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Fractional Ostrowski-type Inequalities via («, 3,7, 0)—convex
Function

Ali Hassan'*, Asif R. Khan?, Nazia Irshad® and Sumbul Khatoon*

ABSTRACT. In this paper, we are introducing for the first time a
generalized class named the class of («, 3,7, §) —convex functions of
mixed kind. This generalized class contains many subclasses includ-
ing the class of («, )—convex functions of the first and second kind,
(s,7)—convex functions of mixed kind, s—convex functions of the
first and second kind, P—convex functions, quasi-convex functions
and the class of ordinary convex functions. In addition, we would
like to state the generalization of the classical Ostrowski inequal-
ity via fractional integrals, which is obtained for functions whose
first derivative in absolute values is («, 8,7, d)— convex function of
mixed kind. Moreover, we establish some Ostrowski-type inequali-
ties via fractional integrals and their particular cases for the class of
functions whose absolute values at certain powers of derivatives are
(e, B,7,0)— convex functions of mixed kind using different tech-
niques including Hélder’s inequality and power mean inequality.
Also, various established results would be captured as special cases.
Moreover, the applications of special means will also be discussed.

1. INTRODUCTION

In almost every field of science, inequalities play an important role.
Although it covers a wide range of topics but our focus is mainly on
Ostrowski-type inequalities. In 1938, Ostrowski established the following
interesting integral inequality for differentiable mappings with bounded
derivatives. This inequality is well known in the literature as the Os-
trowski inequality.
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Theorem 1.1 ([B1]). Let ¢ : [a,b] — R be a differentiable mapping on
(a,b) with the property that |¢'(t)| < M, Vt € (a,b). Then

1 b 1 r — 4tb ?
1) o -5 [ et < - an 4+(b_§> ,

Vx € (a,b).

Ostrowski inequality has applications in numerical integration, prob-
ability and optimization theory, statistics, information and integral op-
erator theory. Until now, a large number of research papers and books
have been written on generalizations of Ostrowski inequalities and their
numerous applications in [, B, 9-11, 18, 22, 26, 27, 29, 33, B4, B6].

The importance of convex functions for the generalization of integral
inequalities due to the variety of their nature is already established.
Integral inequalities are satisfied by many convex functions. Among
these, most famous is the classical Ostrowski inequality [31]. To gen-
eralize the Ostrowski inequality, we need to generalize the concept of
convex functions. In this way, we can easily see the generalizations and
their particular cases. From the literature, we recall and introduce some
definitions for various convex functions [4].

Definition 1.2 ([4]). The 7 : I C R — R is said to be a convex function,
if

T+ (1 —t)y) <tr(z)+ (1 —1t)r(y), Vax,yel,te]|0,1].
We recall here the definition of P—convex function from [19]:

Definition 1.3. Let 7 : I C R — R be a P—convex function, if 7 is a
non-negative and Vz,y € I and ¢ € [0, 1], we have

7(tr + (1 —t)y) < 7(z) + 7(y).

Here we also have the definition of quasi-convex function (for a de-
tailed discussion see [21]).

Definition 1.4. The 7 : I C R — R is known as quasi-convex function,
if
T(ter + (1 —t)y) < max{7r(z),7(y)}, Vz,yel,te]0,1].
Now we present definitions of s-convex functions of the first kind as
follows extracted from [30]:

Definition 1.5. Let s € (0,1]. The 7 : I C [0,00) — [0, 00) is said to
be a s—convex function of the first kind, if

T(te+ (1 =t)y) <t’r(z)+ (1 = t°)71(y), Va,yel,tel0,1].
Remark 1.6. If s — 0, we get quasi-convexity (see Definition @)
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For the second kind of convexity we recall the definition from [30].

Definition 1.7. Let s € (0,1]. The, 7 : I C [0,00) — [0,00) is said to
be a s—convex function of the second kind, if

T+ (1 —ty) <t°r(z)+ (1 —t)°r(y), Vz,yel,te]l0,1].

Remark 1.8. Further, if s — 0, we easily get P-convexity (see Defini-
tion [1.3).

Definition 1.9 ([20]). Let (o, 3) € (0,1]2. The 7: I C [0,00) — [0, 00)
is said to be a («, 3)—convex function of the first kind, if

Ttz + (1 —t)y) < t°r(z) + (1 —tH7(y), Va,yel,telo,1].

Definition 1.10 ([20]). Let («,3) € (0,1]2. The 7 : I C [0,00) — [0, 00)
is said to be a («a, f)—convex function of the second kind, if

7 (tr 4+ (1 —t)y) <t%r(z) + (1 —t)’r(y), Va,yel,tel0,1].

Definition 1.11 ([32]). The Riemann-Liouville integral operator of or-
der ¥ > 0 with a > 0 is defined as

Rel) = 75 JCE T
Jp(x) = ().

Here T(9) = [;°© e “u’"'du is the Gamma function. In the case of
¥ = 1, the fractional integral reduces to the classical integral.

Definition 1.12 ([32]). The Riemann-Liouville integrals I”,  and I} ¢
of ¢ € Li[a,b] having order ¥ > 0 with 0 < a < b are defined by

1 m _
1% p(z) = F(ﬂ)/a (z— )" L ot)dt, a<az,
and
17 o(x) = b /b (t—a)" T pt)dt, x<b
" ') Ja ’ ’
respectively. Note that 1%, o(z) = I)_o(z) = ¢(z).

Theorem 1.13. Let ¢ : I — R be differentiable mapping on I°, with
a,b € I,a < b, ¢ € Lila,b] and for ¥ > 1, montgomery identity for
fractional integrals holds:

I'(9)

plz) = — (b~ 2)' T (b) = Iy (Pu(a, ) (b)) + Iy (Pu(a, ) (1)),
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where Py (x,t) is the fractional Peano Kernel defined by:

- 9
E—Z(b—ri))ﬂ—l’ ift € a,z],
b—a(b_(x))ﬂw ift € (x,b].

Let [a,b] C (0, +00), we may define special means as follows:
(a) The arithmetic mean
a+b

A= A(a,b) := 5

(b) The geometric mean

G = G(a,b) := Vab;

(¢c) The harmonic mean

2
H = H(a,b) = i,
a b
(d) The logarithmic mean
{ a, ifa=1b,
L = L(a,b) := b—a :
’ —_— f b;
Wb-tma 7P
(e) The identric mean
a, ifa=19,
1
I=1I(a,b):=¢ 1[0 \""
(a.0) - () ) if a # b;
e\ a”®
(f) The p—logarithmic mean
a, if a = b,
1
L,=L,(a,b):= +1 _ o p+1 7
v p(a.0) [bﬁ a }p, if a # b;
(p+1)(b—a)

where p € R\ {0,—1}.
The following lea has ee obtained in [[7] and is necessary to prove our
main theorems.
Lemma 1.14. Let ¢ : [a,b] — R be a differentiable mapping on (a,b). If
¢’ € Li[a,b], then Vx € (a,b) the identity for fractional integrals holds:
(1.2)
(x—a)? + (b—2)? (z) rWw+1)
) — )
b—a 4 b

11 p(a) + I (0)]
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(z — a)?*! /1 O (tr+ (1 —t)a) g (b — x)?*! /1 O (tr + (1 —1t)b) 5t
b—a 0 tiﬁ b—a 0 tiﬁ '

Throughout this paper, we denote
(x—a)? + (b—2x)? rw+1
)= (O o - D
a a

We also make use of Fuler’s beta function, which for x,y > 0 is defined
as follows

b 0
a%%(

z [12-la) + Iolb)

1
B(x,y):/o t* 11 —t)yLdt

Tl
Ixz+y)

The main aim of our study is to generalize the Ostrowski inequality
) for («, 8,7, d)—convex of mixed kind, which is discussed in Section
é. Moreover, we establish some Ostrowski-type inequalities for the class
of functions whose derivatives in absolute values at certain powers are
(a, B,7,9)-convex functions of mixed kind by using different techniques
including Holder’s inequality [B8] and power mean inequality. Also, we
give the special cases of our results and applications of midpoint inequal-
ities in special means. The last section gives us a conclusion with some
remarks and future ideas to generalize the results.

2. GENERALIZATION OF OSTROWSKI INEQUALITY VIA FRACTIONAL
INTEGRALS

Despite being a simple and ordinary concept, convexity has a great
impact on our daily lives due to its widespread use in business and
industry. In the solution of many real world problems the concept of
convexity is very decisive. The problems, faced in constrained control
and estimation are convex. Geometrically, a real-valued function is said
to be convex if the line segment joining any two of its points lies on or
above the graph of the function in Euclidean space. We introduce for
the first time the class of (s, r)—convex and («, 3,7, §)—convex function
of mixed kind.

Definition 2.1. Let (s,7) € (0,1)%. The 7 : I C [0,00) — [0, 00) is said
to be an (s, r)—convex function of mixed kind, if
T({tr+ (1 —t)y) <t"7(x)+ 1 —t")°7(y), Ve,yel,tel0,1]

Definition 2.2. Let (o, 3,7,0) € (0,1]%. The 7: I C [0,00) — [0, 00) is
said to be an (a, 3,7, d)—convex function of mixed kind, if

(2.1) 7 (tz + (1 —t)y) < t7(z) + (1 — t%)°7(y), Va,yel,telo,1].
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Remark 2.3. In Definition B2, we have the following cases.

(i) If vy = =1 in (ED), we get (o, 5)—convex function of the first
kind.
(ii) If 8 = ~v = 1 in (20), we get («, f)—convex function of the
second kind.
(iii) f « =6 = s, 8 = v = r, where s,7 € [0,1] in (Z0), we get
(s,r)—convex function of mixed kind.
(iv) If a = = s and v = 0 = 1 where s € [0,1] in (210), we get
s—convex function of the first kind.
(v) fa =8 — 0,and v = § = 1, in (EXT), we get quasi—convex
function.
(vij f « = =5, 8 =~ =1 where s € [0,1] in (E), we get
s—convex function of the second kind.
(vii) If « = — 0, and f = v = 1, in (E0), we get P—convex
function.
(viii) If @« = 8 =~ = ¢ = 1 in (Z0), gives us ordinary convex function.

Theorem 2.4. Let ¢ : [a,b] — R be differentiable on (a,b), ¢’ : [a,b] —
R be integrable on [a,b] and T : I C R — R, be the («, 3,7, d)—convexr
function of mized kind, then we have the inequalities:

I'(9)

22) 7o) = L= 0PI ) + T (Pl byplt)]

< (poaye | EZ /a r {(Eb__at)ﬁ/_(?} dt

(165965/

xT

b o !
T {m] dt|, Vzé€la,b].

Proof. Utilizing the Theorem "3, we get

(2.3)
o)~ 1 (b= )00 0) + I (Pale, D) (h)
= (P b))

1 b /
- [, Aot Syt
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() [ /“ s
+<1—<Z:Z>)[ /{tb_bt}fﬂdt], Va € [a,b].

Next by using the («, 3,7, )—convex function of mixed kind of 7: I C
[0,00) — R, we get

(2.4)

ot = 30— el + 22 (e b)so(b»]

() g
() ) e

Applying Jensen’s integral inequality [12], we get the Inequality (272).
(|

Corollary 2.5. In Theorem EZ4, one can see the following.
i) Ify =06 =1, a € [0,1] and B € (0,1], in (E2), then the
fractional Ostrowski-type inequality for (o, f)— convex functions
of the first kind as follows:

ot = 30— 2 el0) 4 2 (P )

< (b_x)l—ﬁlm/jT {((tb__at);f/_(?} dt
. (b—a)® — (z - a)® /bT[(t_b)‘P/(t)] dt].

(b-a)P(b—2) (b— 1)1

(ii) If B =~v =1, a € [0,1] and 6 € [0,1], in (22), then frac-
tional Ostrowski-type inequality for («,d)—convex functions of
the second kind as follows:

ot = 30— 0 el0) 4 3 (P )

. (b_@m[(x—a)a—l / [(t—a)w’(t)} u

(b—a)® (b—t)—7

Ol A (G )
ML /Q;T{w—t)l-ﬂ]dt]'
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(iii) fa =6 =s, B =~ =r, where s € [0,1] and r € (0,1] in
(232), then fractional Ostrowski-type inequality for (s,r)—convex
functions of mixed kind as follows:

ot = 30— 2 el0) 4 L (P )

(b — x)liﬁ rs— * (t — a)ng(t)
= -o [@_a) v T[(b—t)l—ﬂ]‘“

(=) —(z—ay) /:T [(fb__bt)ﬁ/—(ﬂ dt] |

b—=x

(iv) Ifa =B =s and vy = § = 1, where s € (0,1] in (22), then the
Ostrowskt inequality for the s—convex functions of the first kind
as follows:

ot = 30— el0) 4 3 (P 06 )

e =

N (b—azzig—a)s /:T[m} dt].

IN

(v) Ifa=p—0,and vy =09 =1, in (I2), we get quasi-convexr
function.

(25) |l - 1

b—a)' " [ 7 _[(t—a)(t)
< Ul
(vi) If B=~v=1, a = = s where s € [0,1) (E2), then fractional

Ostrowski-type inequality for s—conver functions of the second
kind as follows:

ot -

(b—a)'™ 1 [T [ a)¢ )
= b-ay [(H) IRk

+ (b —x)¥! /: T [((tb__bz)f,_(z)] dt] )

(b— )7 o(b) + T (P b)w(b))]

(b— )00 + 0 (P, b)w(b»}
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(vil) Ifa =0 — 0 and B =~ = 1 in (22), then fractional Ostrowski-
type inequality for the P—convex functions as follows:

ot = 520 0 ae) + T2 P ) 0)

g(b_x)l_ﬁ[l,ia/jT[W} dt

L P [t=b)' )
———— | dt].
* b—:n/x T { (b— )=
(viii) If « = B =~ = 9§ = 1, in (E2), then fractional Ostrowski-type
inequality for the convex functions as follows:

et = 50— 0 ate) + T2 P ) 0)

(b—a) /“ (t—a)¢'(t) /* (t=b)¢'(t)
< — — | dt — | dt|.
SRR A T S AR R
Theorem 2.6. Suppose all the assumptions of Lemma ILI4 hold. Ad-

ditionally, assume that |¢'| is («, 8,7, 0)—convex function on [a,b] and
o' (z)] < M, then

sz:Z<x><M( : +B(ﬁgl’5“>> T (z),

(2.6)

d+ay+1 I3

Vi € (a, b), where ﬁfﬁig(q}) — (I*a)ﬁ"'Zirc(Lbfx)W‘l.

Proof. From Lemma T4 we have

RS S
@7) [l < (b_);/o £/t + (1 — t)a)| dt
(b;;jf1j+l/gltﬂ\gﬁ(tx-+-(1-—t)b)\dt

Since |¢/| is (o, 8,7, )—convex on [a,b] and |¢'(z)] < M, we have

1 1
(2.8) /‘ﬁkd@x+(l—ﬂwhﬁgﬂl/,ﬁ(ﬁ”+(1—ﬁf>ﬁ,
0 0
and similarly
1 1
(2.9) / t7 | (tz + (1 — t)b)| dt < M/ tv (t‘” +(1 - t5)5) dt.
0 0

By using inequalities (238) and (2Z9) in (272), we get (Z8). O
Corollary 2.7. In Theorem B8, one can see the following.
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(i) Ify=0=1, a €]0,1] and g € (0,1] in inequality (ZB), then
the Ostrowski inequality for (a, B)—convex functions of the first
kind via fractional integrals are defined:

B(MQ)
1 g 9.b

a%p

baﬁ(x)‘ <M

(ii) If B=~v=1, a € [0,1] and § € [0,1] in inequality (E8), then
Ostrowski inequality for (a,§)—convex functions of the second
kind via fractional integrals are defined:

1
ZUZ(QU)’ <M (W +BW+1,6+ 1)) b (2).

(i) If «a = 6 =5, 8 =~ =1, where s € [0,1] and r € (0,1]
in inequality (E8), then Ostrowski inequality for (s,r)—convex
functions of mixzed kind via fractional integrals are defined:

bﬁ(az)\éM( ! +B(ﬂ#’s“)> Ib ().

a%¢ Y+rs+1 r

(iv) Ifa = B8 = s and v = 6 = 1, where s € (0,1] in inequality
(23), then Ostrowski inequality for s—convex functions of the
first kind via fractional integrals are defined:

b(f%&;)‘ﬁM( 1 _’_B('&:—l,?)) %Z(x).

ey Y+s+1 s

(V) Ifa=6=s, and B =~ = 1, where s € (0, 1] in inequality (20),
then Ostrowski inequality for s—convex functions of the second
kind via fractional integrals are defined:

1
b 9 9 ,..b
aaw(x)‘ <M <19+s+1 +B(W+1,s+ 1)> Ko().

(Vi) Ifa =0 =3, and ¥ = =~ =1, where s € (0, 1] in inequality
(238), then inequality (2.1) of Theorem 2 in [2] holds.
(vii) Ifa =9 =s, and 8 =~ =1, where s € (0, 1] in inequality (Z1Q),
then inequality (2.6) of Theorem T in [3]] holds.
(viii) Ifa = — 0, and = v = 1 in inequality (E8), then Ostrowski
inequality for P—conver functions via fractional integrals are

defined:

2ag(x)‘ <M <19_1’_1 + B (W +1, 1)) Vb (2).
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(ix) If a = =~ =0 =1 in inequality (E8), then Ostrowski in-
equality for conver functions via fractional integrals are defined:

1

302(9@)‘ <M <19+2 + B (¥ + 1;2)> kY ().

(x) If 9 =a =0 =~=20=1 in inequality (28), then Ostrowski
inequality () for convex function holds.

Theorem 2.8. Suppose all the assumptions of Lemma TI4 hold. Addi-
tionally, assume that |¢'|? is (a, 8,7, d)—convex function on [a,b],q > 1
and |¢'(x)] < M, then

(2.10)
J+1 q
b 9 M 1 B( ] ’5+1) 9 b
bol(@)] < + R (@),
® (19+1)1—5 19—|—oz’y+1 ﬁ
Vz € (a,b).

Proof. From the Lemma T4 and using power mean inequality, we have

(2.11)

b v
ot (@)|

< (x;_a)jﬂ </01t79dt>1; </01t19\¢’(t:c+(1 t)a)’th>;

+(b;_$)j+1 (/Oltﬂdty_}] </01t19\go’(tx+(1—t)b)\th>;.

Since |¢'|? is («, 8,7, d)—convex on [a, b], and |¢'(z)] < M, we get
1 1
(2.12) / | (tz + (1 —t)a)|dt < Mq/ tv (t‘” +(1— t5)5> dt,
0 0
and
1 1
(2.13) / £ |¢! (t + (1 — t)b)|*dt < M‘I/ £ (t‘” +(1- tﬁ)é) dt.
0 0
Using the inequalities (EZ10) — (P213), we get (2Z10). O

Corollary 2.9. In Theorem EZ8, one can see the following.

(i) Ify=0=1,a€l0,1] and 5 € (0,1] in inequality (Z10), then
the Ostrowski inequality for (a, 5)—convex functions of the first
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kind via fractional integrals would be written:

1
5(512))
M 1 ’
i) < 1 + "t
(19+1)1—5 d+a+1 ,B

VAN
=N

(i) If B=v=1, a €[0,1] and § € [0,1] in inequality (ZI0), then
Ostrowski inequality for (o, d)—convex functions of the second
kind via fractional integrals would be written:

1
M 1 q
b9 ()| < +B 79+1,6+1> Vb ().
totio)| < At (e + B )" b
(i) f« =6 = s, 8 =~ =r, where s € [0,1] and r € (0,1]
in inequality (210), then Ostrowski inequality for (s,r)—convex
functions of mized kind via fractional integrals would be written:

1
bot@)| < ; $BES T D) oy
¥ (19—1—1)175 9+rs+1 r

(iv) If a = B = s and v = § = 1, where s € (0,1] in inequality
(210), then Ostrowski inequality for s—convex functions of the
first kind via fractional integrals would be written:

1
o] <ML BCRA
a~ e _(,19_’_1)1*% 19+S+1 S

(V) Ifa =9 =s, and B = v = 1, where s € (0,1] in inequality
(210), then Ostrowski inequality for s—convex functions of the
second kind via fractional integrals would be written:

1
< <ﬂ+i+1+3w“’5+1))q o)
(W+1) ¢

(Vi) Ifa =0 =s, and ¥ = 8 =~ =1, where s € (0,1] in inequality
(21M0), then inequality (2.3) of Theorem 4 in [2] holds.
(vil) If « = 6 = s, and f = v = 1, where s € (0,1] in inequality
(21M), then inequality (2.8) of Theorem 9 in [3]] holds.
(viii) Ifao =0 — 0, and = v = 1 in inequality (Z10), then Ostrowski
inequality for P—convex functions via fractional integrals would
be written:

1

M 1 “

203(1’)‘ < T (19“ +B(19+1,1)> kg ().
q
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(ix) If a = 8 =+ =0 =1 in inequality (210), then Ostrowski
inequality for convex functions via fractional integrals would be
written:

1
M 1 q
Z(LE)‘ < - < +B(19+172)>q ﬁﬁg(:n)-
W+1)"a 942
Theorem 2.10. Suppose all the assumptions of Lemma T4 hold. Addi-

tionally, assume that |7 is (e, 8,7, d)—convex function on [a,b],q > 1
and |¢'(z)] < M, then

b
a

g

1
1 q
Lola)| < ; . Ot

2.14 - o
240 (Op+1)r \ V1 2

Vz € (a,b), where p~1 + ¢! = 1.

Proof. From Lemma 14 and using Holder’s inequality [38], we have
(2.15)

ZUZ(:E)\ < (x;_“):H (/Oltﬁpdt>’l’ </01 ! (t + (1 _t)a)‘th>3

+(b;_x):+1 (/Oltﬂpdty (/01 ‘gp’(tw—l—(l—t)b)‘th);.

Since |¢'|? is (o, 8,7, d)—convex and |¢'(z)| < M, we have

1 1
(2.16) / ¢’ (tz + (1 —t)a)|" dt < M‘l/ £ 4+ (1 — t%)odt,
0 0
and
1 1
(2.17) / ¢/ (tz + (1 — t)b)|* dt < Mq/ 7 + (1 — t9)0dt.
0 0
Using inequalities (21H) — (214), we get (210). O

Corollary 2.11. In Theorem B0, one can see the following.

(i) Ify=0=1, a €[0,1] and B € (0,1] in inequality (Z14), then
the Ostrowski inequality for (o, B)— convex functions of the first
kind via fractional integrals is as follows:

1

l q
M 1 B<B72) ﬂlib(l‘).
T Wpt 1 \@t] B ’

S
q
%
oS
N
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(ii)) If B =~v =1, a € [0,1] and 6 € [0,1] in inequality (E14),
then the Ostrowski inequality for (o, 0)— convex functions of the
second kind via fractional integrals is as follows:

1
bol(x)| < M ! +B(1L,6+1)) Ykb(2).
n (9p+ 1) \@F1 ’

(i) Ifa =0 =s, B =~ =71, where s € [0,1] and r € (0,1] in
inequality (2Z14), then the Ostrowski inequality for (s, r)— convex
functions of mized kind via fractional integrals is as follows:

1
‘bUﬂ(:ﬁ) M ! I B(s+ 1))’ Vb (x)
a® _(ﬂpﬁLl)% rs+1 T s

(iv) If a = 8 = s and v = § = 1, where s € (0,1] in inequality
(21a), then Ostrowski inequality for s—convex functions of the
first kind via fractional integrals is as follows:

holw)] < — ( ; +B(1’2)>;w<m>.

A

AN

_(79]74‘1)5 s+ 1 S

(V) If a =96 = s, and B = v = 1, where s € (0,1] in inequality
(21a), then Ostrowski inequality for s—convex functions of the
second kind via fractional integrals is as follows:

1

Lot < o (s D) )
(Wp+1)» \S +1

(Vi) Ifa =90 =s, and ¥ = =~ =1, where s € (0,1] in inequality
(213), then inequality (2.2) of Theorem 3 in [2] holds.

(vil) If « = 6 = s, and f = v = 1, where s € (0,1] in inequality
(213), then inequality (2.7) of Theorem 8 in [34] holds.

(viii) Ifa =0 — 0, and B = v = 1 in inequality (E14), then Ostrowski
inequality for P—convex functions via fractional integrals is as
follows:

1
2)a M
Ll b ().
(Ip+1)r
(ix) If a = B =~ =9 =1 in inequality (Z1d), then Ostrowski

inequality for conver functions via fractional integrals is as fol-
lows:

M 1 ‘
baﬁ(a;)‘ < Tt <2 +B(1,2)> b ().

b v
bol(@)] <
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3. APPLICATIONS OF MIDPOINT INEQUALITIES
If we replace p by —¢ and = = “TH’ in Theorem 24, what is gained?
Theorem 3.1. Let ¢ : [a,b] — R be differentiable on (a,b), ¢ : [a,b] —

R be integrable on [a,b] and 7 : I C R — R, be a («, 3,7, 0d)—convexr
function of mized kind, then

(3.1)

9—1 a _ /
< 2 1 / . (t a)gpft) gt
(b _ a)ﬂ 2ay—1 a?+b (b _ t)l 9
(2°-1)° % [e=beO],
T 9B y -t :
Remark 3.2. In Theorem B, if we put ¢ =1 in (B1I), we get
(3.2)

(e frono(419)

5 81)° ¥
1 llm/" Tl(a—t)g ()]dt—+(22ﬂé_i)u/“ T[(b— 1) ()}dt]

“b—a |21 atb

Remark 3.3. Assume that 7: I C [0,00) — R be an («, 3,7, §)—convex
function of mixed kind:

(i) If ¥ = 1, and ¢(t) = } in inequality (B1) where ¢ € [a,b] C

(0, 00), then
0o | s
§2m 1 a+bT tt ]dt+ 255;1) /MT[tt_b]dt

(ii) If ¥ = 1, and ¢(t) = —Int in inequality (B1), where ¢ € [a,b] C
(0,00), then

o= o (05
< wl_l/f [t;a] dt+(2;;_?6/;7 [tﬂ i,
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(iii) If 9 = 1,¢(t) = tP, and p € R\ {0, —1} in inequality (B), where
t € [a,b] C (0,00), then
(b—a)T [Lg(a, b) — AP(a, b)]
atb )
< [ [ ae B [ [P0 a
Remark 3.4. In Theorem I3, one can see the following.

(i) Leta::“TH’,ﬁ:l,0<a<b,q21andgo:]R—>R+,g0(t):t”
in (210). Then

Q=

M(b—a) 1 B(%,5+1)

A" (a,b) — L} (a,b)| < n +
@) = et < = o | S =

(i) Let z = %29 = 1,0 < a < b, ¢ > 1 and ¢ : (0,1] — R,
¢(t) = —Int in (210). Then
, 1
(20| 20— R CTEAY
I(a,b) )| — (2)2*% oy + 2 15} '

Remark 3.5. In Theorem 0, one can see the following.
(i) Letx:“TH’,ﬁ:1,0<a<b,p‘1+q_1zlandgsz—>R+,
p(t) =t" in (E14). Then

1
M(b—a) 1 B(%,(S‘I—l) ?
2(p+1)r \ @7 +1 B '

|A" (a,b) = L, (a,b)] <

(ii) Let z = “T%,ﬁz L0<a<b ptl+qglt=1landy: (0,1 — R,
o(t) = —Int in (214). Then

Ab)\|  M@B-a [ 1 B(%a“l)
ln< )‘Sz(erl)i ay 1 B

4. CONCLUSION AND REMARKS

4.1. Conclusion. The Ostrowski inequality is one of the most cele-
brated inequalities, we can find its various generalizations and variants
in the literature. In this paper, we presented the generalized notion
of (a, f3,7,0)—convex functions of mixed kind. This class of functions
contains many important classes, including the class of («, §)—convex
functions of the first and second kind [20], (s, r)—convex functions of
the mixed kind [B], s—convex functions of the first and second kind
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[8], P—convex functions, quasi-convex functions and the class of convex
functions. In Section P}, we presented our main result, the generalization
of Ostrowski inequality [B5] via fractional integral. We also presented
other results using various techniques, including Holder’s inequality [3§]
and power mean inequality. Also, various established results would be
captured as special cases. Moreover, some applications in terms of spe-
cial means would also be given.

4.2. Remarks and Future Ideas.

(i) One may also do similar work by using various classes of convex
functions.

(ii) One may do similar work to generalize all results stated in this
research work by applying weights.

(iii) One may also present all results obtained in this research work
by higher order derivatives.

(iv) One may also state all results stated in this research work by
multi-variable functions and generalized fractional integral op-
erators.

(v) One may also do similar work by using various generalized forms
for the Korkine’s and Montgomery identities, improved power
means inequality, Holder’s Iscan inequality, Jensen’s integral
inequality with weights are generalized fuzzy metric spaces on
the set of all fuzzy numbers.

Acknowledgment. The authors would like to express their sincere
thanks to potential reviewers for valuable comments.
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