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Fixed Point Results for Multivalued Mapping in R-Metric
Space

Astha Malhotra1 and Deepak Kumar2∗

Abstract. This paper explores certain fixed point results for mul-
tivalued mapping in a metric space endowed with an arbitrary bi-
nary relation R, briefly written as R-metric space. The fixed point
results proved are subjected to contraction conditions correspond-
ing to the multivalued counterpart of F -contraction and F -weak
contraction in R-metric space. The main results unify, extend and
generalize the results on multivalued and single-valued mapping in
the literature. To support the conclusion, several examples have
been provided.

1. Introduction

Fixed point theory gained much of its popularity with the discovery
of the famous Banach Contraction Principle [16], named after the Pol-
ish mathematician S. Banach. The result deals with the existence and
uniqueness of the fixed point for a single-valued self-map satisfying a
contraction condition on a complete metric space. However, the study
of fixed point theory is not just restricted to a single-valued self-map
but can be extended to a multivalued mapping as well.

In 1969, S. B. Nadler [20] introduced the idea of multivalued Lips-
chitz mapping along with fixed point results for multivalued contraction
mapping in a complete metric space. The concept of multivalued map-
ping has been improved many times since then in the literature (see
[4, 5, 9, 11, 15] and references cited therein). Wardowski [6] originally
proposed F-contraction in 2012, but Altun et al. generalized this idea
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to a multivalued mapping and presented the fixed point result in a com-
plete metric space in [10]. In 2015, A. Alam and M. Imdad [1] coined the
notion of a relation theoretic metric space wherein a given metric space
is combined with an arbitrary binary relation. The relation theoretic
metric has since been used to study fixed point results for contractive
mapping (see [8, 12]), expansive mapping (see [13]) and non-expansive
mapping (see [2, 3]).

Based on the work done in some of the recent literature, in this pa-
per, we prove fixed point results in relational theoretic metric space
for a multivalued mapping equipped with generalized contractions and
authenticate them further with the help of examples.

2. Preliminaries

This section of the paper deals with some of the basic notations,
definitions and lemma that shall be required to prove the main results.
Throughout the scope of this paper, X denotes a non-empty set together
with metric d, N (X) represents the set of all non-empty subsets of X,
K(X) represents the set of all compact subsets of X, CB(X) represents
the set of all closed and bounded subsets of X. In addition, the symbols
N, R, Q and Qc denote the set of natural numbers, real numbers, rational
numbers and irrational numbers respectively.

Also, we define functional D : N (X) × N (X) → [0,+∞) such that
D(M,N) = inf{d(σ, υ) such that σ ∈ M,υ ∈ N} and Hausdorff-
Pompeiu functional H : N (X) × N (X) → [0,+∞) ∪ {+∞} such that
H(M,N) = max{supm∈M d(m,N), supn∈N d(n,M)}.

Definition 2.1 ([19]). For a non-empty set X, a binary relation R on
X is a subset of X ×X.

Definition 2.2 ([18]). For a binary relation R defined on a non-empty
set X, a sequence {σn}n∈N ∈ X is said to be an R-sequence if (σn, σn+1) ∈
R for all n ∈ N.

Definition 2.3 ([18]). A metric space (X, d) together with a binary
relation R is said to be an R-metric space. It is usually written as
(X, d,R).

Definition 2.4 ([18]). For an R-metric space (X, d,R), a self-map g :
X → X is said to be R-continuous at σ ∈ X if for any R-sequence
{σn}n∈N ∈ X with σn → σ as n → +∞ then, gσn → gσ as n → +∞.
Also, g is said to be R-continuous on X if it is R-continuous at each
point of X.

Definition 2.5 ([18]). An R-metric space (X, d,R) is said to be an R-
complete metric space if every R-Cauchy sequence in X is convergent.
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Definition 2.6 ([6]). Let F : (0,+∞) → (−∞,+∞) such that:
(F1) for σ, υ ∈ (0,+∞) if σ < υ implies F (σ) < F (υ);
(F2) for each sequence {σn}n∈N of positive real numbers such that

lim
n→+∞

σn = 0 if and only if lim
n→+∞

F (σn) = −∞;

(F3) If there exists some k ∈ (0, 1) then lim
η→0+

ηkF (η) = 0.

Denote F, the family of all mappings F : (0,+∞) → (−∞,+∞) satisfy-
ing (F1)− (F3).

If in addition, F satisfies (F4) where (F4): F (infM) = inf F (M)
for all M ⊂ (0,+∞) with infM > 0, then the family of all mappings
F : (0,+∞) → (−∞,+∞) satisfying (F1)− (F4) is denoted by F′.

It is easy to prove the following property for a metric space (X, d)
based on the proof for a b-metric space found in [17].

Lemma 2.7. For a metric space (X, d), D(m,N) ≤ d(m,n) +D(n,N)
for all m,n ∈ X and N ⊂ X.

3. Main Results

We now prove fixed point results for a multivalued mapping in an R-
metric space subject to generalized contractions. But before proceeding
to the results, we first define the relation between two non-empty subsets
of an R-metric space and R-continuity for a multivalued mapping.

Definition 3.1. Let (X, d,R) be an R-metric space. Then for two non-
empty subsets M,N of X we say (M,N) ∈ R if (m,n) ∈ R for all m ∈ M
and n ∈ N .

Example 3.2. Let X = R in the usual metric space and define R =
{(σ, υ) ∈ X2 such that σ.υ < 0}. Then for subsets M = (−∞, 0) and
N = (0,+∞) of X, we have (M,N) ∈ R.

Definition 3.3. Let (X, d,R) be an R-metric space then a multivalued
map g : X → K(X) is said to be RH-continuous at σ ∈ X if for any
R-sequence {σn}n∈N in X with d(σn, σ) → 0 as n → +∞, we have
H(gσn, gσ) → 0 as n → +∞. Also, g is said to be RH-continuous on X
if it is RH-continuous at each point of X.

Readers should note that the above definition holds true when consid-
ering multivalued map g : X → CB(X) where (X, d,R) is an R-metric
space.

Theorem 3.4. Let (X, d,R) be an R-complete metric space and let
g : X → K(X) be a multivalued map satisfying the following:

(i) there exists σ0 ∈ X such that (σ0, υ) ∈ R for all υ ∈ gσ0;
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(ii) for all (σ, υ) ∈ R, we have (gσ, gυ) ∈ R;
(iii) either g is RH-continuous or for any R-sequence {σn}n∈N such

that σn → σ as n → +∞, we have (σn, σ) ∈ R for all n ∈ N;
(iv) if for some F ∈ F, there exists τ > 0 such that for all (σ, υ) ∈ R

with H(gσ, gυ) > 0 we have

τ + F (H(gσ, gυ)) ≤ F (d(σ, υ)).

Then, g has a fixed point.

Proof. Define a sequence {σn}n∈N∪{0} in X such that σn+1 ∈ gσn for all
n ∈ N ∪ {0}. By condition (i), we obtain (σ0, σ1) ∈ R.
On using condition (ii), we have

(3.1) (gσ0, gσ1) = (σ1, σ2) ∈ R.

On repeated use of condition (ii) in (3.1), we get

(σn, σn+1) ∈ R,

for all n ∈ N∪{0}. Thus {σn}n∈N∪{0} is an R-sequence in X. If σ1 ∈ gσ1
then we are done. Suppose σ1 ̸∈ gσ1 and since gσ1 is compact subset of
X then d(σ1, gσ1) > 0. Now, d(σ1, gσ1) ≤ H(gσ0, gσ1) thus by (F1), we
have

F (d(σ1, gσ1)) ≤ F (H(gσ0, gσ1))

≤ F (d(σ0, σ1))− τ.

If σk ∈ gσk for some k ∈ N ∪ {0} then we are done. Suppose σn ̸∈
gσn for all n ∈ N ∪ {0} and since gσn is a compact subset of X then,
d(σn, gσn) > 0 for all n ∈ N ∪ {0}. As

d(σn, gσn) ≤ d(σn, σn+1)

≤ H(gσn−1, gσn)

that is,

F (d(σn, gσn)) ≤ F (d(σn, σn+1))(3.2)
≤ F (H(gσn−1, gσn))

≤ F (d(σn−1, σn))− τ

< F (d(σn−1, σn)).

Thus {ζn = d(σn, σn+1)}n∈N∪{0} is decreasing sequence of non-negative
real number. Let lim

n→+∞
ζn = ζ ≥ 0.

Next, by (3.2) we have

(3.3) F (ζn) ≤ F (ζn−1)− τ ≤ F (ζn−2)− 2τ ≤ · · · ≤ F (ζ0)− nτ.
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By letting n → +∞ in (3.3) we get lim
n→+∞

ζn = 0. By (F3), there exists
k ∈ (0, 1) such that

lim
n→+∞

ζknF (ζn) = 0.

Using (3.3), we have

(3.4) ζknF (ζn)− ζknF (ζ0) ≤ −nζknτ.

When we take limit as n → +∞ in (3.4), we get lim
n→+∞

nζkn = 0. Thus
there exists n0 ∈ N such that for n ≥ n0,

ζn ≤ 1

n1/k
.

Consider m,n ∈ N where m > n > n0 such that
d(σn, σm) ≤ d(σn, σn+1) + d(σn+1, σn+2) + · · ·+ d(σm−1, σm)(3.5)

= ζn + ζn+1 + · · ·+ ζm−1

=
m−1∑
j=n

ζj

≤
+∞∑
j=n

ζj

≤
+∞∑
j=n

1

j1/k
.

Using the convergence of the series
∑+∞

j=n
1

j1/k
and on letting n → +∞

in (3.5), we obtain that {σn}n∈N is an R-Cauchy sequence and since X
is an R-complete space, so there exists σ ∈ X such that

lim
n→+∞

σn = σ.

We now claim that σ ∈ gσ.
Case 1: Let g be an RH-continuous mapping. Since σn+1 ∈ gσn, we
have
(3.6) d(σn+1, gσ) ≤ H(gσn, gσ).

Taking the limit as n → +∞ in (3.6) and using the R-continuity of g,
we get

d(σ, gσ) = lim
n→+∞

d(σn+1, gσ)

≤ lim
n→+∞

H(gσn, gσ)

= 0.
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As gσ ⊂ K(X) so, we conclude that σ ∈ gσ.
Case 2: We have an R-sequence {σn}n∈N∪{0} such that σn+1 ∈ gσn for
all n ∈ N∪ {0} and σn → σ as n → +∞ then, (σn, σ) ∈ R for all n ∈ N.
On the contrary, suppose that σ ̸∈ gσ then there exists n′ ∈ N such that
σ ̸∈ {σn} for all n > n′ which further gives H(gσ, gσn) > 0 and also by
the given condition, we have (σn, σ) ∈ R for all n ∈ N ∪ {0}.

F (d(σn+1, gσ)) ≤ τ + F (H(gσn, gσ))(3.7)
< F (d(σn, σ)).

By letting n → +∞ in (3.7), we get d(σ, gσ) = 0 which is a contradiction.
Hence, σ ∈ gσ. □

Theorem 3.5. Let (X, d,R) be an R-complete metric space and let
g : X → CB(X) be a multivalued map satisfying the following:

(i) there exists σ0 ∈ X such that (σ0, υ) ∈ R for all υ ∈ gσ0;
(ii) for all (σ, υ) ∈ R, we have (gσ, gυ) ∈ R;
(iii) either g is RH-continuous or for any R-sequence {σn}n∈N such

that σn → σ as n → +∞, we have (σn, σ) ∈ R for all n ∈ N;
(iv) if for some F ∈ F′, there exists τ > 0 such that for all (σ, υ) ∈ R

with H(gσ, gυ) > 0 we have

τ + F (H(gσ, gυ)) ≤ F (d(σ, υ)).

Then, g has a fixed point.

Proof. Proceeding on the lines of Theorem 3.4, we obtain an R-sequence
{σn}n∈N∪{0}, where σn+1 ∈ gσn for all n ∈ N∪{0}. If σ1 ∈ gσ1 then, we
are done. Suppose σ1 ̸∈ gσ1 and since gσ1 is a closed subset of X then,
d(σ1, gσ1) > 0. Now, d(σ1, gσ1) ≤ H(gσ0, gσ1) thus by (F1), we have

F (d(σ1, gσ1)) ≤ F (H(gσ0, gσ1))(3.8)
≤ F (d(σ0, σ1))− τ.

Using the (F4) property of F , we get

F (d(σ1, gσ1)) = F ( inf
υ∈gσ1

d(σ1, υ))(3.9)

= inf
υ∈gσ1

F (d(σ1, υ)),

using (3.8) in (3.9) and the fact that σ2 ∈ gσ1, we observe that

inf
υ∈gσ1

F (d(σ1, υ)) ≤ F (d(σ1, σ2))

≤ F (H(gσ0, gσ1))

≤ F (d(σ0, σ1))− τ.
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So from above equation, we have F (d(σ1, σ2)) ≤ F (d(σ0, σ1)) − τ . If
σ2 ∈ gσ2 then we are done and for σ2 ̸∈ gσ2 we have σ3 ∈ gσ2 such that

F (d(σ2, σ3)) ≤ F (d(σ1, σ2))− τ.

In a similar manner, we obtain
F (d(σn, σn+1)) ≤ F (d(σn−1, σn))− τ,

and thus d(σn, σn+1) < d(σn−1, σn) that is {d(σn, σn+1)}n∈N∪{0} is a
decreasing sequence of non-negative real numbers.

Now, by the working of Theorem 3.4, we conclude that g possesses a
fixed point. □

Theorem 3.6. Let (X, d,R) be an R-complete metric space and let
g : X → K(X) be a multivalued map such that the following holds:

(i) there exists σ0 ∈ X such that (σ0, υ) ∈ R for all υ ∈ gσ0;
(ii) for all (σ, υ) ∈ R, we have (gσ, gυ) ∈ R;
(iii) either g is RH-continuous or for any R-sequence {σn}n∈N such

that σn → σ as n → +∞, we have (σn, σ) ∈ R for all n ∈ N;
(iv) if for some F ∈ F, there exists τ > 0 such that for all (σ, υ) ∈ R

with H(gσ, gυ) > 0, we have

τ+F (H(gσ, gυ)) ≤ F

(
max

{
d(σ, υ), D(σ, gσ), D(υ, gυ),

D(σ, gυ) +D(υ, gσ)

2

})
.

Then, g has a fixed point.

Proof. Proceeding along the lines of Theorem 3.4, we get an R-sequence
{σn}n∈N∪{0} such that σn+1 ∈ gσn for all n ∈ N∪{0}. Suppose σ1 ̸∈ gσ1,
then we have

0 < d(σ1, gσ1) ≤ H(gσ0, gσ1).

Further, using condition (iv), we have

τ + F (H(gσ0, gσ1))

(3.10)

≤ F

(
max

{
d(σ0, σ1), D(σ0, gσ0), D(σ1, gσ1),

D(σ0, gσ1) +D(σ1, gσ0)

2

})
.

Next, the following observations can be easily made for a multivalued
map and in addition, using Lemma 2.7, we have

D(σ0, gσ0) ≤ d(σ0, σ1)

D(σ1, gσ1) ≤ H(gσ0, gσ1)

D(σ1, gσ0) = 0

D(σ0, gσ1) ≤ d(σ0, σ1) +H(gσ0, gσ1).
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Using the above in (3.10), we get

τ + F (H(gσ0, gσ1))

(3.11)

≤ F

(
max

{
d(σ0, σ1),H(gσ0, gσ1),

D(σ0, gσ1)

2

})
≤ F

(
max

{
d(σ0, σ1),H(gσ0, gσ1),

d(σ0, σ1) +H(gσ0, gσ1)

2

})
.

If d(σ0, σ1) < H(gσ0, gσ1), then by (3.11) we obtain

τ + F (H(gσ0, gσ1)) ≤ F (H(gσ0, gσ1)),

which is a contradiction. Thus, we have H(gσ0, gσ1) < d(σ0, σ1) and by
(3.11), we get

τ + F (H(gσ0, gσ1)) ≤ F (d(σ0, σ1)).

Further, suppose σn ̸∈ gσn for all n ∈ N ∪ {0},

τ + F (H(gσn, gσn+1)) ≤ F

(
max

{
d(σn, σn+1), D(σn, gσn), D(σn+1, gσn+1),

(3.12)

D(σn, gσn+1) +D(σn+1, gσn)

2

})
.

Again, we have the following observations:

D(σn, gσn) ≤ d(σn, σn+1),

D(σn+1, gσn+1) ≤ H(gσn, gσn+1),

D(σn+1, gσn) = 0,

D(σn, gσn+1) ≤ d(σn, σn+1) +H(gσn, gσn+1).

Using the above in (3.12), we get

τ + F (H(gσn, gσn+1)) ≤ F

(
max

{
d(σn, σn+1),H(gσn, gσn+1),(3.13)

d(σn, σn+1) +H(gσn, gσn+1)

2

})
.

If d(σn, σn+1) ≤ H(gσn, gσn+1), then by (3.13) we have

τ + F (H(gσn, gσn+1)) ≤ F (H(gσn, gσn+1)),
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which is a contradiction. Thus, we have H(gσn, gσn+1) < d(σn, σn+1)
and by (3.13), we get

τ + F (H(gσn, gσn+1)) ≤ F (d(σn, σn+1)).

Now, by the working of Theorem 3.4, we conclude that g possesses a
fixed point. □

Theorem 3.7. Let (X, d,R) be an R-complete metric space and let
g : X → CB(X) be a multivalued map such that the following holds:

(i) there exists σ0 ∈ X such that (σ0, υ) ∈ R for all υ ∈ gσ0;
(ii) for all (σ, υ) ∈ R, we have (gσ, gυ) ∈ R;
(iii) either g is RH-continuous or for any R-sequence {σn}n∈N such

that σn → σ as n → +∞, we have (σn, σ) ∈ R for all n ∈ N;
(iv) if for some F ∈ F′, there exists τ > 0 such that for all (σ, υ) ∈ R

with H(gσ, gυ) > 0, we have

τ+F (H(gσ, gυ)) ≤ F

(
max

{
d(σ, υ), D(σ, gσ), D(υ, gυ),

D(σ, gυ) +D(υ, gσ)

2

})
.

Then, g has a fixed point.

Proof. Using the work done in Theorem 3.6, we obtain an R-sequence
{σn}n∈N∪{0} such that σn+1 ∈ gσn for all n ∈ N∪{0}. Suppose σ1 ̸∈ gσ1,
then we have

τ + F (H(gσ0, gσ1)) ≤ F

(
max

{
d(σ0, σ1), D(σ0, gσ0), D(σ1, gσ1),

D(σ0, gσ1) +D(σ1, gσ0)

2

})
,

≤ d(σ0, σ1)).

Also since, gσ1 is closed and for some σ2 ∈ gσ1, then by working done
in Theorem 3.5, we obtain

inf
υ∈gσ1

F (d(σ1, υ)) ≤ F (d(σ1, σ2))

≤ F (H(gσ0, gσ1))

≤ F (d(σ0, σ1))− τ,

and
F (d(σ1, σ2)) ≤ F (d(σ0, σ1))− τ.

Following the lines of Theorem 3.5, we obtain that g possesses a fixed
point. □
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Example 3.8. Let X = {0, 1, 2, 3, 4} and d(σ, υ) = |σ − υ|. Define
g : X → CB(X) as:

gσ =

{
{0, 1},
{0},

for σ = 3,
otherwise.

Let R = {(0, 0), (0, 1), (0, 3)} and F (ρ) = ln ρ. We have (X, d,R) as
an R-complete metric space. Also, g is RH-continuous and satisfies the
condition (ii) of Theorem 3.7. Next, for (σ, υ) ∈ R with H(gσ, gυ)) > 0,
we have σ = 0, υ = 3 and
τ + F (H(gσ, gυ))

≤ F

(
max

{
d(σ, υ), D(σ, gσ), D(υ, gυ),

D(σ, gυ) +D(υ, gσ)

2

})
.

Thus, the given R-metric space satisfies all the conditions of Theorem
3.7 and hence, g has a fixed point which is σ = 0. Also, note that
the given example in the absence of relation R does not satisfy the
multivalued contraction condition given in [10] and [14]. It should also
be noted that the given relation R is not orthogonal thus, the results of
[15] cannot be applied.

Example 3.9. Let X = X1∪X2, where X1 = [0, 1/2] and X2 = (1/2, 1).
Define the metric d : X ×X → R+ as:

gσ =

{
0.01+ | σ − υ |,
0,

if σ ̸= υ,
if σ = υ.

Also, define R = {(σ, υ) ∈ X2 such that σ.υ ∈ {σ, υ}}. Then (X, d,R) is
an R-metric space. Let the multivalued map g : X → CB(X) be defined
as:

gσ =

{
{0},
{0, 1/3},

if σ ∈ X1,
if σ ∈ X2.

Let F (ρ) = ρ, then we have (X, d,R) as an R-complete metric space and
in addition, the following conditions hold:

(i) for 0 ∈ X, (0, g0) ∈ R;
(ii) for any (σ, υ) ∈ R, (gσ, gυ) ∈ R;
(iii) for any R-sequence {σn}n∈N with σn → σ then σ = 0 and thus

(σn, σ) ∈ R for all n ∈ N;
(iv) let (σ, υ) ∈ R then σ = 0 or/and υ = 0. Consider σ = 0 (the

case for υ = 0 follows similarly), then we have the following
cases:
Case (1): let υ ∈ X1 then

τ + ln(H(gσ, gυ)) = τ + ln(H(0, 0))

→ −∞,
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and

ln(d(σ, υ)) = ln(d(0, υ))

≥ −∞.

Thus, the condition:

τ + ln(H(gσ, gυ)) ≤ ln(d(σ, υ)),

holds for any finite τ > 0.
Case (2):Let υ ∈ X2 then,

τ + ln(H(gσ, gυ)) = τ + ln(H({0}, {0, 1/3}))
= τ + ln(0.3433),

and

ln(d(σ, υ)) = ln(d(0, υ))

= ln(0.01 + υ)

> ln(0.51).

Thus, the contraction condition:

τ + ln(H(gσ, gυ)) ≤ ln(d(σ, υ)),

holds for 0 < τ < 0.396.

Hence from Example 3.9, we conclude that multivalued map g satisfies
all conditions of Theorem 3.5 and thus possesses a fixed point which is
σ = 0. However, it should be noted here that since the space (X, d) is an
incomplete metric space the results of [6, 7, 10, 14] are not applicable.

4. Conclusion

The purpose of the present paper is to unify, extend and generalize
the results of multivalued and single-valued mapping in the literature.
The main results of [10] are obtained if we consider the binary relation
R in Theorem 3.4 and Theorem 3.5 as a universal relation on X. Under
the condition given in Theorem 3.7, a result equivalent to the one given
in [14] is obtained.

Next, if the binary relation R in Theorem 3.4 and Theorem 3.5 is
considered to be an orthogonal relation, that is, there exists some σ0 ∈ X
such that (σ0, υ) ∈ R for all υ ∈ X or (υ, σ0) ∈ R for all υ ∈ X, then
the main results of [15] are deduced.

Finally, on considering R as a universal relation and g as a single-
valued self-map on X in Theorem 3.4-3.7, then the corresponding results
of [6] and [7] are obtained.
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We claim that from the results proved in [6, 7, 10, 14, 15], the result
of this paper cannot be deduced which is further validated with the help
of Example 3.8-3.9.
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