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Convolution Product for Hilbert C*-Module Valued Maps

Mawoussi Todjro' and Yaogan Mensah?*

ABSTRACT. In this paper, we introduce a convolution-type product
for strongly integrable Hilbert C*-module valued maps on locally
compact groups. We investigate various properties of this product
related to uniform continuity, boundless, etc. For instance, we prove
a convolution theorem. Also, we study the boundless of the related
convolution operator in various settings.

1. INTRODUCTION

Convolution is a generalization of the notion of a moving average. It
is the mathematical concept behind the linear filter in signal processing.
It has many applications in engineering, probability theory, statistics,
quantum mechanic, etc. The convolution interferes with the Fourier
transform in solving some differential equations. Initially defined for
complex compactly supported functions, the notion of convolution is
extended to integrable functions, functions with rapid decay, distribu-
tions, measures, etc.

On the other hand, the idea of Hilbert modules is in vogue in mathe-
matics. They are obtained similarly from the category of Hilbert spaces
by allowing the inner product to take values in a C*-algebra. The con-
cept was first introduced by I. Kaplansky in the latter half of the 1950s
to solve some problems involving the structure of derivations of AW™*-
algebras [§]. Interested readers who want to learn more about the subject
may consult [9, 10].

Analysis of Hilbert C*-module valued functions on topological groups
has been initiated in [[13, 14]. This paper is the continuation of this

2020 Mathematics Subject Classification. 44A35, 46108, 43A25.
Key words and phrases. Locally compact group, Convolution, Hilbert C*-module,
Fourier transform
Received: 11 July 2022, Accepted: 24 October 2022.
* Corresponding author.
19


http://scma.maragheh.ac.ir

20 M. TODJRO AND Y. MENSAH

work. It addresses some results about a convolution product defined
with respect to the inner product of a Hilbert C*-module.
The rest of the paper is organized as follows. Section P gives basic
definitions and facts that will appear throughout this article. In Section
, we define a convolution product in the framework of Hilbert C*-
module valued maps on groups and study some of its properties. We
prove a convolution theorem in Section {. Finally, in Section p, we
investigate some properties of a convolution operator.

2. PRELIMINARIES

Let A be a C*-algebra and ||-|| 4 its norm. We call a vector space M a
right pre-Hilbert module over A (or a right pre-Hilbert A-module) if for
allz € M, a € A, X € C, the equality A (za) = (Ax) a = x (Aa) hold and
there is a map (-, -) ., : M x M — A satisfying the following properties:

(1) Vx,y,z € M7 aaﬁ € (Cv <=77704y + 6Z>,/\/[ = <x7y>,/\/[ +5 <.'IZ',Z>M.
(i) Va,y € M, Va € A, (z,ya) \q = (z,y) ,, a.
(iff) Vz,y € M, (y,2) 0 = (2,9) -
(iv) Vo e M, (x,x) \, > 0 and if (z, ), = 0 then z = 0.
If M is a pre-Hilbert A-module, then the formula

1
2] pe = I, 2) pqll %
defines a norm in M. This norm satisfies the following properties.
(i) Vo € M, Va € A, [Jzall vy < |2 g lall 4-
(if) Va,y € M, [z, y) pll 4 < N2l 19l s

The right pre-Hilbert A-module M is said to be a right Hilbert A-
module if it is a Banach space relative to the norm ||-|| ,, defined above.
Left Hilbert A-modules are defined analogously. In the sequel, we
consider the right Hilbert A-modules and simply call them Hilbert A-
module (or Hilbert C*-module over A). Hilbert C*-modules are gener-
alizations of Hilbert spaces and C*-algebras.

Now, let G be a locally compact group. Let Cy (G, M) be the set of
M-valued continuous functions on G which vanish at infinity endowed
with the supremum norm || f{|,, = sup || f (2)]| v, -

zeG

Also, we designate by C. (G, M) the subset of Cy (G, M) consisting of
M-valued compactly y supported continuous functions on G, Through-
out this paper, the Bochner (strong) integral is considered [4]. We de-
note by A a left Haar measure of the locally compact group G. The Haar
measure satisfies the relations

/f<st>dx<t>=/ F () A (1),
G G
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and
/f(ts)dA<t>=A(s—1)/f(t)dw, fec.(G,M),
G G

where A is the modular function of G [4, b]. We recall that G is said to
be unimodular if A = 1. For instance, locally compact abelian groups
and compact groups are unimodular [3, 7]. Let us mention that A (G) is
finite if and only if G is compact.

Let LP (G, M), p > 1, denote the set of Bochner strong p-integrable
M-valued functions on G [4]. The set LP (G, M) is endowed with the

norm

T ( /| ||f<t>||ﬁ4dA<t>>‘°, fe PG M),

It was proved in [[13] that L? (G, M) is a pre-Hilbert A-module under
the inner product defined by

) 2oy = /G (.90 dN (1), fog€ L2 (G M).

If G is a locally compact abelian group then we denote by G its
Pontrjagin dual group. The latter consists of continuous group homo-
morphisms x : G — T, where T is the unit circle. Such homomor-
phisms are called characters of group G [2, B]. The Fourier transform of
f € LY (G, M) is defined by

f(x):/afu)mwt), el

If G is a compact group, we denote by X its dual object. The latter is
the set of equivalence classes of unitary irreducible representations of G.
For o € ¥, fix an element in the class o and still refer to it by o. Denote
by H, its representation space and by d, the dimension of H, [, 7, 11].
Following [[11], the Fourier transform of f € L' (G, M) is defined by

~

Flo)(€@n) = /G o ()" & my, £ (AN (E),

where ,m € H, and o (t)" is the adjoint of the unitary operator o (t).

3. A ConvoLuTIiOoN TYPE PrRODUCT

In this section, we consider a product that generalizes the usual con-
volution product to the framework of Hilbert C*-module valued maps.
The study of this product was initiated in [14]. We deepen this study
here.
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Definition 3.1. Let G be a locally compact group and M be a Hilbert
A-module. For f,g € L' (G, M), define the convolution product f ® g
by

Fog®) = [ (@)@ dA ).
Let L' (G, A) be the set of Bochner strong integrable functions on G

with values in the C*-algebra A. It is a Banach space with respect to
the norm defined by

11 = /G 1 (64 dA (D).

For a function h, set h™ (t) = h (til). The following theorem addresses
the relation between f ® g and g ® f.

Theorem 3.2. Let G be a locally compact group. If f,g € L' (G, M),
then for allt € G,

(fegt)=A1)[ge )~ ®)],
where A is the modular function of G.

Proof.

Theorem 3.3 ([14]). Let G be a locally compact unimodular group. If
f,g€ LY (G, M) then f ® g € L' (G, A). Moreover,

1f @ gl < I1f1 gl -
Proof. Let f,g € L' (G, M). Then

1f @ gllly = /G 1f ® g (D)l dA (1)
:/G /G<f(a:t_),g(x)>Md)\(x)

dX (1)
A
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g/G/GH<f (2t71) g (2)) || @A (2) dA (8
< /G /G 17 @) [ 9 @) g X () dA (2)

= [ llg@lp | [ [F @)y dr @) ) dr (@)
J o (], )

= [ s @l ( L1 0lure)) ar

=~ [ 17 @A) [ Ns @y ir @)
G G
— 1l gl

For s € G, consider the right translation 75 defined by
f(t)=f(ts7"), fel'(G,M).

We have 71 = 7474-1, Vs,t € G. Let f,g € L' (G, M) then
= xt ! T d\ (z
f@g() /G<f( £1),9 (2)) 0 (2)
- /G (ref (@), 9 (@) pg dA (2)

= (7 f, 9>L2(G,M) :

Theorem 3.4. Let G be a locally compact group. If f,g € L' (G, M)
then

s (f®g) = (11 f)®g=f®Tsg.
Proof. Let f,g € L' (G, M). For s,t € G, we have
W (f@®g)(t)=(f®g) (ts)
- [ et @ @i @)
- [ @) s @hndr @)

=(rs1f)®g(t).
On the other hand

s (f®g)(t) = /G <f (xst_l) . g (x)>M dX (z) .
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By setting y = xs and using the fact that A is a left-invariant measure
on (G, we obtain

u0®gmw=[3f@rw¢uw*»Mde

_ /G (F (™) 79 (1)) 4 AN ()
=[f® (1:9)] (1), U

Theorem 3.5. Let G be a locally compact group. If f € L' (G, M) and
g €Cc (G, M) then f ® g is bounded and

1f @ 9glle < llgllo [1£1]1 -
Proof. Let f € L' (G,M), g € C. (G, M) and t € G. Then

Hf@gawAzngf@f*ygu»MdAm>

A

< LI @) @)l gt @)
géw@wmwmwwwm
smuéwwﬂme@

<lal [ 1F @llacdA @)
< gl 151y -
Taking the supremum, we obtain
If ® glloe = sup|lf ® g (t)ll 4
teG

< llgllo [1£1l1 - .

Theorem 3.6. Let G be a locally compact group. If f € L' (G, M) then
the map s — 7sf from G into L' (G, M) is uniformly continuous on G.

Proof. Let € > 0 be given and f € L' (G, M). The set C.(G, M) is
dense in L' (G, M). Therefore we can find g € C.(G, M) such that
lf—glly < g Denoted by K the support of g. The function g is

uniformly continuous on K. Therefore there is an open subset V of G
included in K such that

Vs eV, Hg - ngHoo <

13
3N (K)
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Hence

lg = gl = /G 9 () = 7ag ()| op A ()

_ / 19 (6) = 7ag (£) | 1y dA (1)
K

<) 0

So, we have

If =7 flly < IIf = glly + lg = 7sglly + I7sg — 7 £y
<|If =glli + llg = 7sglly + 75 (9 = Oy
<|f =gl +llg = 7sglly + llg = fly

e € &
< 3 + 3 + 3= E.
Finally, for y € G such that ys~' € V, we have

1 7sf — Tny1 = HTS (f - Tys*lf)‘ 1 Hf - Tys*lle <€
Thus the map s — 75 f is uniformly continuous on G. O

Theorem 3.7. Let G be a locally compact group. If f € L' (G, M) and
g € Ce (G, M) then Vs,t € G,

If@g®)—f@g(s)la<Imf—7fll 9]l -
Proof. Let f,g € L' (G, M) and s,t € G, we have:
f@gt)—f®g(s)=(mf 92 am — (Tsf2 9 r2em
= <th — 7 f, g>L2(G7M)

- /G (uf = 7of) () 19 () oy 0N (2)

Hence

F@g(t) - Fog(s), = H [ s = mp @@ dr @)

A

< /G (e = 7uf) (2) 9 (2)) pelly &N ()
< / 1o = 7o) (@)t 19 (@) | g I ()
G
<llgll / 1(7uf = 7o) () | dA ()
G
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= lmf =7l 19l - .

Corollary 3.8. Let G be a locally compact group. If f € L' (G, M) and
g € C. (G, M) then f ® g is uniformly continuous on G.

Proof. The result is trivial for ¢ = 0. Now assume g #= 0. Let £ > 0.
From the proof of Theorem B.7, there exists a subset V' of G such that

for t,s € G, if ts1 € V then || f — 75 f|l; < —°  Hence

191l oo
If®gt)—f®g(s)la< an —7sf 1 19l
< Tols ” 191l
=ec. O
Theorem 3.9. Let G be a locally compact unimodular group. Let p,q >
0 such that 1 < p < 400 and}—i—l =1. If f e LP(G,M) and
g€ L1 (G,M) then f® g € Cy (G,p/\/l).q

Proof. Let f € LP (G, M) and g € L7 (G, M). By deunsity of C. (G, M)
in L? (G, M) and in L? (G, M) there exists sequences ( f,),,cry a0d (gn) pen
of Cc (G, M) such that

[fn = fll, = 0 when n — +o0,
lgn — gll, = 0 when n — +oo0.
For t € G set a, (t) = ||(fn ® gn) (t) — (f ® g) (t)]| 4- Then
an (t) = [[(fa ®gn) () = (fn®9) (1) + (fa ® 9) (t) = (f ® 9) (D)]| 4
<[(fn ® gn) (1) = (fn @ g) (¢ )HA+ 1(fn®9) (t) = (f ®9) (D)l 4
= fn® (gn - )()HA+||( — N @g®)a

< [ 15 @) g o = 9) @) A @
s L= 1 ) s @ A )
= [ Imfa @t g = 9 (@) e A 0)

/ 172 (o = £) @)l g 19 (@)l 07 ()

< 17 fully llgn — gllq + 117 (fn = D), llgll
= fally lgn = gllg + Wfn = £, gl -

Hence

||fn ® gn — f ®g”oo = Sup Gy, (t)
teG
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< fallp lgn = gllg +11fn = fllp lgllg -

Therefore, the function f ® g is the uniform limit of a sequence of

functions in C. (G, M). Thus f ® g € Cy (G, M). O

4. CONVOLUTION THEOREM

It is well-known that convolution interferes with the Fourier trans-
form. For instance, the Fourier transform of the convolution product
of two functions on R"” is the product of the Fourier transform of these
functions. This result extends to other more general frameworks with
of course some resulting modifications. The following theorem was ob-
tained for functions in L' (G, M) when G is a locally compact abelian

group.

Theorem 4.1 ([14]). Let G be a locally compact abelian group. If
frg € L* (G, M) then

Feg0=(F0.300) . xe@

In what follows, we aim to obtain the analog of Theorem @ for
compact groups which are not necessarily commutative. Let G be a
compact group with dual object 3. For a (class of) representation o € ¥,
denote by H, its representation space and by d, its dimension. Fix a
basis (&7, - ,fgo) of H,. Let f,g € L' (G, M) and set

do

F@ei@](@eg) =Y (Fo &28).50) ()

k=1
We have the following theorem.

Theorem 4.2. Let G be a compact group. If f,g € L' (G, M) then
fog@)=f0)0g(e). oek.

Proof. Let f,g € L' (G,M) and 0 € . Set X = f/®\g(0) ({f ®§3-’).
We have

X= [ (o0 €&y, (oo
-1
/G<a ey, </G< 7 (at ),g(x)>Md)\(:r)> (1)
— [ [ o0 &), (£ (o) 9@ dh @) A (0
— [ [ g.g), (F0)s@)udr@ i)
G

Q
Q

Q
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/ / W&o (F ()9 (@) 0 AN () dA ()

U

/ /G Z W&, (o @) .6,

y) g( )) g dA () dA (y)

—Z// €, £ ) o () €8 0 )

X dA (y) dX (z)
— Z (A, B)
k=1
where
A— /G (o ()" €, €00, | (y) AN (y) |
B- /G (0 (@) €.€7), 9(0)dA ().
Then
do
x=Y {020,500 (€ =€)
k=1

)

)

()0 7(0)] (7 0&).
Hence f ® g (6)=f(o)®g (o). O

5. CONVOLUTION OPERATORS
For ¢ € L' (G, M) we consider the convolution operator
T,: L' (GM) = L' (G,A), f=e®f

Theorem 5.1. The map T, is a C-linear and an A-linear bounded
operator.

Proof. Let f,g € L' (G, M), a € C and a € A. We have, for all t € G
T, (F+9) @) = (p® (f+9)(t)

- /G (o (at™)) . f (@) + g () dA (=)

= [ @) @i+ [ (o) o @)arw)
G €]
=e@f(t)+e@g(t)
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=T,f (t) + Tpg t),

and
Ty (af) (1) = p® (af) (t)
= [ o) ar @) ar@)
—a/ (¢ (2t~ 1 (x)>Md)\(x)
=aT,f (t)
Also

T, (fa) (t) = / (o (1), (fa) (), dA (x)
/<cp act 1 >d)\( )
/<<p (zt™ 1 > adX (z)

- (/G<so(xt1),f< DA (@) a
— (Tpf)a) (1),

Hence T, is A-linear and C-linear.
On the other hand, T is bounded on L! (G, M) since

||Tsof||L1(G7A) < ||80||1 ||f||1 : O
The operator norm of the operator T, is defined by

1Tl = sup{l| Ty fll 1 g ny < 1/l < 1)
From Theorem @, we deduce:

Theorem 5.2. Let G is a locally compact group. If p € L' (G, M) and
g € C. (G, M) then

19l 1y < 9l 1l and [ITo]] < llel]; -

Theorem 5.3. Let G be a compact group and let o be in L? (G, M). If
feL*(G,M) thenT,f € L* (G, A).

Proof. Let ¢, f € L2 (G, M). Set X = [, ||T,f (z)||% d (z). Then

2
YL ), dA () K ()

g/G(/GH@ (tx—l)7f(t)>Md)\(t)||A>2d)\(:L‘)
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< [ ([ 1o @ lLals 0luar®) o
< [ (Lot ao) ([irokan)ae
<17 [ [ Nl (@) ar @ r @

1518 [ ([ lewlRiarm)ar)  (sety=ta?)

= 17115 Ill5 A (©)
= 1£13 lll3 < +oo.

Hence T, f € L* (G, A). O

Theorem 5.4. Assume that G is a compact group. If ¢ € L? (G, M)
then || Ty || < llll,-

Proof. Let f € L' (G, M). Set X = HT@fHLl(G’A). Then
X = [T s @l i@
:/ / (o () F (1)) g N (t)H ix (x)
G G A
< [ (Lo @™ sl o) e
< (Lo @ )llalf Olluaro) ara)

<[(/ Hso(ml)HLth))é( /| Hf(t)H%th)fdA(:c)

= llello M1/l -

Therefore ||T,| < ||¢ls- O

CONCLUSION

In this paper, we introduced a convolution product in the framework
of Hilbert C*-modules. Many properties are obtained among which are
convolution theorems and the boundedness of the related convolution
operator.
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