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Bounds for the Operator Norm on Weighted Cesàro
Fractional Difference Sequence Spaces

Kuldip Raj1, Anu Choudhary2 and Mohammad Mursaleen3∗

Abstract. In this paper, we determine the upper and lower bounds
for the norm of lower triangular matrix operators on Cesàro weighted
(p, v)−fractional difference sequence spaces of modulus functions.
We consider the matrix operators acting between ℓp(w) and Cp(v, ω,

∆(η,ℓ),F) and identify their bounds and vice-versa. We also in-
vestigate the same characteristics for Nörlund and weighted mean
matrix operators.

1. Introduction

Let W denote the following sequence space

W = {x = (xs) : xs ∈ R or C} ,

where R and C are the sets of real and complex numbers, respectively.
For 1 < p < ∞, the sequence space ℓp is defined as{

x = (xs) ∈ W :

∞∑
s=1

|xs|p < ∞

}
,

and the space ℓp is a Banach space with respect to the norm

∥x∥p =

( ∞∑
s=1

|xs|p
) 1

p

, for p > 1.
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For ω = (ωs) ≥ 0, the weighted sequence space ℓp (ω) is defined as
follows:

ℓp (ω) =

{
x = (xs) ∈ W :

∞∑
s=1

ωs |xs|p < ∞

}
,

and

∥x∥p,ω =

( ∞∑
s=1

ωs |xs|p
) 1

p

.

Recently, Shahraki and Ledari in [19] worked on ℓp (c0) sequence
space. Initially, the fractional difference operators ∆η,∆(η),∆−η, ∆(−η)

were introduced in [7] and discussed some topological results for these
spaces. In [3], Baliarsingh et al. studied approximation theorems and
statistical convergence in fractional difference sequence spaces. The bi-
nomial fractional difference sequence spaces by clubbing binomial matrix
and fractional difference operators were studied in [14]. In [4], the dou-
ble difference fractional order sequence spaces were examined. Recently,
Choudhary et al. [5] investigated some interesting results on the space
of double difference sequences of fractional order (see also [21–23]).

Let N be a set of natural numbers and ℓ be a real number. Then
(η, ℓ)−fractional difference operator ∆(η,ℓ) : W → W is defined by:

∆(η,ℓ) (xs) =
s∑

i=0

(−η)i,ℓ
i!

xs−i,

where η is a positive proper fraction and the Pochhammer symbol

(η)s,ℓ =

{
1, when s = 0,
η(η + ℓ)(η + 2ℓ)(η + 3ℓ) · · · (η + (s− 1)ℓ), when s ∈ N.

Nakano [15] introduced the concept of the modulus function. For
definitions and results, see [1, 2, 18].
In 1970, Shiue [20] introduced the Cesàro sequence space cesp, for p > 1
and is defined by

cesp =

x ∈ W :
∞∑
s=1

1

s

s∑
℘=1

|x℘|

p

< ∞

 ,

and this sequence space is a Banach space with respect to a norm

∥x∥ =

 ∞∑
s=1

1

s

s∑
℘=1

|x℘|

p1/p

.
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Afterward, many authors studied these sequence spaces (see [6, 9, 12,
13, 16, 17]). Recently, the norms and lower bounds for matrix operators
on weighted difference sequence spaces were determined in [8].

For p > 1, ∆(η,ℓ) a (η, ℓ)−fractional difference operator, F = (f℘)
a sequence of modulus functions, v = (v℘) a sequence of positive real
numbers and Vs = v1+v2+· · ·+vs, the Cesàro weighted (p, v)−fractional
difference sequence space is defined as follows:

Cp

(
v, ω,∆(η,ℓ),F

)
=

x = (xs) ∈ W :

∞∑
s=1

ωs

 1

Vs

s∑
℘=1

v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣)
p

< ∞

 ,

and

∥x∥Cp(v,ω,∆(η,ℓ),F) =

 ∞∑
s=1

ωs

 1

Vs

s∑
℘=1

v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣)
p

1
p

.

For ωs = 1, sequence spaces ℓp (ω) and Cp

(
v, ω,∆(η,ℓ),F

)
reduce to

ℓp and Cp

(
v,∆(η,ℓ),F

)
, respectively. Suppose D = (dm,j) is a lower

triangular matrix such that for all m, j, dm,j ≥ 0, p∗ = p
(p−1) , the set

δ+ = max (δ, 0) and δ− = min (δ, 0) .
We can denote this by

(i) ∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) , the norm of a matrix D as an operator
from ℓp (ω) into Cp

(
v, ω,∆(η,ℓ),F

)
,

(ii) ∥D∥p,Cp(v,∆(η,ℓ),F) , the norm of a matrix D as an operator from
ℓp to Cp

(
v,∆(η,ℓ),F

)
,

(iii) ∥D∥Cp(v,ω,∆(η,ℓ),F),p,ω , the norm of a matrix D as an operator
from Cp(v, ω,∆

(η,ℓ),F) into ℓp(ω),
(iv) ∥D∥Cp(v,ω,∆(η,ℓ),F),p, the norm of a matrix D as an operator from

Cp(v,∆
(η,ℓ),F) to ℓp,

(v) ∥D∥p,ω, the norm of a matrix D as an operator from ℓp(ω) into
itself and

(vi) ∥D∥p, the norm of a matrix D as an operator from ℓp into itself.
Let us define ND and nD as follows:

ND = sup
s≥1


s∑

℘=1

s− ℘+ 1

Vs

( s∑
q=℘

dq,℘ −
s∑

q=℘−1

dq,℘−1

)+
 .

nD = sup
S≥1

inf
s≥S

{
s

Vs

s∑
q=S

dq,S +
s

Vs(s− S + 1)

s∑
℘=S+1

(s− ℘+ 1)
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q=℘

dq,℘ −
s∑

q=℘−1

dq,℘−1

−}
,

Let Y and Z be two normed vector spaces. A linear map D : Y → Z is
continuous if and only if there exists a real number R such that

∥Dy∥ ≤ R∥y∥, ∀y ∈ Y.

The continuous linear operators are also known as bounded operators.

Let (dk) be a non-negative sequence with d1 > 0 and Ds =

s∑
k=1

dk. The

Nörlund matrix Ñd = (ds,℘) is defined by

ds,℘ =

{
ds−℘+1/Ds, 1 ≤ ℘ ≤ s,
0, otherwise,

and the weighted mean matrix W̃d = (ds,℘) is defined by

ds,℘ =

{
d℘/Ds, 1 ≤ ℘ ≤ s,
0, otherwise.

2. Main Results

Lemma 2.1. Let v = (v℘) be a sequence of positive real numbers, ∆(η,ℓ)

be a (η, ℓ)−fractional difference operator, and d, x be two non-negative
sequences. Then
s∑

℘=1

1

Vs
d℘v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣) ≤

 max
1≤℘≤s

1

s− ℘+ 1

s∑
k=℘

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)


s∑
℘=1

(s− ℘+ 1)

Vs
(d℘ − d℘−1)

+ ,

for all s ≥ 0.

Proof. By applying summation by parts, we have

s∑
℘=1

1

Vs
d℘v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣) =

s∑
℘=1

1

Vs

s∑
k=℘

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣) (d℘ − d℘−1)

≤

 max
1≤℘≤s

1

s− ℘+ 1

s∑
k=℘

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)


s∑
℘=1

(s− ℘+ 1)

Vs
(d℘ − d℘−1)

+ . □
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Lemma 2.2. Let v = (v℘) be a sequence of positive real numbers, Vs =
v1 + v2 + · · · + vs and S ≥ 1. If xS ≥ xS+1 ≥ · · · ≥ 0 and xs = 0, for
s < S. Then

1

Vs

s∑
℘=1

d℘v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣) ≥

(
1

s

s∑
k=1

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣))

×

 s

Vs
dS +

s

Vs (s− S + 1)

s∑
℘=S+1

(s− ℘+ 1) (d℘ − d℘−1)
−

 ,

for all s ≥ 0.

Proof. We know that the result holds for s < S. Now, let s ≥ S. Then
for (S ≤ ℘ ≤ s) we have

1

s− S + 1

s∑
k=1

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣) =
1

s− S + 1

s∑
k=S

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)
≥ 1

s− ℘+ 1

s∑
k=℘

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣) ,
since xS ≥ xS+1 ≥ · · · ≥ 0 and xs = 0 for s < S. Now, by using summa-
tion by parts, we have

1

Vs

s∑
℘=1

d℘v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣)

= dS

(
1

Vs

s∑
k=S

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣))

+
1

Vs

s∑
℘=S+1

(d℘ − d℘−1)

 s∑
k=℘

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)


≥

(
1

s

s∑
k=1

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣))sdS
Vs

+
s

Vs(s− S + 1)

s∑
℘=S+1

(s− ℘+ 1) (d℘ − d℘−1)
−

 . □
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Lemma 2.3 ([11]). Let p > 1, S ≥ 1 and ω = (ωs) ≥ 0 be a decreasing

sequence and
∞∑
s=1

ωs

s
be divergent and CS =

(
cSs,℘
)

be a matrix with

cSs,℘ =

{
1

s+S−1 , s ≥ ℘,
0, otherwise.

Then the norm ∥CS∥p,ω = p∗.

Lemma 2.4 ([11]). Let v = (v℘) (p > 1) be a sequence of positive real
numbers, y = (y℘) = v℘

(
f℘
∣∣∆(η,ℓ)x℘

∣∣) ≥ 0 and ω ≥ 0 be decreasing
sequence. Then

∞∑
k=1

ωk max
1≤q≤k

(
1

k − q + 1

k∑
℘=q

y℘

)p

≤ (p∗)p
∞∑
℘=1

ω℘ (y℘)
p .

Theorem 2.5. Let F = (f℘) be a sequence of modulus functions, ω =
(ωs) be a non-decreasing sequence, v = (vs) be a sequence of positive
real numbers and Vs = v1 + v2 + · · · + vs. If D = (ds,℘) ≥ 0 be a lower
triangular matrix, then

(i) ∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) ≤ p∗ND. In addition if ND < ∞, then D

is a bounded matrix operator from ℓp (ω) into Cp

(
v, ω,∆(η,ℓ),F

)
.

(ii) ∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) ≥ p∗nD, if
∞∑
s=1

ωs

s
is divergent and

(
ωs

ωs+1

)
is decreasing.

Accordingly, if ω = (ωs) be a decreasing sequence with non-negative

entries,
(

ωs
ωs+1

)
is decreasing and

∞∑
s=1

ωs

s
= ∞, then

p∗nD ≤ ∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) ≤ p∗ND.

In particular, if ωs = 1, for all s and if ND < ∞, then D : ℓp →
Cp

(
v,∆(η,ℓ),F

)
is a bounded matrix operator.

Proof. By employing Lemma 2.1, we have

s∑
℘=1

(
1

Vs

s∑
q=℘

dq,℘

)
v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣)

≤

 max
1≤℘≤s

1

s− ℘+ 1

s∑
k=℘

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)
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s∑
℘=1

s− ℘+ 1

Vs

 s∑
q=℘

dq,℘ −
s∑

q=℘−1

dq,℘−1


≤ ND max

1≤℘≤s

1

s− ℘+ 1

s∑
k=℘

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣) .
Thus, by using Lemma 2.4, we have

∞∑
s=1

ωs

 s∑
℘=1

(
1

Vs

s∑
q=℘

dq,℘

)
v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣)
p

≤ (ND)
p

∞∑
s=1

ωs max
1≤℘≤s

 1

s− ℘+ 1

s∑
k=℘

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)
p

≤ (p∗ND)
p

∞∑
℘=1

ω℘

(
v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣))p .
(ii) Let z = (zs) be a decreasing sequence with non-negative entries,
∥z∥u,ω = 1, for all s ≥ 1, x1 = x2 = · · · = xS−1 = 0 and

xs+S−1 =

(
ω

ωs+S−1

)(1/p)

zs.

Hence, ∥x∥p,ω = ∥z∥p,ω = 1. Now, by using Lemma 2.2, we have

∥D∥p
p,ω,Cp(v,ω,∆(η,ℓ),F)

≥
∞∑
s=1

ωs

(
s∑

℘=1

(
1

Vs

s∑
q=℘

dq,℘

)
v℘

(
f℘|∆(η,ℓ)x℘|

))p

≥ (γS)
p

∞∑
s=1

ωs

(
1

Vs

(
Vs

s

) s∑
k=1

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣))p

= (γS)
p

∞∑
s=1

ωs

(
1

s

s∑
k=1

vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣))p

= (γS)
p

∞∑
s=1

ωs+S−1

(
1

s+ S − 1

s∑
k=1

vk+S−1

(
fk+S−1

∣∣∣∆(η,ℓ)xk+S−1

∣∣∣))p

= (γS)
p

∞∑
s=1

ωs+S−1

(
1

s+ S − 1

s∑
k=1

vk+S−1

(
fk+S−1

∣∣∣∣∣∆(η,ℓ)

(
ωk

ωk+S−1

)(1/p)

zk

∣∣∣∣∣
))p

≥ (γS)
p ∥CSz∥pp,ω ,
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where
γS =

inf
s≥S

 s

Vs

s∑
q=S

dq,S +
s

Vs(s− S + 1)

s∑
℘=S+1

(s− ℘+ 1)

(
s∑

q=℘

dq,℘ −
s∑

q=℘−1

dq,℘−1

)−
 .

Now, by Lemma 2.3, we have
∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) ≥ p∗γS .

Hence, ∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) ≥ p∗nD, where nD = sup
S≥1

γS . □

Corollary 2.6. Let u > 1, D = (ds,℘) be a non-negative lower triangular
matrix such that

s∑
q=℘−1

dq,℘−1 ≤
s∑

q=℘

dq,℘,

for 1 < ℘ ≤ s. Then

∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F)p
∗ sup
s≥1

s

Vs
ds,s.

Proof. We know that the finite sequence
(

s∑
q=℘

dq,℘

)s

℘=1

is increasing for

each s. Hence, we have s∑
q=℘

dq,℘ −
s∑

q=℘−1

dq,℘−1

−

= 0,

and

nD = sup
S≥1

inf
s≥S

s

Vs

s∑
q=S

dq,S

= sup
s≥1

s

Vs
ds,s.

Also, for (1 ≤ ℘ ≤ s), s∑
q=℘

dq,℘ −
s∑

q=℘−1

dq,℘−1

+

=
s∑

q=℘

dq,℘ −
s∑

q=℘−1

dq,℘−1.

Thus,

ND = sup
s≥1


s∑

℘=1

s− ℘+ 1

Vs

 s∑
q=℘

dq,℘ −
s∑

q=℘−1

dq,℘−1
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= sup
s≥1

1

Vs

s∑
℘=1

s∑
q=℘

dq,℘

= sup
s≥1

s

Vs
× 1

s

s∑
℘=1

s∑
q=℘

dq,℘

≤ sup
s≥1

s

Vs
ds,s.

As a consequence of Theorem 2.5, we have

∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) = p∗ sup
s≥1

s

Vs
ds,s. □

Example 2.7. Define D = (ds,℘) by 1/s3, ℘ < s,
(3s− 1)/s, ℘ = s,
0, ℘ > s.

and a sequence (vk) = 2k.

Here, the sequence
(

s∑
q=℘

dq,℘

)s

℘=1

is increasing sequence for each s and

sup
s≥1

s

Vs
ds,s = 3. Thus, by Corollary 2.6, we have

∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F)3p
∗.

Corollary 2.8. Let u > 1 and D = (ds,℘) ≥ 0 be a lower triangular

matrix with
s∑

q=℘−1

dq,℘−1 ≥
s∑

q=℘

dq,℘, for 1 < ℘ ≤ s. Then

(2.1)

p∗

inf
s≥1

1

Vs

s∑
℘=1

s∑
q=℘

dq,℘

 ≤ ∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) ≤ p∗

sup
s≥1

s∑
q=1

s

Vs
dq,1

 .

Also, if the right hand side of (2.1) be finite, then

D : ℓp (ω) → Cp

(
v, ω,∆(η,ℓ),F

)
,

is a bounded matrix operator.



28 KULDIP RAJ, ANU CHOUDHARY AND M. MURSALEEN

Proof. Since,
(

s∑
q=℘

dq,℘

)s

℘=1

is decreasing for each s, then for (1 < ℘ ≤ s) ,

we have  s∑
q=℘

dq,℘ −
s∑

q=℘−1

dq,℘−1

−

=

s∑
q=℘

dq,℘ −
s∑

q=℘−1

dq,℘−1.

Hence,

nD = sup
S≥1

inf
s≥S

 s

Vs

s∑
q=S

dq,S +
s

Vs (s− S + 1)

s−℘+1∑
℘=S+1

(s− ℘+ 1)

(
s∑

q=℘

dq,℘ −
s∑

q=℘−1

)
= sup

S≥1
inf
s≥S

s

Vs (s− S + 1)

s∑
℘=S

s∑
q=℘

dq,℘

≥ inf
s≥1

1

Vs

s∑
℘=1

s∑
q=℘

dq,℘.

Also,  s∑
q=℘

dq,℘ −
s∑

q=℘−1

dq,℘−1

+

= 0,

for 1 < k ≤ s and s∑
q=1

dq,1 −
s∑

q=0

dq,0

+

=

s∑
q=1

dq,1, for k = 1.

Therefore,

ND sup
s≥1

s∑
q=1

s

Vs
dq,1.

Now, by using Theorem 2.5, we can conclude that

p∗

inf
s≥1

1

Vs

s∑
℘=1

s∑
q=℘

dq,℘

 ≤ ∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) ≤ p∗

sup
s≥1

s∑
q=1

s

Vs
dq,1

 .

□
Example 2.9. Define D = (ds,℘) by{

2
s2
, s ≥ ℘,

0, otherwise.
and a sequence v = (vk) = 2k.

Here, the sequence
(

s∑
q=℘

dq,℘

)s

℘=1

is decreasing sequence for each s and
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sup
s≥1

s∑
q=1

s

Vs
dq,1 =

∞∑
s=1

2

s(Vs)
. Thus, by Corollary 2.8, we have

0 ≤ ∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) ≤

( ∞∑
s=1

2

s (Vs)

)
p∗.

Corollary 2.10. Let p > 1, Ñd = (ds,℘) be a Nörlund matrix and (ds)
be a decreasing sequence. Then

p∗ ≤
∥∥∥Ñd

∥∥∥
p,ω,Cp(v,ω,∆(η,ℓ),F)

≤ p∗

sup
s≥1

s∑
q=1

s

Vs

dq
Dq

 .

Corollary 2.11. Let p > 1, W̃d = (ds,℘) be a Weighted mean matrix
and (ds) be a decreasing sequence. Then

p∗ ≤
∥∥∥W̃d

∥∥∥
p,ω,Cp(v,ω,∆(η,ℓ),F)

≤ p∗d1

sup
s≥1

s∑
q=1

s

Vs

1

Dq

 .

Theorem 2.12. Let p > 1 and D = (ds,℘) ≥ 0 be a lower triangular
matrix. If D : ℓp (ω) → ℓp (ω) be a bounded matrix operator, then
D : ℓp(ω) → Cp

(
v, ω,∆(η,ℓ),F

)
is also a bounded matrix operator and

∥Dx∥p,ω,Cp(v,ω,∆(η,ℓ),F) ≤
(

s

Vs

)
p∗ ∥Dy∥p,ω.

Proof. For p > 1, we have

∥Dx∥p
p,ω,Cp(v,ω,∆(η,ℓ),F)

=
∞∑
s=1

ωs

∣∣∣∣∣∣ 1Vs

s∑
℘=1

℘∑
k=1

dq,kvk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)
∣∣∣∣∣∣
p

=
∞∑
s=1

ωs

∣∣∣∣∣∣ sVs

1

s

s∑
℘=1

℘∑
k=1

dq,℘vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)
∣∣∣∣∣∣
p

=
∞∑
s=1

ωs

∣∣∣∣∣∣
(

s

Vs

) s∑
℘=1

(C1D)s,k vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)
∣∣∣∣∣∣
p

=

∞∑
s=1

ωs

(
s

Vs

)u
∣∣∣∣∣∣

s∑
℘=1

(C1D)s,k vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)
∣∣∣∣∣∣
p

=

∥∥∥∥ s

Vs
(C1D)s,k vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)∥∥∥∥p
p,ω

=

(
s

Vs

)p ∥∥∥(C1D)s,k vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)∥∥∥p
p,ω

.
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Now, let y = (yk) = vk
(
fk
∣∣∆(η,ℓ)xk

∣∣) . Hence, we have

∥Dx∥p,ω,Cp(v,ω,∆(η,ℓ),F) =

(
s

Vs

)
∥C1∥p,ω ∥Dy∥p,ω .

By using Lemma 2.3 we get(
s

Vs

)
∥C1∥p,ω ≤

(
s

Vs

)
p∗.

Thus,

∥Dx∥p,ω,Cp(v,ω,∆(η,ℓ),F)

(
s

Vs

)
p∗ ∥Dy∥p,ω .

Thus the theorem is proved. □
Proposition 2.13 ([10]). Let ω = (ωs) ≥ 0 be a decreasing sequence,
C1 be a Cesàro matrix and p > 1. Then ∥C1∥p,ω ≤ p∗.

Theorem 2.14. Let p > 1 and D = (ds,℘) be a non-negative lower
triangular matrix. Then
(2.2)
Vs

s.p∗

(
∥D∥p,ω

∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F)

)
≤ ∥D∥Cp(v,ω,∆(η,ℓ),F),p,ω ≤ sup

s≥1

(
Vs sup

1≤℘≤s
ds,℘

)
.

Also, if the right hand side of (2.2) is finite, then D is a bounded matrix
operator from Cp

(
v, ω,∆(η,ℓ),F

)
into ℓp (ω) .

Proof. Let x ∈ Cp

(
v, ω,∆(η,ℓ),F

)
. Then

∥Dx∥pp,ω =
∞∑
s=1

ωs

∣∣∣∣∣∣
s∑

℘=1

ds,℘v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣)
∣∣∣∣∣∣
p

≤
∞∑
s=1

ωs

 sup
1≤℘≤s

ds,℘

s∑
℘=1

v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣)
p

≤ sup
s≥1

(
Vs sup

1≤℘≤s
ds,℘

)p ∞∑
s=1

ωs

 1

Vs

s∑
℘=1

v℘

(
f℘

∣∣∣∆(η,ℓ)x℘

∣∣∣)
p

= sup
s≥1

(
Vs sup

1≤℘≤s
ds,℘

)p

∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F) .

Therefore,
∥D∥p,ω

∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F)
≤ sup

s≥1

(
Vs sup

1≤℘≤s
ds,℘

)
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and

∥D∥Cp(v,ω,∆(η,ℓ),F),p,ω ≤ sup
s≥1

(
Vs sup

1≤℘≤s
ds,℘

)
.

Now, by using Proposition 2.13 we conclude that

∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F)

∥∥∥∥ s

Vs
C1vk

(
fk

∣∣∣∆(η,ℓ)xk

∣∣∣)∥∥∥∥
p,ω

≤ s

Vs
p∗ ∥y∥p,ω ,

where y = (yk) = vk
(
fk
∣∣∆(η,ℓ)xk

∣∣) .
This implies

∥Dx∥p,ω
∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F)

≥ Vs

s.p∗
∥Dx∥p,ω
∥y∥p,ω

.

Hence,

∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) ≥
Vs

s.p∗
∥Dx∥p,ω
∥y∥p,ω

.

Thus,
Vs

s.p∗

(
∥Dx∥p,ω

∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F)

)
≤ ∥D∥p,ω,Cp(v,ω,∆(η,ℓ),F) ≤ sup

s≥1

(
Vs sup

1≤℘≤s
ds,℘

)
.

□

Corollary 2.15 ([11]). Let Ñd = (ds,℘) be a Nörlund matrix and (ds)
be a decreasing sequence with ds ↓ β and β > 0. Then∥∥∥Ñd

∥∥∥
p,ω

= p∗.

Corollary 2.16 ([11]). Let W̃d = (ds,℘) be a weighted mean matrix and
(ds) be an increasing sequence with ds ↑ β and β < ∞. Then∥∥∥W̃d

∥∥∥
p,ω

= p∗.

Corollary 2.17. Let ∆(η,ℓ) be a (η, ℓ)-fractional difference operator,
F = (fk) be a sequence of modulus functions and p > 1. Then generalized
Cesàro matrix CS is bounded from Cp

(
v, ω,∆(η,ℓ),F

)
into ℓp (ω) and

Vs

s

(
1

∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F)

)
≤ ∥CS∥Cp(v,ω,∆(η,ℓ),F),p,ω ≤ Vs

s
.

Proof. For CS a generalized Cesàro matrix,

sup
s≥1

(
Vs sup

1≤℘≤s
ds,℘

)
= sup

s≥1

Vs

s+ S − 1
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=
Vs

s
.

Now, from Theorem 2.14, we have

Vs

s.p∗

(
∥CS∥p,ω

∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F)

)
≤ ∥CS∥Cp(v,ω,∆(η,ℓ),F),p,ω ≤ Vs

s
.

Also, ∥CS∥Cp(v,ω,∆(η,ℓ),F),p,ω = p∗, from Lemma 2.3, we have

Vs

s

(
1

∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F)

)
∥CS∥Cp(v,ω,∆(η,ℓ),F),p,ω ≤ Vs

s
. □

Corollary 2.18. Let Ñd = (ds,℘) be a Nörlund matrix and (ds) be a
decreasing sequence with ds ↓ β and β > 0. Then

Vs

s

(
1

∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F)

)
≤
∥∥∥Ñd

∥∥∥
Cp(v,ω,∆(η,ℓ),F),p,ω

≤ d1 sup
s≥1

Vs

Ds
.

Proof. As a consequence of Corollary 2.15 and Theorem 2.14 we get

Vs

s

(
1

∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F)

)
≤
∥∥∥Ñd

∥∥∥
Cp(v,ω,∆(η,ℓ),F),p,ω

≤ d1 sup
s≥1

Vs

Ds
. □

Corollary 2.19. Let W̃d = (ds,℘) be a weighted mean matrix and (ds)
be an increasing sequence with ds ↑ β, β < ∞ and p > 1. Then

Vs

s

(
1

∥x∥p,ω,Cp(v,ω,∆(η,ℓ),F)

)
≤
∥∥∥W̃d

∥∥∥
Cp(v,ω,∆(η,ℓ),F),p,ω

≤ sup
s≥1

Vsds
Ds

.

Proof. As a consequence of Corollary 2.16 and Theorem 2.14 we get the
desired result. □

3. Conclusion

The determination of bounds is a powerful tool for balancing vectors
in any norm and is extremely helpful in hereditary discrepancy prob-
lems. The theory of difference sequence spaces plays an important role
in enveloping the classical theory of fractional calculus and numerical
analysis. The study of fractional calculus has a direct impact on the the-
ory involving the solution of diverse problems in mathematics, science
and engineering. Also, Cesàro sequence spaces serve many applications
in physical chemistry and crystallography. In this paper, we have de-
termined the bounds for the norm of matrix operators from ℓp (w) into
Cp

(
v, ω,∆(η,ℓ),F

)
and from Cp

(
v, ω,∆(η,ℓ),F

)
into ℓp (w). We have

also obtained the norm of matrix operators on some lower triangular
matrices such as Nörlund and weighted mean matrices.



BOUNDS FOR THE OPERATOR NORM 33

Acknowledgment. The first author thanks the Council of Scientific
and Industrial Research (CSIR), India for partial support under Grant
No. 25(0288)/18/EMR-II, dated 24/05/2018.

References

1. A. Alotaibi, K. Raj and S.A. Mohiuddine, Some generalized differ-
ence sequence spaces defined by a sequence of moduli in n-normed
spaces, J. Funct. Spaces, 2015 (2015), Article ID 413850, pp. 1-8.

2. Y. Altin, Properties of some sets of sequences defined by a modulus
function, Acta Math. Sci. Ser. B, 29(2) (2009), pp. 427-434.

3. P. Baliarsingh, U. Kadak and M. Mursaleen, On statistical conver-
gence of difference sequences of fractional order and related Ko-
rovkin type approximation theorems, Quaest. Math., 41(8) (2018),
pp. 1117-1133.

4. P. Baliarsingh, On difference double sequence spaces of fractional
order, Indian J. Math., 58(3) (2016), pp. 287-310.

5. A. Choudhary and K. Raj, Applications of double difference frac-
tional order operators, J. Comput. Anal. Appl., 28 (2020), pp.
94-103.

6. P. Debnath, Some Results on Cesàro summability in Intuitionis-
tic Fuzzy n-normed linear Spaces, Sahand Commun. Math. Anal.,
19(1) (2022), pp. 77-87.

7. S. Dutta and P. Baliarsingh, A note on paranormed difference se-
quence spaces of fractional order and their matrix transformations,
J. Egyptian Math. Soc., 22(2) (2014), pp. 249-253.

8. D. Foroutannia and H. Roopaei, The norms and the lower bounds
for matrix operators on weighted difference sequence spaces, U.P.B.
Sci. Bull., Series A, 79(2) (2017), pp. 151-160.

9. A.A. Jagers, A note on Cesàro sequence spaces, Nieuw Arch.
Wiskd., 22(3) (1974), pp. 113-124.

10. G.J.O. Jameson and R. Lashkaripour, Norms of certain operators
on weighted L spaces and Lorentz sequence spaces, J. Inequal. Pure
Appl. Math., 3(1) (2002), pp. 1-17.

11. R. Lashkaripour and D. Foroutannia, Extension of Hardy inequal-
ity on weighted sequence spaces, J. Sci. Islam. Repub. Iran, 20(2)
(2009), pp. 159-166.

12. P.N. Ng and P.Y. Lee, Cesàro sequence spaces of non-absolute type,
Comment. Math., 20(2) (1978), pp. 429-433.

13. P.N. Ng and P.Y. Lee, On the associate spaces of Cesàro sequence
spaces, Nanta Math., 9(2) (1976), pp. 168-170.



34 KULDIP RAJ, ANU CHOUDHARY AND M. MURSALEEN

14. J. Meng and L. Mei, Binomial difference sequence spaces of frac-
tional order, J. Inequal. Appl. 2018(1) (2018), pp. 1-8.

15. H. Nakano, Modular sequence spaces, Proc. Japan Acad. Ser. A
Math. Sci., 27(9) (1951), 508-512.

16. H. Roopaei and D. Foroutannia, A new sequence space and norm
of certain matrix operators on this space, Sahand Commun. Math.
Anal., 3(1) (2016) pp. 1-12.

17. K. Raj and A. Choudhary, Applications of Tauberian theorems for
Cesàro Orlicz double sequences, U.P.B. Sci. Bull., Series A, 81(3)
(2019), pp. 127-138.

18. K. Raj and C. Sharma, Applications of strongly convergent se-
quences to Fourier series by means of modulus functions, Acta
Math. Hungar., 150(2) (2016), pp. 396-411.

19. S. Shahraki and A.A. Ledari, A class of hereditarily ℓp(c0) Banach
space, Sahand Commun. Math. Anal., 14(1) (2019), pp. 107-116.

20. J.S. Shiue, On the Cesàro sequence spaces, Tamkang J. Math., 1(1)
(1970), pp. 19-25.

21. T. Yaying, B. Hazarika and S.A. Mohiuddine, On difference
sequence spaces of fractional-order involving Padovan numbers,
Asian-Eur. J. Math., 14(6) (2021), pp. 1-24.

22. T. Yaying, B. Hazarika and M. Mursaleen, On sequence space de-
rived by the domain of q-Cesàro matrix in ℓp space and the associ-
ated operator ideal, J. Math. Anal. Appl., 14(1) (2021), pp.1-22.

23. T. Yaying, B. Hazarika and S.A. Mohiuddine, Domain of Padovan
q-difference matrix in sequence spaces ℓp and ℓ∞, Filomat 36(3)
(2022) pp. 905-919.

1School of Mathematics Shri Mata Vaishno Devi University, Katra-
182320, J & K, India

Email address: kuldipraj68@gmail.com
2School of Mathematics Shri Mata Vaishno Devi University, Katra-

182320, J & K, India
Email address: anuchoudhary407@gmail.com
3Department of Medical Research, China Medical University Hospital,

China Medical University (Taiwan), Taichung, Taiwan; and Department of
Mathematics, Aligarh Muslim University, Aligarh 202002, India

Email address: mursaleenm@gmail.com


	1. Introduction
	2. Main Results
	3. Conclusion
	References

