —1pq = 1—gq = [k =1,

Note also that for p = 1, the (p, ¢)-derivative of a function f(z) of the
form () reduces to the g-derivative as Gasper and Rahman [4] defined

as follows
flgz) — f(2)
(15) Dyf() = L2,

where z € A* and 0 < ¢ < 1. So we conclude
lim D, f(2) = f'(2), =z¢€A,
q—1

see, for details [3, b, [1, B, 10, 15] .
The object of this paper is to introduce a new subclass ) (A, a, 3)

P,
of meromorphic analytic functions by (p, ¢)-derivative operator and we

investigate coefficient estimates, extreme points, convex linear combi-
nation, Radii of starlikeness and convexity and partial sum property as
defined above.

Now, we introduce new subclasess > (A, a, 8) of the class > as follows.
X
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Let 0<g<p<1,0<A<1,0<a<1andf >0. Then a function
f €5 given in (EI) is said to be the subclass > (A, «, ) if and only if

p.q

1" !’ 4
2 (Dpaf(2)) +2° (Dpaf(2)) + p”

1 (14N
N22 (Dpof(2) — — 4+ ——
pq pq
Unless otherwise mentioned, we suppose throughout this paper that
0<g<p<1,0<A<1,0<a<landpf > 0. First we state coeflicient
estimates on the class ) (A, «, 8).

(1.6) < B.

p.g
Theorem 1.1. Let f(z) € >, then f(z) € Y (A, «, B) if and only if
P.a
400
1) Yol U (2 39 < PV
k=1

and the result is sharp for G(z) given by

1 B+ N1 —a) k-1
(1.8) Gz =+ e pg (k= 2)2+ AB)

Proof. Let f(z) € > (A, «, ), then (@) holds true. So by replacing

(@) in (@) we hasg

—+o00 —+o00
> [k = pg(k = 2)(k = 3)arz" + 3 [k — Upq(k — 2)ax2*
k=1 k=1 <8
At I (14+MNa ’
——+ Nk — 1] gap2k — — + —2—
pq k; o= Llpgc pq pq
or
—+oco
5 [k — Uk — 2)2a,2*
k=1
< 0.
(I+XN) b

+o0
~—(1—-a)-— Mk — 1], 0a,2%
N1 a) - Sk 1,

Since Re(z) < |z| for all z, therefore

+o00
> [k =1k — 2)%ayz"
k=1
Re T T < p.
(W)(l —a) - k21 Ak — 1pqar2F
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By letting z — 1 through real values, we have

~+00 .
;Uf g (k= 2+ A8) a < 0 ;)q(l )

Conversely, let (@) holds true, then by (E) it is enough to show that

A (Dpaf () + 2 (Dpaf(2)) + ;‘q

1 1+
A2 (D f(2) - -+ (;q)“
<8,

X(f) =

or

X(f) = |21 (Dpaf(2))" +2° (Dpof(2) +

pq

2

2 1 A4 Ne
Az (Dp,qf(z)) pq + pq

—B

<0.

But for 0 < |z| =r < 1 we have

+oo
X(f) =Dk = 1pg(k — 2)%arz"
k=1
14\ =
-8 ( p” )(1 —a) — /\;[/@ — 1]y qax2"

+oo
< Z[k — 1pq(k = 2)2|ak|rk
k=1

+oo
_BA+NA—a) > " ABlk — 1y glag|r®
pq k=1

+oo
e o BN )
< é[k Upq (k= 2)° + \B) |ax| 0 .

Since the above inequality holds for all 7 (0 < r < 1), by letting r — 1
and using (@) we obtain X (f) <0, and this completes the proof. [

Next we obtain extreme points and convex linear combination prop-
erty for functions f(z) € Y (A, «, 5).
P
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Theorem 1.2. The function f(z) of the form () belongs to > (A, a, B)

X
if and only if it can be expressed as f(z) = > orfr(2), D o = 1,
k=0 k=0
o > 0, where
1
fO(Z) - ;7
and
1 BA+AN(A—a) k-1
felz) = —+ 2 (k=1,2,...).
M= a1 (22 1 28)° )
Proof. Let

1) =Y oufil2)
k=0

B o0 1 B+ N)(1—a) -
—UOfO(Z) + ;Uk |:Z + pq[k — 1]p,q ((k - 2)2 + )\6) Zk 1 7
fe) =14y PUIICD) gk,

S palk = pq ((k = 2)* + AB)
Now by using Theorem @ we conclude that f(z) € > (A a, §).
P
Conversely, if f(z) given by (@) belongs to > (A, a, ), by letting

p.q

+oo
op=1-— Z Ok

k=1

where

palk —1]pq ((k - 2)2 + )‘B)
= ’ k=1,2
Uk ,6(1—1—)\)(1—04) ak? ( ) ) )7
we conclude the required result. O

1 too
Theorem 1.3. Let forn =1,2,...,m, fu(z)=—-4+ > ak,nzk_l be-
z

k=1
longs to > (A, «a, B), then F(z) = > onfn(2) also belongs in the same
p,q n=1

m
class, where Y o, = 1. (Hence > (A «a, ) is a convez set.)
n=1 p.q
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Proof. According to Theorem @ for every n =1,2,...,m, we have

= 1+ A)(1—
3l U (6= 20+ 09) i < A=),
But
= Z onfn(2)
n=1
= Z On (1 + Z akynzk%)
n=1 o k=1
150y (Z U) 2+
z n=1 k=1 \n=1
:% + Z <Z Unak,’n> 2kl
k=1 \n=1
Since
Z 24 )\B <Z ona, n)
_ Z (Z — 1 ((k—2)? +/\ﬁ)> a
n=1 k=1
- + A1 - a))
(1 N1 —a) ¢
pq nz_:l o
_ B(l+AN)(1—a)
Pq ’
then by Theorem @ the proof is complete. O

2. RADII CONDITION AND PARTIAL SUM PROPERTY

In this section, we obtain Radii of starlikeness and convexity and
investigate the partial sum property.

Theorem 2.1. If f(z) € > (A, o, ), then f is a meromorphically uni-

P
valent starlike of order ~y in disk |z| < Ry, and it is a meromerphically
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univalent convex of order v in disk |z| < Ry where

Ry = inf pq[k_1]p,q((k¢—2)2+)\ﬁ)(1_,y) %
Lk BA+N1—a)(k+2+7) ,

(2.1)

and

_ pQ[k_l]pvq ((k_2)2+)‘5) -7 %
(2.2) RQ_H;if{ﬁ(k—l)(1+)\)(1_0‘)(k+2+7) }

Proof. For starlikeness it is enough to show that

’

zf
— +1 <17,
f
but
+oo
, 3 kagz"
zf | k=1
=
f too
1+ Z akzk
k=1
+00
> kag|2|*
k=1
< oo
1= 37 aglzF
k=1
Sl -7
or
+o00 +o00
D kaglaf <1—y— (1= a2,
k=1 k=1
or
+o0o
k+2
Z %aﬂzw < 1.
k=1 -7
By using (@) we obtain
§k+2+va o <§:° B+ N1 -a)k+2+a)
— Gk <
= 1 1 palk = 1pq ((k —2)2+AB) (1 — )
<l1.

So, it is enough to suppose

palk = 1pq (k=2 +A8) (1 — )

2|F < BAL+N1—-a)(k+2+ )

77
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Hence we get the required result (@) For convexity, by using the
Alexander’s Theorem (If f be an analytic function in the unit disk and
normalized by f(0) = f(0) — 1 = 0, then f(2) is convex if and only
if 2 f' (z) is starlike.) and applying an easy calculation we conclude the
required result (2.9). So the proof is complete. O

Theorem 2.2. Let f(z) € > and define

1 1 m—1
2.3 Si(z) = - Sp(z) = = k-1 =2.3,...).
( ) 1(2) 2’ (Z) > + ; agz s (m ) )
+o00o
Also suppose > erpap < 1, where
k=1
k-1 k—2)2+ )\
(2.4) o = pq| Jp.q (( )°+ 5)’
B(1+A)(1—a)
then
f(2) 1 Sm(2) em
2.5 R 1-— R .
23) ‘ (Sm(z) g em’ ¢ f(2) > 1+e,
+o00
Proof. Since Y erap < 1, then by Theorem EI, f(z) e > (N o, pB).
k:1 p,q
k—1
Also by (@) we have [l_if’q > 1, so
pq ((k —2)* +A8)
2.6 > )
(2:6) o B+ N
and {e} is an increasing sequence, therefore we obtain
m—1 +o0 +o0
(2.7) Z ag + em Z ap < Zekak
k=1 k=m k=1
<l1.
Now by putting
f(z) 1
2. E(z)=en —(1-—)],
(25) O =em |5 - 1= 1)

and making use of (@) we obtain
o E(z)—1 E(z)—1
e (551) <[
emf(z) - emSm(Z)
emf(z) - emSm(Z) + 2Sm(z)

Y
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or
+Z°:° k
T apz
Re E(Z) -1 < " k=m
Bz +1) =] to 1 m=l
Tm Y apzF +2( =+ Y a2k
k=m Z k=1
+oo
em > |a|
< k=m
- m—1 +o0o
2-2 % |ak| —em 3° |ak]
k=1 k=m
<1.

By a simple calculation we get Re (E(z)) > 0, therefore
E
Re ( (Z)> > 0,
em

[5’]:2) -(1- ;n)] > 0, and this gives the first

or equivalently Re

inequality in (@)
For the second inequality we consider

Sm(z)  em

f(2) 1+em]|’

G(2) = (1 + ep) [

and by using (@) we have

G(z) — 1’ < 1, and hence Re (G(z)) > 0,

G(z)+1
Sm m
therefore Re G(z) > 0, or equivalently Re (2) __° > 0,
14+ €m f(Z) 1+ €m
and this shows the second inequality in (@) So the proof is complete.
O
3. SOME PROPERTIES OF Y (A, a, f3)
P,
Theorem 3.1. Let f(z),g9(z) € > (A, o, 8) and are given by
p.g
1 X 1 X
— k—1 _ = k—1
=1+ at g =Y bt
k=1 k=1
1t
Then the function h(z) = . + 3 (a2 + b2)2EL s also in Y (v, @, B)
k:1 p,q

where v < % — (k;[?)Q.
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Proof. Since f(z),g(z) € > (A, «, B) therefore we have

(3.1)
+oo 9 +oo 2
Z “k —1lpg ((k -2)% + Aﬁ)] ai < [Z[k? —1pg ((k -2+ )‘ﬂ) ak]
k=1 k=1
- [5(1 +0)(1 - a)r’
pq
and
(3.2)
+00 9 ~+00 2
D (k= 1pq ((k=2)? +28)] "0} < [Z[k —1pgq (k= 2)* +2B) bk]
k=1 k=1
- [5(1 +0)(01 - a)r.
pq
The above inequalities yield
00 2
> 5 = 1 (=2 + 3 (0} + 1) < | ZE2IE 0]
k=1
Now we must show
+oo 2
5 [0k U (= 22 +98))" @+ ) < |20
k=1
But the above inequalities hold if
5~ T (=2 +78) < 5 [k — Uy (k=27 +28)]

or equivalently
2(k —2)> + 298 < (k — 2)* + AB,

or

Theorem 3.2. The class > (A, a, ) is a convez set.
P

Proof. Let

1 ¥
_ 1+ k—1
f(z)_z_‘_;a’kz 9



SOME PROPERTIES OF CERTAIN SUBCLASS OF MEROMORPHIC --- 81
and
1
k—1
g(Z) = ; + Z ka )
k=1

be in the class > (A, a, 3). For ¢t € (0,1), it is enough to show that

p.g
the function h(z) = (1 —t)f(z) + tg(z) is in the class > (A, a, §). Since
p.a
1 X
(3.3) h(z) =~ +> (1= thag +tby) 27,
k=1
then

i [k = 1pg (k—2)* + AB)] (1 — t)ay, + tby) < pl+ ;)q(l — a),
k=1

so h(z) € Y. (A, B). O

X
Corollary 3.3. Let

1 +o00o
k—1 .
(2) ==+ ary =1,2,...
f](z) P k_lak,]z 3 (] y 4y 7”)7

n

be in the class Y (A, o, ), then the function F(z) = Y ¢jfj(z) is also

psq ]:1

in Y (A o, B) where Y ¢j = 1.
pg J=1

4. HADAMARD PRODUCT

For functions f(z) , g(z) belonging to ), is given by (EI), we denote
by (f * g)(z) the Hadamard product (or convolution) of the functions

f(2),9(2), that is

+o0
(f*xg)(z) = % + Z a2t
k=1

= (g f)(2).
Theorem 4.1. If f(2),9(z) defined by (EI) is in the class > (N, «, B),
pa
1 £
then (f % g)(2) = =+ 3 apbpz¥~1 is in the class 3.(, o, B) where
2 k=1 Psq

[k = Upgpg (k= 2>+ 28)° (k- 2)?
821+ N1 —a) 5

S
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Proof. Since f(z),g9(z2) € Y. (A, «, 8), so by (@)

(4.1) Jio[k_l]m (k= 2)2 + A\B) ay, < ﬁ(l—l—)\)(l—a)’
k=1 pq

and

(4.2) +Zoo[k,_1]p7q ((k—2)2—|—)\,8) by < 5(1—%)\)(1—04)‘
k=1 pq

We must find the smallest + such that

+oo

;[k 1 (k= 292+ 28) oty < 20 +f;)q(1 —a)

By using (@), (@) and the Cauchy-Schwarts inequality we have

+o00
(4.3) ;[k g (k= 2)% + AB) vagby < AL+ 2)(](1 —a)

Now it is enough to show that

(44) (= 1lpq ((k = 2% +78) arby < [k~ g (5~ 2)° +75) Vaxhy

or equivalently

(k—2)2+ A8

by < —5—.
TS -2 8

But from (@), we have

B(1+N)(1 - a)
Vb = e 1l (k—2)2 + AB)

so it is enough to have

B(1+AN)(1—a)
palk — 1]p,q ((k—2)2+ApB)

(k—2)2+ A8
(k=27 +36°

<

or

b — Upgpg (k= 2>+ 28)° (k- 2)?
821+ N1 —a) B

S
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