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Abstract. In this paper, for generalised preinvex functions, new
estimates of the Fejér-Hermite-Hadamard inequality on fractional
sets Rρ are given in this study. We demonstrated a fractional inte-
gral inequalities based on Fejér-Hermite-Hadamard theory. We es-
tablish two new local fractional integral identities for differentiable
functions. We construct several novel Fejér-Hermite-Hadamard-
type inequalities for generalized convex function in local fractional
calculus contexts using these integral identities. We provide a few
illustrations to highlight the uses of the obtained findings. Fur-
thermore, we have also given a few examples of new inequalities in
use.

1. Introduction

It is important to study the Hermite-Hadamard inequality for con-
vex functions in different fields of science, since it connects the theory
of convex functions with integral inequality. In the recent past, many
generalizations of the convex functions are developed and researchers
have obtained Hermite-Hadamard inequality estimates for the general-
ized convex functions. Researchers have also shown interest in general-
izing this concept to preinvex functions.
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Let F be a convex function such that F : V ⊆ R → R and κ1, κ2 ∈ V
with κ1 < κ2, then

(1.1) F
(κ1+κ2

2

)
≤ 1

κ2 − κ1

κ2∫
κ1

F (υ)dυ ≤ F (κ1) + F (κ2)

2
,

is the well-known Hermite-Hadamard inequality for convex functions.
The generalization of inequality (1.1) is given by Fejér [8] as

F

(
κ1 + κ2

2

) κ2∫
κ1

G(υ)dυ ≤
κ2∫

κ1

G(υ)F (υ)dυ(1.2)

≤ F (κ1) + F (κ2)

2

κ2∫
κ1

G(υ)dυ,

holds, where G : [κ1;κ2] → R is a nonnegative integrable function and
it is symmetric about υ = κ1+κ2

2 .
The idea of invex sets was given by T. Antczak [2]. As a result, it

provided the foundation for defining the preinvex function.

Definition 1.1. A set V ⊆ R is invex with respect to the map ℑ :
V × V → R if for every κ1, κ2 ∈ V and s ∈ [0, 1] , κ2 + sζ (κ1, κ2) ∈ V.
The invex set V is also called an ℑ-connected set.

Remark 1.2. The convex set is always an invex set, but every invex
set need not be convex.

The preinvex functions are a class of generalized convex functions.
Weir et al. in [16] gave the idea of preinvex functions:

Definition 1.3. Let V ⊆ R be an invex set and a function F : V → R
is said to be preinvex w.r.t. ℑ if

F (κ2 + sℑ (κ1, κ2)) ≤ sϕ (κ1) + (1− s)F (κ2) ,

∀ κ1, κ2 ∈ V and s ∈ [0, 1] .

In [14], Sun W., defined the generalized preinvex function as:

Definition 1.4. A function F : V → Rρ, where V is a invex subset of
R is called generalized preinvex w.r.t. ℑ if

F (κ2 + sℑ (κ1, κ2)) ≤ sρF (κ1) + (1− s)ρ F (κ2) ,

∀ κ1, κ2 ∈ V and s ∈ [0, 1] .

Ordinary calculus, which defines derivatives and integrals of any real
or complex order, is extended into fractional calculus. Certain real-world
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phenomena may be more effectively modelled by these fractional oper-
ators, particularly when the dynamics are influenced the system limita-
tions. Fractional derivatives and integrals have many definitions, such as
the Riemann-Liouville, Caputo, Hadamard, Riesz, Griinwald-Letnikov,
Atangana-Baleanu, Marchaud, etc. Some of the typical characteristics
of function differentiation, such as the Leibniz rule, the chain rule, and
the semigroup property, to mention a few fail. This is the fact that the
majority of them have already been thoroughly researched.

As there are wide applications of fractional calculus and Hermite-
Hadamard inequalities in different fields of sciences, researchers are
working to extend their work on Hermite-Hadamard inequalities for frac-
tional integrals for the generalized convex functions (see [5, 7, 11–14]).
Readers can see more fascinating work on Hermite Hadamard inequali-
ties for Caputo, Riemann-Liouville and Atangana-Baleanu integral op-
erators (refer to [4, 6, 10]).

Scientists and engineers have developed a significant interest in the
fractal in recent years. A deeper comprehension of the actual models
used in research and engineering will be made possible by calculus on
fractal sets. One useful approach handling fractal and continuously non-
differentiable functions is local fractional calculus. Local fractional cal-
culus serves as the foundation for fractal analysis. It is important to note
that fractal analysis presupposes a fundamentally improved way of vi-
sualising a fractal set. Numerous fields, including the generation of pho-
tographs, small-angle scattering theory, soil mechanics, and the music
industry, utilize fractals. Mathematical inequalities are used more fre-
quently as a result of the rising interest in fractal sets among researchers
due to its relevance in cryptography and other domains. Fractal image
compression is one of the most popular uses of fractal in software engi-
neering. Researchers have used various methods to build several varieties
of fractional calculus on fractal sets.

In this paper, we recall N to be the set of natural numbers, Z to be
the set of integers, Q be the set of rational numbers and R be the set of
real numbers. A few important concepts for the local fractional calculus
were presented by Yang [17]. For 0 < ρ ≤ 1, the elements of different
ρ-type set are defined as:

The ρ-type set of integers is:

Zρ := {0ρ,±1ρ,±2ρ, . . . ,±nρ, . . .} .

The ρ-type set of rational numbers is:

Qρ :=

{
mρ =

(
κ1
κ2

)ρ

: κ1, κ2 ∈ Z, κ2 ̸= 0

}
.
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The ρ-type set of irrational numbers is:

Qρ
c :=

{
mρ ̸=

(
κ1
κ2

)ρ

: κ1, κ2 ∈ Z, κ2 ̸= 0

}
.

The ρ-type set of real number is Rρ = Qρ ∪Qρ
c ,

The binary operations of addition and multiplication are defined on
the ρ-type set Rρ and these are defined as: (κρ1 + κρ2) = (κ1 + κ2)

ρ and
κρ1 · κ

ρ
2 = (κ1 · κ2)ρ where κρ1, κ

ρ
2 ∈ Rρ

(A) Rρ is an abelian group under ‘+’: for κρ1, κ
ρ
2, κ

ρ
3 ∈ Rρ

(i) κρ1 + κρ2 ∈ Rρ;
(ii) (κρ1 + κρ2) + κρ3 = κρ1 + (κρ2 + κρ3) ;
(iii) 0ρ is the identity element of Rρ, κρ1 + 0ρ = 0ρ + κρ1 = κρ1;
(iv) For all κρ1 ∈ Rρ there exists (−κρ1)

ρ ∈ Rρ such that κρ1 +
(−κ1)

ρ = (−κ1)
ρ + κρ1 = 0ρ;

(v) κρ1 + κρ2 = κρ2 + κρ1;

(B) Rρ\ {0ρ} is an abelian group under ‘·’: for κρ1, κ
ρ
2, κ

ρ
3 ∈ Rρ

(i) κρ1 · κ
ρ
2 ∈ Rρ;

(ii) (κρ1 · κ
ρ
2) · κ

ρ
3 = κρ1 · (κ

ρ
2 · κ

ρ
3) ;

(iii) 1ρ is the identity element of Rρ, κρ1 · 1ρ = 1ρ · κρ1 = κρ1;

(iv) For all κρ1 ∈ Rρ there exists
(

1
κ1

)ρ
= 1

κρ
1
∈ Rρ such that

κρ1 · 1
κρ
1
= 1

κρ
1
· κρ1 = 1ρ;

(v) κρ1 · κ
ρ
2 = κρ2 · κ

ρ
1 :

(C) Distributive axiom holds in Rρ : κρ1 · (κ
ρ
2 + κρ3) = κρ1 ·κ

ρ
2+κρ1 ·κ

ρ
3,

for κρ1, κ
ρ
2, κ

ρ
3 ∈ Rρ

From the above properties, we conclude that Rρ is a field.

Definition 1.5. Let F : R → Rρ, s → F (s) be a non-differentiable
mapping, it is called local fractional at the point s0, if for any ε > 0,
there exists τ > 0 satisfying |F (s)− F (s0)| < ερ whenever |s− s0| < τ.
Let F (s) be the local continuous function on (κ1, κ2) denoted by F ∈
Cρ (κ1, κ2) .

Definition 1.6. The local fractional derivative of F (s) of order ρ at
s = s0 is defined as:

F (ρ) (s0) = s0D
ρ
sF (s)

=
dρF (s)

dsρ

∣∣∣∣
s=s0

= lim
s→s0

∆ρ (F (s)− F (s0))

(s− s0)
ρ ,

where
∆

ρ
(F (s)− F (s0)) =̃ Γ(ρ+ 1) (F (s)− F (s0)) .
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If F ((m+1)ρ) (s) =

(m+1)−times︷ ︸︸ ︷
Dρ

sD
ρ
s . . . D

ρ
sF (s) for any s ∈ V ⊆ R, then it is denoted

by F ∈ D(m+1)ρ(V ), where m = N ∪ {0} and F (ρ) (s) = Dρ
sF (s).

Definition 1.7. Let F ∈ Lρ [κ1, κ2] , and let ∆ be the partition of
[κ1, κ2] , where ∆ = {a0, a1, . . . , aM} , where M ∈ N and it satisfies
κ1 = a0 < a1 < · · · < aM = κ2, then κ1J

(ρ)
κ2 F (s), the local fractional

integral of F of order ρ on the interval [κ1, κ2] is given as:

κ1J
(ρ)
κ2

F (s) =
1

Γ(ρ+ 1)

∫ κ2

κ1

F (υ) (dυ)ρ

=
1

Γ(ρ+ 1)
lim

∆x→0

M−1∑
i=0

F (υi)(∆υi)
ρ,

where ∆v := max
0≤i≤M−1

∆vi and ∆vi := υi+1 − υi, i = 0, 1, 2, . . . ,M − 1.

Some more properties of local fractional calculus are given as:

Remark 1.8. It follows that κ1J
(ρ)
κ2 F (s) = 0 if κ1 = κ2

and κ1J
(ρ)
κ2 F (s) = − κ2J

(ρ)
κ1 F (s).

(a) If F (s) = G(ρ)(s) ∈ Lρ [κ1, κ2] , then we have

κ1J
(ρ)
κ2

F (s) = G(κ2)−G(κ1).

(b) Let F (s), G(s) ∈ Dρ [κ1, κ2] and F (ρ)(s), G(ρ)(s) ∈ Cρ [κ1, κ2] ,
then, we have

κ1J
(ρ)
κ2

F (s)G(ρ)(s) = F (s)G(s)|κ2
κ1

−κ1 J
(ρ)
κ2

F (ρ)(s)G(s).

(c) dρ

dxρxmρ = Γ(1+mρ)
Γ(1+(m−1)ρ)x

(m−1)ρ, m ∈ R

(d) 1
Γ(ρ+1)

∫ κ2

κ1
xmρ (dx)ρ = Γ(1+mρ)

Γ(1+(m+1)ρ)

(
κ
(1+m)ρ
2 − κ

(1+m)ρ
1

)
, m ∈

R.
In [13], Sun W. developed the local fractional integral inequalities.

Theorem 1.9. Let V ⊆ R be an invex subset w.r.t ℑ where ℑ be a
function such that ℑ : V × V → R. Suppose that F : V → Rρ (ρ ∈ (0, 1])

such that F ∈ Dρ (V ) and F (ρ) ∈ Cρ [κ1, κ1 + ℑ (κ2, κ1)] , for every
κ1, κ2 ∈ V and κ1 < κ1 +ℑ (κ2, κ1) . If

∣∣F (ρ)
∣∣q be a generalized preinvex

function on V , then the following inequality holds:∣∣∣∣(λ− 1)ρ F

(
κ1 +

1

2
ℑ (κ2, κ1)

)
− λρF (κ1) + F (κ1 + ℑ (κ2, κ1))

2ρ

+
Γ (1 + ρ)

ℑρ (κ2, κ1)
κ1J

ρ
κ1+ℑ(κ2,κ1)

F (x)

∣∣∣∣
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≤ ℑρ (κ2, κ1)

2ρ

[
Γ (1 + pρ)

2ρΓ (1 + (1 + p) ρ)

(
λ(1+p)ρ + (1− λ)(1+p)ρ

)] 1
p

×
(

Γ (1 + ρ)

4ρΓ (1 + 2ρ)

) 1
q

[|F ρ (κ2)|q + 3ρ |F ρ (κ1)|q]
1
q

+ [3ρ |F ρ (κ2)|q + |F ρ (κ1)|q]
1
q ,

where 1
p + 1

q = 1 and p, q > 1

Fejér type Hermite-Hadamard inequalities for a generalized h-convex
functions is proposed by Luo C. [11] as:

Theorem 1.10. Let F : [κ1;κ2] → Rρ be generalized h-convex and
let G : [κ1;κ2] → Rρ, G > 0ρ be symmetric w.r.t. κ1+κ2

2 . If F (x),

G(x) ∈ J
(ρ)
x [κ1;κ2] , then, we have

κ1J
(ρ)
κ2 F (s)G (s)

(κ2 − κ1)
ρ ≤ [F (κ1) + F (κ2)] 0J

(ρ)
1 h(s)G(sa+ (1− s)κ2).

In this paper, we have developed some new Hermite-Hadamard-Fejér
identities for preinvex functions for fractal sets. Then, we give error
bounds for both the left and right-hand sides of Hermite-Hadamard-
Fejér inequalities. We also give some applications of the new inequalities.

2. Main Results

In the main section, we let
|G|∞ = sup

s∈[κ1, κ1+ℑ(κ2,κ1)]

|G(s)| ,

such that G : [κ1;κ1 + ℑ (κ2, κ1)] → R is a continuous function and
F (ρ)is the derivative of F with respect to variable s. The collection
of all real valued and Riemann integrable functions on the interval
[κ1, κ1 + ℑ (κ2, κ1)] is denoted by L [κ1, κ1 + ℑ (κ2, κ1)] .

Lemma 2.1. For an open invex subset V of R, there is a function ℑ
such that ℑ : V × V → Rρ. Let F be a differentiable function such that
F : V → Rρ where F (ρ) ∈ L [κ1, κ1 + ℑ (κ2, κ1)] and ℑ (κ2, κ1) > 0. Let
G be an integrable function such that G : [κ1, κ1 + ℑ (κ2, κ1)] → [0,∞) ,
then ∀ κ1, κ2 ∈ V, we have the following result:

F

(
κ1 +

1

2
ℑ (κ2, κ1)

)
κ1J

(ρ)
(κ1+ℑ(κ2,κ1))

G(υ) − κ1J
(ρ)
(κ1+ℑ(κ2,κ1))

(FG) (υ)

(2.1)

=
(ℑ (κ2, κ1))

2ρ

Γ(1 + ρ)

∫ 1

0
h(s)F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)

ρ ,
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where

h(s) =

{
1

Γ(1+ρ)

∫ s
0 G(κ1 + wℑ (κ2, κ1)) (dw)

ρ ,

− 1
Γ(1+ρ)

∫ 1
s G(κ1 + wℑ (κ2, κ1)) (dw)

ρ ,

s ∈ [0, 12),
s ∈ [12 , 1].

Proof. Consider

1

Γ(1 + ρ)

∫ 1

0
h(s)F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)

ρ

=
1

Γ(1 + ρ)

∫ 1
2

0

(
1

Γ(1 + ρ)

∫ s

0
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

)
× F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)

ρ

− 1

Γ(1 + ρ)

∫ 1

1
2

(
1

Γ(1 + ρ)

∫ s

1
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

)
× F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)

ρ

= J1 + J2.

From the first integral J1, we obtain

J1 =
1

Γ(1 + ρ)

∫ 1
2

0

(
1

Γ(1 + ρ)

∫ s

0
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

)
(2.2)

× F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)
ρ

=
1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

×
∫ s

0
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ F (κ1 + sℑ (κ2, κ1)

∣∣∣∣ 12
0

− 1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

×
∫ 1

2

0
G(κ1 + sℑ (κ2, κ1))F (κ1 + sℑ (κ2, κ1)) (ds)

ρ

=
F
(
κ1 +

1
2ℑ (κ2, κ1)

)
(ℑ (κ2, κ1))

ρ
1

Γ(1 + ρ)

∫ 1
2

0
G(κ1 + sℑ (κ2, κ1)) (ds)

ρ

− 1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

×
∫ 1

2

0
F (κ1 + sℑ (κ2, κ1))G(κ1 + sℑ (κ2, κ1)) (ds)

ρ .



124 S. MEHMOOD AND F. ZAFAR

By substituting υ = κ1 + sζ (κ2, κ1) in (2.2)

J1 =
F
(
κ1 +

1
2ℑ (κ2, κ1)

)
(ℑ (κ2, κ1))

2ρ

1

Γ(ρ+ 1)

∫ κ1+
1
2
ℑ(κ2,κ1)

κ1

G(υ) (dυ)ρ(2.3)

− 1

(ℑ (κ2, κ1))
2ρ

1

Γ(ρ+ 1)

∫ κ1+
1
2
ℑ(κ2,κ1)

κ1

F (υ)G(υ) (dυ)ρ

=
F
(
κ1 +

1
2ℑ (κ2, κ1)

)
(ℑ (κ2, κ1))

2ρ κ1J
(ρ)

κ1+
1
2
ℑ(κ2,κ1)

G(υ)

− 1

(ℑ (κ2, κ1))
2ρ κ1J

(ρ)

κ1+
1
2
ℑ(κ2,κ1)

(FG) (υ).

From the second integral J2, we obtain

J2 =
1

Γ(1 + ρ)

∫ 1

1
2

(
1

Γ(1 + ρ)

∫ s

1
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

)(2.4)

× F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)
ρ

=
1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

×
∫ s

1
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ F (κ1 + sℑ (κ2, κ1)

∣∣∣∣1
1
2

− 1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

×
∫ 1

1
2

F (κ1 + sℑ (κ2, κ1))G(κ1 + sℑ (κ2, κ1)) (ds)
ρ

= −
F
(
κ1 +

1
2ℑ (κ2, κ1)

)
(ℑ (κ2, κ1))

ρ
1

Γ(1 + ρ)

∫ 1
2

1
G(κ1 + sℑ (κ2, κ1)) (ds)

ρ

− 1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

×
∫ 1

1
2

F (κ1 + sℑ (κ2, κ1))G(κ1 + sℑ (κ2, κ1)) (ds)
ρ .

By substituting υ = κ1 + sζ (κ2, κ1) in (2.4)

J2 = −
F
(
κ1 +

1
2ℑ (κ2, κ1)

)
(ℑ (κ2, κ1))

2ρ

1

Γ(1 + ρ)

∫ κ1+
1
2
ℑ(κ2,κ1)

κ1+ℑ(κ2,κ1)
G(υ)dυ(2.5)

− 1

(ℑ (κ2, κ1))
2ρ

1

Γ(1 + ρ)

∫ κ1+ℑ(κ2,κ1)

κ1+
1
2
ℑ(κ2,κ1)

F (υ)G(υ)ds
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=
F
(
κ1 +

1
2ℑ (κ2, κ1)

)
(ℑ (κ2, κ1))

2ρ
κ1+

1
2
ℑ(κ2,κ1)

J
(ρ)
κ1+ℑ(κ2,κ1)

G(υ)

− 1

(ℑ (κ2, κ1))
2ρ

κ1+
1
2
ℑ(κ2,κ1)

Jκ1+ℑ(κ2,κ1) (FG) (υ).

By adding (2.3)and (2.5) , we get the required result (2.1). □
Lemma 2.2. For an open invex subset V of R, there is a function ℑ
such that ℑ : V × V → Rρ. Let F be a differentiable function such that
F : V → Rρ where F (ρ) ∈ L [κ1, κ1 + ℑ (κ2, κ1)] and ℑ (κ2, κ1) > 0. Let
G be an integrable function such that G : [κ1, κ1 + ℑ (κ2, κ1)] → [0,∞) ,
then ∀ κ1, κ2 ∈ V, we have the following result:[

F (κ1) + F (κ1 + ℑ (κ2, κ1))

2

]
κ1J

(ρ)
(κ1+ℑ(κ2,κ1))

G(υ)(2.6)

− κ1J
(ρ)
(κ1+ℑ(κ2,κ1))

(FG) (υ)

=
(ℑ (κ2, κ1))

ρ

2Γ(1 + ρ)

∫ 1

0
k(s)F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)

ρ ,

where

k(s) =
1

Γ(1 + ρ)

∫ s

0
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

− 1

Γ(1 + ρ)

∫ 1

s
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ , s ∈ [0, 1].

Proof. Let us consider

1

Γ(1 + ρ)

∫ 1

0
γ(s)F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)

ρ

(2.7)

=
1

Γ(1 + ρ)

∫ 1

0

[
1

Γ(1 + ρ)

∫ s

0
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

− 1

Γ(1 + ρ)

∫ 1

s
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

]
F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)

ρ

= J1 + J2.

From the first integral J1, we obtain

J1 =
1

Γ(ρ+ 1)

∫ 1

0

(
1

Γ(1 + ρ)

∫ s

0
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

)
(2.8)

× F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)
ρ

=
1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)
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×
∫ s

0
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ F (κ1 + sℑ (κ2, κ1)

∣∣∣∣1
0

− 1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

×
∫ 1

0
G(κ1 + sℑ (κ2, κ1))F (κ1 + sℑ (κ2, κ1)) (ds)

ρ

=
F (κ1 + ℑ (κ2, κ1)

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

∫ 1

0
G(κ1 + sℑ (κ2, κ1)) (ds)

ρ

− 1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

×
∫ 1

0
F (κ1 + sℑ (κ2, κ1))G(κ1 + sℑ (κ2, κ1)) (ds)

ρ .

By substituting υ = κ1 + sζ (κ2, κ1) in (2.8)

J1 =
1

(ℑ (κ2, κ1))
2ρ

1

Γ(1 + ρ)
F (κ1 + ℑ (κ2, κ1)

(2.9)

×

[∫ κ1+ℑ(κ2,κ1)

κ1

G(υ) (dυ)ρ −
∫ κ1+ℑ(κ2,κ1)

κ1

F (υ)G(υ) (dυ)ρ
]

=
F (κ1 + ℑ (κ2, κ1)

(ℑ (κ2, κ1))
2ρ κ1J

(ρ)
(κ1+ℑ(κ2,κ1))

G(υ)

− 1

(ℑ (κ2, κ1))
2ρ κ1J

(ρ)
(κ1+ℑ(κ2,κ1))

(FG) (υ).

From the second integral J2, we obtain

J2 =
1

Γ(1 + ρ)

∫ 1

0

(
−1

Γ(1 + ρ)

∫ 1

s
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

)
(2.10)

× F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)
ρ

=
1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

× (−1)

∫ 1

s
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ F (κ1 + sℑ (κ2, κ1)

∣∣∣∣1
0

− 1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

×
∫ 1

0
(F (κ1 + sℑ (κ2, κ1))G(κ1 + sℑ (κ2, κ1)) (ds)

ρ
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=
F (κ1)

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

∫ 1

0
G(κ1 + sℑ (κ2, κ1)) (ds)

ρ

− 1

(ℑ (κ2, κ1))
ρ

1

Γ(1 + ρ)

×
∫ 1

0
F (κ1 + sℑ (κ2, κ1))G(κ1 + sℑ (κ2, κ1)) (ds)

ρ .

By substituting υ = κ1 + sζ (κ2, κ1) in (2.10) ,

J2 =
1

(ℑ (κ2, κ1))
2ρ

1

Γ(1 + ρ)

(2.11)

×

[
F (κ1)

∫ κ1+ℑ(κ2,κ1)

κ1

G(υ) (dυ)ρ −
∫ κ1+ℑ(κ2,κ1)

κ1

F (υ)G(υ) (dυ)ρ
]

=
F (κ1)

(ℑ (κ2, κ1))
2ρ κ1J

(ρ)
(κ1+ℑ(κ2,κ1))

G(υ)

− 1

(ℑ (κ2, κ1))
2ρ κ1J

(ρ)
(κ1+ℑ(κ2,κ1))

(FG) (υ).

By adding (2.9) and (2.11) , we get the required result (2.6). □

Theorem 2.3. For an open invex subset V of R, there is a function ℑ
such that ℑ : V ×V → Rρ. Let F be a differentiable function such that F :
V → Rρ where F (ρ) ∈ L [κ1, κ1 + ℑ (κ2, κ1)] and ℑ (κ2, κ1) > 0. Let G :
[κ1, κ1 + ℑ (κ2, κ1)] → [0,∞) be a function symmetric to κ1+

1
2ℑ (κ2, κ1)

and it is also an integrable function. If
∣∣F (ρ)

∣∣ is a preinvex function on
V then for every κ1, κ2 ∈ V, we have the following result:∣∣∣∣F (κ1 + 1

2
ℑ (κ2, κ1)

)
κ1J

(ρ)
(κ1+ℑ(κ2,κ1))

G(υ)(2.12)

− κ1J
(ρ)
(κ1+ℑ(κ2,κ1))

(FG) (υ)
∣∣∣

≤ Γ(1 + ρ)

Γ(1 + 3ρ)
(ℑ (κ2, κ1))

2ρ |G|∞

[
1− 2

(
1

2

)3ρ
]

×
(∣∣∣F (ρ) (κ1)

∣∣∣+ ∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣) .

Proof. Applying modulus on both sides of (2.1) ,

∣∣∣∣∣F
(
κ1 +

1
2ℑ (κ2, κ1)

)
(ℑ (κ2, κ1))

2ρ κ1J
(ρ)
κ1+ℑ(κ2,κ1)

G(υ)

(2.13)
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− 1

(ℑ (κ2, κ1))
2ρ κ1J

(ρ)
κ1+ℑ(κ2,κ1)

(FG) (κ1)

∣∣∣∣
=

∣∣∣∣∣ 1

Γ(1 + ρ)

∫ 1/2

0

(
1

Γ(1 + ρ)

∫ s

0
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

)
× F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)

ρ

+
1

Γ(1 + ρ)

∫ 1

1/2

(
− 1

Γ(1 + ρ)

∫ 1

s
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

)
×F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)

ρ
∣∣∣ .

From preinvexity of
∣∣F (ρ)

∣∣ on V and Lemma 2.1, we have

∣∣∣∣∣F
(
κ1 +

1
2ℑ (κ2, κ1)

)
(ℑ (κ2, κ1))

2ρ aI
(ρ)
(κ1+ℑ(κ2,κ1))

G(υ)

(2.14)

− 1

(ℑ (κ2, κ1))
2ρ aI

(ρ)
(κ1+ℑ(κ2,κ1))

(FG) (κ1)

∣∣∣∣
≤ 1

Γ(1 + ρ)

∫ 1/2

0

(
1

Γ(1 + ρ)

∫ s

0
|G(κ1 + wℑ (κ2, κ1))| (dw)ρ

)
×
[
(1− s)ρ

∣∣∣F (ρ) (κ1)
∣∣∣+ sρ

∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣] (ds)ρ

+
1

Γ(1 + ρ)

∫ 1

1/2

(
1

Γ(1 + ρ)

∫ 1

s
|G(κ1 + wℑ (κ2, κ1))| (dw)ρ

)
×
[
(1− s)ρ

∣∣∣F (ρ) (κ1)
∣∣∣+ sρ

∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣] (ds)ρ

= J1 + J2

By changing the integration order in the first term of (2.14), we have

J1 =
1

Γ(ρ+ 1)

∫ 1/2

0
|G(κ1 + wℑ (κ2, κ1))|

1

Γ(1 + ρ)

×
∫ 1/2

w

[
(1− s)ρ

∣∣∣F (ρ) (κ1)
∣∣∣+ sρ

∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣] (ds)ρ (dw)ρ

=
Γ(1 + ρ)

Γ(1 + 2ρ)

1

Γ(1 + ρ)

∫ 1/2

0
|G(κ1 + wℑ (κ2, κ1))|

×

[∣∣∣F (ρ) (κ1)
∣∣∣((1− w)2ρ −

(
1

2

)2ρ
)
(dw)ρ
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×
∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))

∣∣∣((1

2

)2ρ

− w2ρ

)]
(dw)ρ .

By substituting υ = κ1 + wζ (κ2, κ1) for w ∈ [0, 1] and using |G|∞ =
sups∈[κ1, κ1+ℑ(κ2,κ1)] |G(υ)|

J1 ≤
Γ(1 + ρ)

Γ(1 + 2ρ)

∣∣F (ρ) (κ1)
∣∣

(ℑ (κ2, κ1))
ρ |G|∞

1

Γ(ρ+ 1)
(2.15)

×
∫ κ1+

1
2
ℑ(κ2,κ1)

κ1

((
1− v − κ1

ℑ (κ2, κ1)

)2ρ

−
(
1

2

)2ρ
)
(dυ)ρ

+
Γ(1 + ρ)

Γ(1 + 2ρ)

∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣

(ℑ (κ2, κ1))
ρ |G|∞

1

Γ(ρ+ 1)

×
∫ κ1+

1
2
ℑ(κ2,κ1)

κ1

((
1

2

)2ρ

−
(

v − κ1
ℑ (κ2, κ1)

)2ρ
)
(dυ)ρ .

Similarly, by changing integration order in the second term and assuming
that G is symmetric w.r.t. κ1 +

1
2ℑ (κ2, κ1) , we have

J2 =
1

Γ(1 + ρ)

∫ 1

1/2
|G(κ1 + (1− w)ℑ (κ2, κ1))|

1

Γ(1 + ρ)

×
∫ w

1/2

[
(1− s)ρ

∣∣∣F (ρ) (κ1)
∣∣∣+ sρ

∣∣∣F (ρ) (κ2)
∣∣∣] (ds)ρ (dw)ρ

=
Γ(1 + ρ)

Γ(1 + 2ρ)

1

Γ(1 + ρ)

∫ 1

1/2
|G(κ1 + (1− w)ℑ (κ2, κ1))|

×

[∣∣∣F (ρ) (κ1)
∣∣∣((1

2

)2ρ

− (1− w)2ρ
)

+
∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))

∣∣∣(w2ρ −
(
1

2

)2ρ
)]

(dw)ρ .

By substituting υ = κ1 + (1 − w)ℑ (κ2, κ1) and using the assumption
that |G|∞ = sups∈[κ1,κ1+ℑ(κ2,κ1)] |G(x)|

J2 ≤
Γ(1 + ρ)

Γ(1 + 2ρ)

∣∣F (ρ) (κ1)
∣∣

(ℑ (κ2, κ1))
ρ |G|∞

1

Γ(1 + ρ)
(2.16)

×
∫ κ1+

1
2
ℑ(κ2,κ1)

κ1

((
1

2

)2ρ

−
(

v − κ1
ℑ (κ2, κ1)

)2ρ
)
(dυ)ρ

+
Γ(1 + ρ)

Γ(1 + 2ρ)

∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣

(ℑ (κ2, κ1))
ρ |G|∞

1

Γ(1 + ρ)
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×
∫ κ1+

1
2
ℑ(κ2,κ1)

κ1

((
1− v − κ1

ℑ (κ2, κ1)

)2ρ

−
(
1

2

)2ρ
)
(dυ)ρ .

Using (2.15) and (2.16) in (2.14), we get our required result. □
Corollary 2.4. If we take ℑ (κ2, κ1) = κ2 − κ1, then from (2.12), we
have ∣∣∣∣F (κ1 + κ2

2

)
κ1J

(ρ)
κ2

G(υ)− κ1J
(ρ)
κ2

(FG) (υ)

∣∣∣∣(2.17)

≤ |G|∞
Γ(1 + ρ)

Γ(1 + 3ρ)
(κ2 − κ1)

2ρ

[
1− 2

(
1

2

)3ρ
]

×
(∣∣∣F (ρ) (κ1)

∣∣∣+ ∣∣∣F (ρ) (κ2)
∣∣∣) .

Corollary 2.5. For ρ = 1 and |G|∞ = 1 and ℑ(κ2, κ1) = κ2 − κ1, we
obtain Theorem 2.2. of citeKirmaci:∣∣∣∣∣F

(
κ1 +

1

2
ℑ (κ2, κ1)

)
− 1

ℑ (κ2, κ1)

∫ κ1+ℑ(κ2,κ1)

κ1

F (υ)

∣∣∣∣∣(2.18)

≤ 1

8
(ℑ (κ2, κ1))

[∣∣F ′ (κ1)
∣∣+ ∣∣F ′ (κ1 + ℑ (κ2, κ1))

∣∣] .
Theorem 2.6. For an open invex subset V of R, there is a function ℑ
such that ℑ : V ×V → Rρ. Let F be a differentiable function such that F :
V → Rρ where F (ρ) ∈ L [κ1, κ1 + ℑ (κ2, κ1)] and ℑ (κ2, κ1) > 0. Let G :
[κ1, κ1 + ℑ (κ2, κ1)] → [0,∞) be a function symmetric to κ1+

1
2ℑ (κ2, κ1)

and it is also an integrable function. If
∣∣F (ρ)

∣∣ is a preinvex function on
V then for every κ1, κ2 ∈ V, we have the following result:

∣∣∣∣[F (κ1) + F (κ1 + ℑ (κ2, κ1))

2

]
κ1J

(ρ)
(κ1+ℑ(κ2,κ1)

G(υ)

(2.19)

− κ1J
(ρ)
(κ1+ℑ(κ2,κ1)

(FG) (υ)
∣∣∣

≤
|G|∞

2Γ(1 + 2ρ)
(ℑ (κ2, κ1))

ρ
(∣∣∣F (ρ) (κ1)

∣∣∣+ ∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣)

× [(κ1 + ℑ (κ2, κ1))
ρ − (κ1)

ρ] .

Proof. Applying modulus on both sides of (2.6) ,

∣∣∣∣[F (κ1) + F (κ1 + ℑ (κ2, κ1))

2

]
κ1J

(ρ)
(κ1+ℑ(κ2,κ1)

G(υ)

(2.20)

− κ1J
(ρ)
(κ1+ℑ(κ2,κ1)

(FG) (υ)
∣∣∣
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=

∣∣∣∣∣(ℑ (κ2, κ1))
2ρ

2Γ(1 + ρ)

1

Γ(1 + ρ)

[∫ 1

0

(∫ s

0
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

−
∫ 1

s
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

)
F (ρ)(κ1 + sℑ (κ2, κ1)) (ds)

ρ

]∣∣∣∣ .
From preinvexity of

∣∣F (ρ)
∣∣ on V and Lemma 2.2, we have

∣∣∣∣[F (κ1) + F (κ1 + ℑ (κ2, κ1))

2

]
κ1J

(ρ)
(κ1+ℑ(κ2,κ1)

G(υ)

(2.21)

− κ1J
(ρ)
(κ1+ℑ(κ2,κ1)

(FG) (υ)
∣∣∣

≤ (ℑ (κ2, κ1))
2ρ

2Γ(1 + ρ)

[∫ 1

0

∣∣∣∣ 1

Γ(1 + ρ)

∫ s

0
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ

− 1

Γ(1 + ρ)

∫ 1

s
G(κ1 + wℑ (κ2, κ1)) (dw)

ρ|

× (1− s)ρ
∣∣∣F (ρ) (κ1)

∣∣∣+ sρ
∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))

∣∣∣ (ds)ρ] .
After simplification, (2.21) becomes,∣∣∣∣[F (κ1) + F (κ1 + ℑ (κ2, κ1))

2

]
κ1J

(ρ)
(κ1+ℑ(κ2,κ1)

G(υ)

− κ1J
(ρ)
(κ1+ℑ(κ2,κ1)

(FG) (υ)
∣∣∣

≤ (ℑ (κ2, κ1))
2ρ

2Γ(1 + ρ)

∫ 1

0

(
1

Γ(1 + ρ)

∫ s

0
|G(κ1 + wℑ (κ2, κ1))| (dw)ρ

)
×
(
(1− s)ρ

∣∣∣F (ρ) (κ1)
∣∣∣+ sρ

∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣) (ds)ρ

− (ℑ (κ2, κ1))
2ρ

2Γ(1 + ρ)

∫ 1

0

(
1

Γ(1 + ρ)

∫ 1

s
|G(κ1 + wℑ (κ2, κ1))| (dw)ρ

)
×
(
(1− s)ρ

∣∣∣F (ρ) (κ1)
∣∣∣+ sρ

∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣) (ds)ρ .

By the change of the order of the integration, we have∣∣∣∣[F (κ1) + F (κ1 + ℑ (κ2, κ1))

2

]
κ1J

(ρ)
(κ1+ℑ(κ2,κ1)

G(υ)

− κ1J
(ρ)
(κ1+ℑ(κ2,κ1)

(FG) (υ)
∣∣∣

≤ (ℑ (κ2, κ1))
2ρ

2Γ(1 + ρ)

∫ 1

0
|G(κ1 + wℑ (κ2, κ1))|

1

Γ(1 + ρ)
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×
∫ 1

w

(
(1− s)ρ

∣∣∣F (ρ) (κ1)
∣∣∣+ sρ

∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣) (ds)ρ (dw)ρ

+
(ℑ (κ2, κ1))

2ρ

2Γ(1 + ρ)

∫ 1

0
|G(κ1 + wℑ (κ2, κ1))|

1

Γ(1 + ρ)

×
∫ w

0

(
(1− s)ρ

∣∣∣F (ρ) (κ1)
∣∣∣+ sρ

∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣) (ds)ρ (dw)ρ .

=
(ℑ (κ2, κ1))

2ρ

2Γ(1 + ρ)

∫ 1

0
|G(κ1 + wℑ (κ2, κ1))|

1

Γ(1 + ρ)

×
∫ 1

0

(
(1− s)ρ

∣∣∣F (ρ) (κ1)
∣∣∣+ sρ

∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣) (ds)ρ (dw)ρ

After some straightforward calculation, we obtain∣∣∣∣[F (κ1) + F (κ1 + ℑ (κ2, κ1))

2

]
κ1J

(ρ)
(κ1+ℑ(κ2,κ1)

G(υ)

− κ1J
(ρ)
(κ1+ℑ(κ2,κ1)

(FG) (υ)
∣∣∣

≤ Γ(1 + ρ)

2Γ(1 + 2ρ)
(ℑ (κ2, κ1))

2ρ
(∣∣∣F (ρ) (κ1)

∣∣∣+ ∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣)

× 1

Γ(1 + ρ)

∫ 1

0
|G(κ1 + wℑ (κ2, κ1))| (dw)ρ .

By substituting v = κ1 + wζ (κ2, κ1) and using the assumption that
|G|∞ = sups∈[κ1,κ2] |G(x)|∣∣∣∣[F (κ1) + F (κ1 + ℑ (κ2, κ1))

2

]
κ1J

(ρ)
(κ1+ℑ(κ2,κ1)

G(υ)

− κ1J
(ρ)
(κ1+ℑ(κ2,κ1)

(FG) (υ)
∣∣∣

≤ Γ(1 + ρ)

2Γ(1 + 2ρ)
(ℑ (κ2, κ1))

ρ |G|∞

×
(∣∣∣F (ρ) (κ1)

∣∣∣+ ∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣) 1

Γ(1 + ρ)

∫ κ1+ℑ(κ2,κ1)

κ1

(dυ)ρ

=
|G|∞ Γ(1 + ρ)

2Γ(1 + 2ρ)

(ℑ (κ2, κ1))

Γ(1 + ρ)

ρ (∣∣∣F (ρ) (κ1)
∣∣∣+ ∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))

∣∣∣)
× [(κ1 + ℑ (κ2, κ1))

ρ − (κ1)
ρ] ,

which is as required. □
Corollary 2.7. If we take ℑ (κ2, κ1) = κ2 − κ1, then from (2.19), we
have ∣∣∣∣[F (κ1) + F (κ2)

2

]
κ1J

(ρ)
κ2

G(υ)− κ1J
(ρ)
κ2

(FG) (υ)

∣∣∣∣(2.22)
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≤ 1

2Γ(1 + 2ρ)
(κ2 − κ1)

2ρ |G|∞
(∣∣∣F (ρ) (κ1)

∣∣∣+ ∣∣∣F (ρ) (κ2)
∣∣∣) .

Corollary 2.8. For ρ = 1 and |G|∞ = 1, we get the similar inequality
[See [3, Theorem 2.2]][

F (κ1) + F (κ1 + ℑ (κ2, κ1))

2

]
− 1

ℑ (κ2, κ1)

∫ κ1+ℑ(κ2,κ1)

κ1

F (υ)(2.23)

≤ 1

4
(ℑ (κ2, κ1))

(∣∣F ′ (κ1)
∣∣+ ∣∣F ′ (κ1 + ℑ (κ2, κ1))

∣∣) .
3. Examples

Example 3.1. Let F (υ) = − |υ| is a preinvex function with respect to
ℑ, where

ℑ (κ1, κ2) =

{
κ1 − κ2,
κ2 − κ1,

κ1, κ2 ≤ 0 or κ1, κ2 ≥ 0,
otherwise,

If we take G (υ) = 1, κ1 = 1, κ2 = 3 then ℑ (κ2, κ1) = −2, then the
left-handed side of (2.12) is:∣∣∣∣F (κ1 + 1

2
ℑ (κ2, κ1)

)
κ1J

(ρ)
(κ1+ℑ(κ2,κ1))

G(υ)− κ1J
(ρ)
(κ1+ℑ(κ2,κ1))

(FG) (υ)

∣∣∣∣
= 1

The right-handed side of (2.12) is:

Γ(1 + ρ)

Γ(1 + 3ρ)
(ℑ (κ2, κ1))

2ρ |G|∞

[
1− 2

(
1

2

)3ρ
]

×
(∣∣∣F (ρ) (κ1)

∣∣∣+ ∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣)

= 2

Thus, the assumption for (2.3) is satisfied.

Example 3.2. Let F (υ) = − |υ|, If we take G (υ) = 1, κ1 = −3, κ2 = 1,
and ℑ (κ2, κ1) = 4, then the left-hand side of (2.19) is:∣∣∣∣[F (κ1) + F (κ1 + ℑ (κ2, κ1))

2

]
κ1J

(ρ)
(κ1+ℑ(κ2,κ1)

G(υ)

− κ1J
(ρ)
(κ1+ℑ(κ2,κ1)

(FG) (υ)
∣∣∣

= −3.

The right-hand side of(2.19) is:
1

2Γ(1 + 2ρ)
(ℑ (κ2, κ1))

ρ |G|∞
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×
(∣∣∣F (ρ) (κ1)

∣∣∣+ ∣∣∣F (ρ) (κ1 + ℑ (κ2, κ1))
∣∣∣)

= −2.

Thus, the assumption for (2.6) is satisfied.

4. Applications

4.1. Random Variables. There is generalized probability distribution
function G : [κ1, κ1 + ℑ (κ2, κ1)] → Rρ for a random variable X where
s ∈ [κ1, κ1 + ℑ (κ2, κ1)] and it has lower and upper bounds, then

Eρ (υ) =
1

Γ (ρ+ 1)

∫ κ1+ℑ(κ2,κ1)

κ1

υρG (υ) (dυ)ρ ,

Eρ
τ (υ) =

1

Γ (ρ+ 1)

∫ κ1+ℑ(κ2,κ1)

κ1

υρτG (υ) (dυ)ρ ,

where Eρ (υ) is the generalized expectation and Eρ
τ (υ) is the τ moment.

Proposition 4.1. If we take F (υ) = υτρ, for τ ≥ 2, the function
|F ρ (υ)| = Γ(1+τρ)

Γ(1+(τ−1)ρ)υ
(τ−1)ρ and we have from (2.12) ,∣∣∣∣(κ1 + 1

2
ℑ (κ2, κ1)

)τρ

κ1J
(ρ)
(κ1+ℑ(κ2,κ1))

G(υ)− Eρ
τ (υ)

∣∣∣∣
≤ Γ(1 + ρ)

Γ(1 + 3ρ)

Γ(1 + τρ)

Γ(1 + (τ − 1)ρ)
(ℑ (κ2, κ1))

2ρ |G|∞

×

[
1− 2

(
1

2

)3ρ
] [

κ1 + (κ1 + ℑ (κ2, κ1))
(τ−1)ρ

]
.

Proposition 4.2. If we take F (υ) = υτρ, for τ ≥ 2, the function
|F ρ (υ)| = Γ(1+τρ)

Γ(1+(τ−1)ρ)υ
(τ−1)ρ and we have from (2.19) ,∣∣∣∣[κτρ1 + (κ1 + ℑ (κ2, κ1))

τρ

2

]
κ1J

(ρ)
(κ1+ℑ(κ2,κ1)

G(υ)− Eρ
τ (υ)

∣∣∣∣
≤ 1

2Γ(1 + 2ρ)
(ℑ (κ2, κ1))

ρ Γ(1 + τρ)

Γ(1 + (τ − 1)ρ)
|G|∞

×
[
κ
(τ−1)ρ
1 + (κ1 + ℑ (κ2, κ1))

(τ−1)ρ
]
[(κ1 + ℑ (κ2, κ1))

ρ − (κ1)
ρ] .

4.2. Numerical Integration. If Xn : a = κ1 < a1 < . . . < an =
κ2 be a partition of the interval [κ1, κ2] , εi ∈ [ai, ai+1] , where i =
0, 1, 2, . . . , n−1. Then the midpoint quadrature rule is denoted RM (F,G, ε)
and defined as:

1

Γ (ρ+ 1)

∫ κ1+ℑ(κ2,κ1)

κ1

F (s)G (s) (ds)ρ = M (F,G, ε) +RM (F,G, ε)
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and the trapezoidal quadrature rule is denoted by RT (F,G, ε) and de-
fined as:

1

Γ (ρ+ 1)

∫ κ1+ℑ(κ2,κ1)

κ1

F (s)G (s) (ds)ρ = T (F,G, ε) +RT (F,G, ε)

where

M (F,G, ε) :=
1

Γ (ρ+ 1)

n−1∑
i=0

F

(
κ1i + κ1i+1

2

)∫ κ1i+1

κ1i

G (s) (ds)ρ ,

T (F,G, ε) :=
1

Γ (ρ+ 1)

n−1∑
i=0

F (κ1i) + F (κ1i+1)

2

∫ κ1i+1

κ1i

G (s) (ds)ρ ,

Now, we have the following results.

Proposition 4.3. Suppose all the assumptions of Theorem 2.3 are sat-
isfied. Then the following weighted right-hand side of Hermite-Hadamard
error estimate satisfies the inequality:

|RM (F,G, ε)| ≤
n−1∑
i=0

Γ(1 + ρ)

Γ(1 + 3ρ)
(ai+1 − ai)

2ρ |G|∞

×

[
1− 2

(
1

2

)3ρ
](∣∣∣F (ρ) (ai)

∣∣∣+ ∣∣∣F (ρ) (ai+1)
∣∣∣) .

Proposition 4.4. Suppose all the assumptions of Theorem 2.6 are sat-
isfied. Then the following weighted left-hand side of Hermite-Hadamard
error estimate satisfies the inequality:
|RT (F,G, ε)|

≤
n−1∑
i=0

1

2Γ(1 + 2ρ)
(ai+1 − ai)

2ρ |G|∞
(∣∣∣F (ρ) (ai)

∣∣∣+ ∣∣∣F (ρ) (ai+1)
∣∣∣) .

4.3. Special means. We give the following special means for positive
numbers κ1, κ2 where κ1 < κ2.

(i) Arithmetic mean is denoted by A (κ1, κ2) and it is defined as:

A (κ1, κ2) :=
κ1 + κ2

2
.

(ii) Harmonic mean is denoted by H (κ1, κ2) and it is defined as:

H (κ1, κ2) :=
2

1
κ1

+ 1
κ2

.

(iii) Logarithmic mean is denoted by L (κ1, κ2) and it is defined as:

L (κ1, κ2) :=
κ2 − κ1

lnκ2 − lnκ1
, κ1 ̸= κ2.
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(iv) Logarithmic mean is denoted by Ln (κ1, κ2) and it is defined as:

Ln (κ1, κ2) :=

(
κ2 − κ1

(n+ 1) (κ2 − κ1)

) 1
n

.

Proposition 4.5. For κ1, κ2 ∈ R+ where κ1 < κ2 and m ∈ N, m > 1,
then the following inequality holds:

A (κm1 , κm2 )− 2
A
(
−κm+1

1 , κm+1
2

)
(κ2 − κ1) (m+ 2)

≤ (m+ 1) (κ2 − κ1)

2
A (−κm1 , κm2 ) .

Proof. For F (υ) = υm+1 and |F ′ (υ)| = (m+ 1) υm is a convex function
on R+ where υ ∈ R+ and m ∈ N, m ≥ 2, ℑ (κ2, κ1) = κ2 − κ1. From
(2.23), we get the required inequality. □

5. Conclusion

We have established some new left and right-hand sides of Fejér type
Hermite-Hadamard inequalities for preinvex functions on fractal sets.
Our results have also been given special consideration.
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