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Hermite-Hadamard-Fejér Inequalities for Preinvex Functions
on Fractal Sets

Sikander Mehmood!'* and Fiza Zafar?

ABSTRACT. In this paper, for generalised preinvex functions, new
estimates of the Fejér-Hermite-Hadamard inequality on fractional
sets R are given in this study. We demonstrated a fractional inte-
gral inequalities based on Fejér-Hermite-Hadamard theory. We es-
tablish two new local fractional integral identities for differentiable
functions. We construct several novel Fejér-Hermite-Hadamard-
type inequalities for generalized convex function in local fractional
calculus contexts using these integral identities. We provide a few
illustrations to highlight the uses of the obtained findings. Fur-
thermore, we have also given a few examples of new inequalities in
use.

1. INTRODUCTION

It is important to study the Hermite-Hadamard inequality for con-
vex functions in different fields of science, since it connects the theory
of convex functions with integral inequality. In the recent past, many
generalizations of the convex functions are developed and researchers
have obtained Hermite-Hadamard inequality estimates for the general-
ized convex functions. Researchers have also shown interest in general-
izing this concept to preinvex functions.
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Let F be a convex function such that F': V CR — R and k1,k3 € V
with k1 < ko, then
Ko
1 F Ia
oy () < /F(U)dv < Flm) + F (r2)

2 K9 — K1 2 ’
K1

is the well-known Hermite-Hadamard inequality for convex functions.
The generalization of inequality ([L.1]) is given by Fejér [§] as

(1.2) F <*”"1;“2> 72G(v)dv < 72G(U)F(U)dv

F(k) + F (k) [
< A [ G,

holds, where G : [k1; k2] — R is a nonnegative integrable function and

it is symmetric about v = %

The idea of invex sets was given by T. Antczak [2]. As a result, it
provided the foundation for defining the preinvex function.

Definition 1.1. A set V C R is invex with respect to the map < :
V xV — R if for every K1,k € V and s € [0,1], kg + s¢ (k1,k2) € V.
The invex set V' is also called an S-connected set.

Remark 1.2. The convex set is always an invex set, but every invex
set need not be convex.

The preinvex functions are a class of generalized convex functions.
Weir et al. in [16] gave the idea of preinvex functions:

Definition 1.3. Let V C R be an invex set and a function ¥ : V — R
is said to be preinvex w.r.t. < if

F (kg + 53 (k1, 52)) < 5¢ (k1) + (1 — 5) F (k2),
V k1,k2 € V and s € [0,1].
In [14], Sun W, defined the generalized preinvex function as:

Definition 1.4. A function F': V — R, where V is a invex subset of
R is called generalized preinvex w.r.t. & if

F (ko + s (K1, k2)) < s°F (k1) + (1 — 8)° F (k2),
V k1,k2 € V and s € [0,1].

Ordinary calculus, which defines derivatives and integrals of any real
or complex order, is extended into fractional calculus. Certain real-world
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phenomena may be more effectively modelled by these fractional oper-
ators, particularly when the dynamics are influenced the system limita-
tions. Fractional derivatives and integrals have many definitions, such as
the Riemann-Liouville, Caputo, Hadamard, Riesz, Griinwald-Letnikov,
Atangana-Baleanu, Marchaud, etc. Some of the typical characteristics
of function differentiation, such as the Leibniz rule, the chain rule, and
the semigroup property, to mention a few fail. This is the fact that the
majority of them have already been thoroughly researched.

As there are wide applications of fractional calculus and Hermite-
Hadamard inequalities in different fields of sciences, researchers are
working to extend their work on Hermite-Hadamard inequalities for frac-
tional integrals for the generalized convex functions (see [B, [7, 11-14]).
Readers can see more fascinating work on Hermite Hadamard inequali-
ties for Caputo, Riemann-Liouville and Atangana-Baleanu integral op-
erators (refer to [4, 6, 10]).

Scientists and engineers have developed a significant interest in the
fractal in recent years. A deeper comprehension of the actual models
used in research and engineering will be made possible by calculus on
fractal sets. One useful approach handling fractal and continuously non-
differentiable functions is local fractional calculus. Local fractional cal-
culus serves as the foundation for fractal analysis. It is important to note
that fractal analysis presupposes a fundamentally improved way of vi-
sualising a fractal set. Numerous fields, including the generation of pho-
tographs, small-angle scattering theory, soil mechanics, and the music
industry, utilize fractals. Mathematical inequalities are used more fre-
quently as a result of the rising interest in fractal sets among researchers
due to its relevance in cryptography and other domains. Fractal image
compression is one of the most popular uses of fractal in software engi-
neering. Researchers have used various methods to build several varieties
of fractional calculus on fractal sets.

In this paper, we recall N to be the set of natural numbers, Z to be
the set of integers, Q be the set of rational numbers and R be the set of
real numbers. A few important concepts for the local fractional calculus
were presented by Yang [17]. For 0 < p < 1, the elements of different
p-type set are defined as:

The p-type set of integers is:

7P = {0P,£1°, 427 .. 4nP .. }.

The p-type set of rational numbers is:

p
Qr = {mp: (:1> P K1,Ko € 7, /ig;éO}.
2
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The p-type set of irrational numbers is:
p
Qg = {177,’07é <I€1) P K1,R2 € Z, K9 750} .
K2

The p-type set of real number is R? = Q” U QF,

The binary operations of addition and multiplication are defined on
the p-type set R” and these are defined as: (K} + k%) = (k1 + K2)” and
ki - Kb = (K1 - k2)” where kY, k5 € RP

(A) R” is an abelian group under ‘+’: for xf, k5, k5 € R?
(i) k] + Kb € R?;
(i) (57 + w5) + ~5 = K7 + (K5 + K5);
(iii) 0 is the identity element of R?, k{ + 07 = 0° + kf = k;
iv) For all ” € R there exists (—+%)” € R such that ! +
1 1 1
(—r1)” = (—K1)” + K] = 0°;
(V) K+ K = K + KD
B) Rr\ {07} is an abelian group under ‘-’: for k%, k5, kk € R
1, Fg, K3
(i) ] - kS e R?;
i) (k] - k) - kG = kY- (K- KE)
(iii) 17 is the identity element of R?, ] - 17 = 17 - k} = kf;
)
(iv) For all k7 € R” there exists <i> = Hip € R?” such that
1

K1

Pl 1 P _1p.
K W= K] = 1°;
(v) k) -k =kb K] :

(C) Distributive axiom holds in R? : k] (k) + r4) = &) -k + k] - K5,
for K}T,Hg,ﬁ,g € RP

From the above properties, we conclude that R” is a field.

Definition 1.5. Let F : R — R”,s — F(s) be a non-differentiable
mapping, it is called local fractional at the point sg if for any ¢ > 0,
there exists 7 > 0 satisfying |F' (s) — F' (sg)| < €” whenever |s — sg| < 7.
Let F'(s) be the local continuous function on (k1,k2) denoted by F €
Cp (I{l, Hg) .

Definition 1.6. The local fractional derivative of F'(s) of order p at
s = 8¢ is defined as:

F (s0) = 5, DLF(s)

_ dPF(s)

T dsP s=so

~ lim AP (F(s) — F(so))
580 (s —s0)” ’

where

A" (F(s) = F(s0)) =T(p+1) (F(s) — F(s0)) -



HERMITE-HADAMARD-FEJER INEQUALITIES FOR PREINVEX ... 121

(m~+1)—times

——
If F(m+10) () =" DPDP ... DPF(s) for any s € V C R, then it is denoted
by F € Dy 11),(V), where m = NU {0} and F) (s) = D{F(s).

Definition 1.7. Let F' € L,[ri,k2], and let A be the partition of

[k1, k2], where A = {ag,a1,...,ap}, where M € N and it satisfies
K1 =ag < ar < -+ < apy = Kg, then ,ﬂJ,g’;)F(s), the local fractional
integral of F' of order p on the interval [k1, k2] is given as:
1 2
o JPF (s _/ F(v) (dv)?
1“RKR2 () I‘\(p+1) w1 ()( )
1 M-1
T(o+ 1) art 2 Flvtan)’
where Av:= max Awv; and Av; ;= v —v;, 1 =0,1,2,..., M — 1.

0<i<M—1
Some more properties of local fractional calculus are given as:
Remark 1.8. It follows that EIJ,EZ)F(S) =0if K =Ko
and ,, J,g’;)F(s) =— HQJ,QI;)F(S).
(a) If F(s) = G)(s) € L, [k1, k2], then we have
s I F(5) = G(h2) — G(r1).

(b) Let F(s), G(s) € D, [k1, k2] and F)(s), GP)(s) € C, [r1, ka],
then, we have

ki W F(8)GW) (s) = F(s)G(s)[2 =, JEFP ()G (s).

d? mp __ D(14+mp) m—
(©) ™ = rre gy m e R
1 K2 _m __ I(14mp) (1+m) (14m)
(@) o S @™ (de) = ey (R = R me
R.

In [13], Sun W. developed the local fractional integral inequalities.

Theorem 1.9. Let V C R be an inver subset w.r.t & where & be a
function such that S : V x V — R. Suppose that F : V — R” (p € (0,1])
such that F € D, (V) and F¥) € C,[r1,k1 + S (ra,61)], for every
Ki,k2 €V and k1 < k1 + S (Ko, k1) . If ‘F(p)|q be a generalized preinvex
function on V, then the following inequality holds:

A=DF (”1 + ;%(Hz,/ﬂ)) o Flm) + F (51 + S (k2. 51))

20
I'(1+p) o
P (KZQ, Hl) F19 K51+ (k2 K1)

F ()
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D=

3” (Ko, K1) (14 pp) P P
= 2i : [QF’T(l—I—(l—I—p)p) (A(Hp) +a-n" )p)}

1
I'l+p) \« 1
P 44 30| P q
< (e ) 17 (el + 3 P2 (o)
1
1Y )]+ ()|
where%—i—%:l and p,q > 1

Fejér type Hermite-Hadamard inequalities for a generalized h-convex
functions is proposed by Luo C. [11] as:

Theorem 1.10. Let F : [k1;k2] — RP be generalized h-conver and
let G : [k1;k2] — RP, G > 0P be symmetric w.r.t. % If F(x),
G(x) € Jx(p) [k1; k2], then, we have

I F (5) G (s)

sy S F) + Flm)] o1l h(s)G sa + (1= s)a).

In this paper, we have developed some new Hermite-Hadamard-Fejér
identities for preinvex functions for fractal sets. Then, we give error
bounds for both the left and right-hand sides of Hermite-Hadamard-
Fejér inequalities. We also give some applications of the new inequalities.

2. MAIN RESULTS

In the main section, we let

Gloe = sup G (s)],

e
s€lr1, k1 +S(k2,k1)]

such that G : [k1;k1 + S (k2,k1)] = R is a continuous function and
F()is the derivative of F with respect to variable s. The collection
of all real valued and Riemann integrable functions on the interval
[k1, k1 + S (ke, k1)] is denoted by L [k1, k1 + S (ke, k1)] .

Lemma 2.1. For an open invexr subset V of R, there is a function &
such that S :V x V. — RP. Let F be a differentiable function such that
F:V — RP where F(P) ¢ L k1, k1 + S (K2, k1)] and S (ke, k1) > 0. Let
G be an integrable function such that G : [k1,k1 + S (ke, k1)] — [0,00),
then ¥V K1, ke € V, we have the following result:

(2.1)
F </<;1 +

(S (k2,K1))*
- T(1+p)

[

%(@,m)) 70 Gw) — I ) (FG) (v)

R1Y (k14+S(k2,k1)) R1Y (k14+S(k2,k1

\]

1
/0 h(s)FO (k1 + S (w2, K1) (ds)"
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h(s) = F(1+ ) Iy G(k1 + wS (K2, k1)) (dw)” sel
B f G(k1 + wS (K2, k1)) (dw)”, s €|

F(1+p

Proof. Consider

1 (») )
(I + )/0 h(s)F (k1 + 53 (2, 51)) (ds)

1 3
:F(1+p)/0 <P1—i—p /G/ﬂ—i-w\f(/iQ,Hl))(dw))
X F(p)(m + 53 (K2, k1)) (ds)”

_I‘(ll—i—p)/; <I‘1—|—p/ Gm%—w\s(/iz,/ﬂ))(dw))

x FP) (11 + 53 (ka, k1)) (ds)”
=Ji+ Jo.

From the first integral Ji, we obtain

(2.2) J; = F(ll—l—p) /0é <F(11+p) /OS G (k1 + wS (ke, k1)) (dw)p>

x F) (1) + 53 (k, k1)) (ds)”
1 1
(S (k2,61))" T(1 4 p)

S

X G(rk1 + wS (Ko, k1)) (dw)’ F(k1 + sS (ka, K1)

1
2

0

1 1
(S (k2,61))" T(1 4 p)

X F(k1 + sS (ke, £1))G (k1 + s (ka, k1)) (ds)” .

o
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By substituting v = k1 + sC (k2, k1) in (22)

_ F (k43S (kg,m)) 1 R1+- 1Sz,
(23)  JSi= S (@7”1))% F(p+1)/ G(v) (dv)”

1 1 "1‘*‘%%(%2751)
(S (k2 k) *T(p+1) /Fb1 F(v)G(v) (dv)?

_ F (m + %% (K2, ﬁl)) e G)
o N

(S (Ko, m))Q S m)

_ LI (FG) (v).

(S (ka, k1)) " w1t g S(eam)

From the second integral Jo, we obtain

(2.4)

2

x FP) (k1 + sS (K;Q, /4;1)) (ds)
1 1
(S (k2,£1))” T(1 + p)

1

S

X G(k1 + wS (Ko, k1)) (dw)? F(k1 + sS (ko, K1)

—_
NI

<[ F(k1 + sS (ke, k1))G(k1 + sS (ka, k1)) (ds)”
_ _F (Iil + %%(Iig, Hl))
-l 1+p / Glr1 + 53 (R, 1)) (ds)”
1 1

© (S(k2,/1)"T(1+p)
1
xﬁ Flir + 5 (o, 51))Glkn + 53 (52, 51)) (ds)” .

2

By substituting v = k1 + s¢ (ke, k1) in (E3)
F (k1 43S (r2ym1)) 1 /még(ﬁm)
(% (52751))%) F(l +P) K1+ (k2,k1)

1 1 /fil-i—%('izﬁl) ()G (W)
— F(v)G(v)ds
(S (/12751))% (14 p) K145 S(k2,k1)

(2.5)  Jy=-— G(v)dv
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_ F (Iﬁl =+ %%(K,Q,f{,l))

J(P)

2 + s
(% (527 H,l)) P fil—‘,—%%(ﬁg,lﬂ) RS (ea,m)
1

R Tty (FG) (0).
(% (527 /11))20 n1+%g(l€2,ﬁl) ' o

By adding (Z23)and (23) , we get the required result (E7T). O

G(v)

Lemma 2.2. For an open inver subset V of R, there is a function &
such that S :V x V. — RP. Let F be a differentiable function such that
F:V = R where F) € L[k, k1 + S (k2, k1)) and S (kg, k1) > 0. Let
G be an integrable function such that G : [k1, k1 + S (K2, k1)] — [0, 00),
then ¥ K1, ke € V, we have the following result:

F(Hl) + F (I‘il + < (K,Q, fil))
(26) [ 2 ] K1 J((,'waﬁm))

(p)
m1J (11 Sz 1))

_ (S (K2, K1))” ! N
= rte [ ROFO 51453 (v ) s

0

G(v)

(FG) (v)

where

k(s) = w/ Glr1 + S (9, K1) (dw)?

/ G(k1 + wS (Ko, k1)) (dw)”, s €[0,1].

I‘ 1+p)

Proof. Let us consider
(2.7)
1

1
T L P e 5 () (07

—mlﬂ))/ol {er | G-+ 0 ()

T 1p) / 1 G(k1 + wS (K2, K1) (dw)ﬂ} F) (k1 + 59 (K2, k1)) (ds)”

=J+ Jo.

From the first integral Ji, we obtain

(2.8) J1= F(pl—i—l) /l <(11—i—p) /s G(k1 + wS (K2, k1)) (dw)”)

x FP) (k) + 53 (ka, k1)) (ds)”
1 1
(S (K2,£1))° T(1+ p)
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1

X / G(rk1 + wS (ka, k1)) (dw)? F (k1 + sS (ke, K1)
0 0

B 1 1
(S (k2,61))" L(1 4 p)

1
X /0 G(k1 + S (ke, £1))F (k1 + S (K2, k1)) (ds)”

_ F(k1 + S (K2, k1)
S I o / Gt + 53 (12, 1)) (d5)”
1 1

(S (k2 k)’ T(1+ p)
1
X / F(k1 + s (ke, £1))G (k1 + sS (k2, k1)) (ds)”.
0

By substituting v = k1 + sC (ke, k1) in (E8)

(2.9)
= F + S (Ko, K
J1 = ( (H ,Hl))2 F(| ) (fil ( 2, 1)

&

X !
F(Hl +\S(/€2,I€1) (p)

B (S (K2, k1)) e ("‘1+3('€2»Hl))G(U)

1 )
S ) im0y FO ()

K1+S(K2,K1)

k1+S(k2,61)
/ G(v) (dv)” - / F(v)G(v) <dv>P]

1

From the second integral Jo, we obtain

1 _ 1
(2.10) Jo = F(ll—l—p)/o <F(1—i1—p)/ G(k1 + wS (K2, k1)) (dw)p>

x FP) (k) + 53 (ka, k1)) (ds)”
o 1
(S (k2,52))" (1 +p)

1
—1)/ G(rk1 + wS (ka, k1)) (dw)? F(k1 + sS (ke, k1)

_ 1 1
(S (K2, 61))" T(1+p)

X F(r1 + sS (ko,51))G (k1 + s (K2, k1)) (ds)?

1

0

—_

[e=]
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- & éi?;i))p F(11+ ) /01 G(k1 + 53 (k, k1)) (ds)”
S (/1217 K1))° F(ll‘f‘ p)
X 01 F(k1 + sS (ke, £1))G (k1 + sS (K2, k1)) (ds)”.
By substituting v = k1 + sC (K2, k1) in (210),
(2.11)
Ty = 1 1

(S (K2, 51))* T(1+p)

K1+ (k2,Kk1) K1+ (k2,Kk1)
F (1) / G(v) (dv)” - / F(v)G(v) (dv)?

X
1 .t
F (k1) (»)
N W " (“1+%(H2,H1))G(U)
1 (#)
B W k19 (g S (2 ,m1)) (FG) (v).

By adding (E9) and (1), we get the required result (28). O

Theorem 2.3. For an open invex subset V' of R, there is a function &
such that 3 : VXV — RP. Let F be a differentiable function such that F :
V — R? where F¥) € Lki, k1 + S (Ko, k1)] and S (ko, k1) > 0. Let G :
[k1, k1 4+ S (K2, k1)] = [0,00) be a function symmetric to k143 (K2, k1)
and it is also an integrable function. If |F(”)’ is a preinver function on
V' then for every ki, ko € V, we have the following result:

1
(2.12) F (nl + ic\‘s (K2, /{1)> K1 J((Q—i—%(m,m))G(v)
I sy (FG) ()]
I'(1+p) 2 1\ %
< P (x P _ _

X <‘F(p) (m)‘ + ’F("’) (k1 + S (/€2,/€1))’) .

Proof. Applying modulus on both sides of (271,

(2.13)

F (k14 39 (k2,51)) () (v)
(S ("4327%1))2’) R1Yk1+S(k2,k1)
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! (p)
_W k1 JRI+%(H2,K)1) (FG) (K}l)

1 1/2 1 s N
frp ), (g, G ey @)
x F) (1) + 53 (ka, m)) (ds)?
1 1
+F(1+ﬂ)/ < 1+p G(k1 + wS /ig,lil))(d’w)p>

XF()(m—}—s\s (K2,k1)) p‘

From preinvexity of ’F (p)‘ on V and Lemma @, we have

(2.14)
F (k1 + 33 (K2, K1) ") o
(S (Ko, /11))29 (k14 (k2,51))
L (#)
_W aI(”lJr%(nz,m)) (F'G) (k1)

s r(11+p) /1/2 (F(11+p / Gl + 0 (2, 1)) Mw)ﬂ)
{(1 —3) ‘F (m)‘ + s ‘F(p K1+ \s(mg,m))ﬂ (ds)”

1—|—p » Fl—l—p / |G/€1+w\s(/£2,/<al))](dw)>

[(1_3 ‘Fp (/@1)‘—1—3”’F(” m+o(@,m))ﬂ (ds)”
=J1+ J2

By changing the integration order in the first term of (214), we have

1
I'(1+p)

Ji =

1 1/2
- Cx
P(p—i—l)/o |G (k1 + wS (ke, k1))

x /1/2 [(1 5y ‘F(”) (@‘ + s ’F(”) (k1 + S (Ko, ’“))H (ds)” (dw)”

_ F(T‘F p) 1 2 X
T T +20) T+ p) /0 G+ wS (2, 1))

7O (1) ((1 —w) (;)) ()’
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« |FP) (k1 + S (Ko, 51))‘ ((;) 2p _ w20>] (dw)? .

By substituting v = k1 + w( (K2, k1) for w € [0,1] and using |G|, =
SUDse[r1, k14+S(k2,k1)] |G(U)|

L(1+p) |F® (k1) 1
15 S 9 (8 (e r)? o T4

)
k145 S(k2,K1) v — Ky 2p 1\ 2,
1— ——— _ | = p
g /m << %(@,/ﬂ)) <2> )

F(l—l—p) ’F(P) (Kll—l—%(lﬁg,lﬁl))‘ ’ | 1
L'(1+2p) (S (k2,K1))” ©T(p+1)

k1+1S(ka,k1) 2p . 2p
L )
K1 2 ) (/432,/431)

Similarly, by changing integration order in the second term and assuming
that G is symmetric w.r.t. k1 + %% (K2, K1), we have

Jy = F(11+p)/1/12 Gk + (1= w) S (g, 50))| mlﬂ)
« /12 (1= 8 [P ()| 2 [P (2)] () ()

_I'@+p) 1 ! N
= T2 T 1) /1/2’G(f€1+(1—w)\s(/<&27/£1))]

]Fw) (m)] <<;>2p — (- w)zp>
‘F (k1 + S (ke, K1) ‘ (w )] (dw)? .

By substituting v = k1 + (1 — w)S (ke, k1) and using the assumption
that |G‘ - Supse[nl,nl—&-\y .‘62,51 ] | (.’B)’

r(1+ F@) (5 1
(2.16) Jo < (i+p) | )’,,I loo T T

L'(1+2p) (S (K2, K1) I'(1+p)

:‘61+2\S(N2,f€1) 1 2p v — Ky 2p
_ _ R P
) /Hl <<2> <%(K/27/€1)> <dv)

F(l—|—p) ’F(P) (51+%(I€2,H1))‘ ’G| 1
I'(1+2p) (S (K2, K1))” *I(1+p)
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K1+%§(K/2,H1) v — Ky 2p 1 2p
2 S R .
g /m << %(@afﬂ)) <2> )

Using (E1H) and (EI8) in (E714), we get our required result. O

Corollary 2.4. If we take S (ko, k1) = K2 — K1, then from (E132), we
have

(2.17) 'F <’“+’”> JOGW) — IO (FG) (v)

2 K1Y Ko K1Y Ko

<o fitz i 12 (3)']
X (‘F(p) (/4,1)‘ + ’F(p) (/{2)‘) .

Corollary 2.5. For p =1 and |G| =1 and S(ka, k1) = ko — K1, we
obtain Theorem 2.2. of citeKirmaci:

1 1 K1+ (k2,k1)
F (m + 2%(/@'2,51)> - / F(v)

%(H%"ﬂ) 1

(2.18)

1

< 3 (% (ch,lﬂ)) HF/ (Iil)‘ + ‘F/ (Iil + %(Kg,lﬂ))u .

Theorem 2.6. For an open invex subset V' of R, there is a function
such that 3 : VxV — RP. Let F be a differentiable function such that F :
V — R? where F¥) € L ki, k1 + S (ko, k1)] and S (ko, k1) > 0. Let G :
[k1, k1 + S (ke, k1)] — [0,00) be a function symmetric to /@'14—%% (K2, K1)
and it is also an integrable function. If |F(p)‘ s a preinver function on
V' then for every ki, ke € V, we have the following result:
(2.19)

’ |:F(H1> + F (/<c1 + 3 (/12, /431)):|

. J(P) )G(’U)

(I{1 +S(I{2,K1

— I ) (FG) (0)]

(H1+§(I€2,I€1

< 211!?‘;302@ (S (K2, k1)) (‘F(p) (,ﬂ)‘ + ‘F(p) (k1 + S (@7,{1))‘)

x [(k1 4 S (K2, 61))” — (k1)"].
Proof. Applying modulus on both sides of (E8),
(2.20)

’ [F(m) + F (k1 + %(Kav’il))] o J)

9 (R1+C\\9(H2,H1)G(U)

(»)
— I Sy (FG) ()]
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_ (%(H%"fl))% 1 ' ’ S (Ko, K w
= o) Ty [/0 (/0 G(k1 + wS (K2, k1)) (dw)”

1
- / G(ﬁ1+w%(n2,n1))(dw)p> F(p)(ﬂ1+s%(ﬁ2,m))(d5)p] .

From preinvexity of ‘F (p)‘ on V and Lemma @, we have

(2.21)
F(r1) + F (k1 + S (K2, 51)) )
B (k1 +S(k2,k1)

(p)
— I S (FG) ()]

(
(S (12, K1))°

ity [

/‘Gm+wdm%m»wmw

G(v)

i / TGy + w0 (. 1)) (dw)?

I‘ 1+ p)
x (1— s)° ’F(”) (m)‘ +sP ’F(p) (k1 + S (K2, m))‘ (ds)”].
After simplification, (2221) becomes,

F(k1)+ F (k1 + S (ke2, k1)) ()
H: B 1 (nl+%(n2,n1)G(U)

F@(ﬂ

k1 (m-i—d(ffz K1) (

(S (K2, 51))™" ” /S ~ p
< Mt p) I‘1+p ; |G (k1 + wS (K2, k1)) (dw)

((1—5) F(p) (k)| + 7 |F® (k1 + S (k2, k1)) ) (ds)”

(S (K2, K1) 1 1 1 N
2r(1+p) Jo (F(l—}-p)/s ‘G(ﬁﬁw»‘(ﬁmﬁ)!(dw)p)

X ((1 — )P [F) (k1)| + 5° |FP) (k1 + S (Ko, K1) ) (ds)”.

By the change of the order of the integration, we have

F(r1) + F (k1 + S (K2, K1) (p)
‘ [ 9 k1 J(n1+§(H2,H1)G(U>

(p)
= ) ) (FG) )]

(S (K2, K1) N
< 2F(21+1p)/0 Gl + 03 (k2.0 7
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[y

x/ 1—3 ‘F(p 1431)‘+5p
w

(S (KQ, Kl

1
2F(1+p / |G /£1+w\9(f£2,f£1))|7r(1+p)

X /Ow ((1 _5)P )F ») (m)‘ + 5P ‘F@) (k1 + S (@,m))‘) (ds)? (dw)” .

F® (k1 + S (o, m))‘) (ds)? (dw)”

(S (K2, 51))*

1 o 1
_ 211(1+p)/0 |G(k1 4+ wS (K2, k1))]

I'(1+p)
1
x/o (1= 97 [FO ()| + 52 [FO) (51 + 5 (2, m0))|) (d5)? (dw)”

After some straightforward calculation, we obtain

’ [F(m) + F(n;—lr S (k2, m))]

(p)
w1 ey 43 ) G (V)
)
— I ) (FG) )]
PA+p) o 2% (| (o) (o) S
< ST 1 2p) (S (K2, k1)) (‘F (m)) + ‘F (K1 +\S(/€2,/11))‘>

1
X W/O |G (k1 + wS (K2, k1)) (dw)? .

By substituting v = k1 + w( (k2, k1) and using the assumption that
’G|oo = SUPse[ky,k2] ‘G(‘r)’

' [F(m) + F (k1 + S (w2, m))]

(p)
5 W

(k1+S(k2,k1)

G(v)

(p)
— I ) (FG) ()]

< it (3 ()Gl
. ()F(m (m)‘ " ‘F(p) (k1 +$(/<;2,/<;1))D F(11+/>)/:MWI) (dv)?

- R (1 ] [ e+t ]

x [(k1 + S (K2, 1)) = (k1)°]
which is as required. U

Corollary 2.7. If we take S (ko, k1) = k2 — K1, then from (219), we
have

(2.92) ’ [F(m) +F (ng)]

: W BGW) = I (FG) (v)
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1 2
< _eV*IG (’F@) ‘ ‘Fco) D

Corollary 2.8. For p =1 and |G|, = 1, we get the similar inequality
[See [3, Theorem 2.2]]

F F x 1 k1+S(k2,K1)
(223) (/{1) + (Kl + 5 (HQ’ K‘l)):| - = / F(U)
2 S (K2, k1) Jiy
1
< 7 (S (2, m0)) ([F (1) + [F (81 + S (2, 51))]) -
3. EXAMPLES
Example 3.1. Let F'(v) = —|v] is a preinvex function with respect to
S, where
S(rimg) = TR k1, k2 < 0or ki, k2 > 0,
LR2) = Ko — K1, otherwise,

If we take G (v) = 1, k1 = 1, k2 = 3 then I (k2,k1) = —2, then the
left-handed side of (2712) is:

1
F (m + 2%(@,&1)) T e G0 = 1T sy (FG) ()
=1
The right-handed side of (212) is:

F(l + P) o~ 2p 1 K
x (|FO 5] + [F) (51 + S o, w0)) )
=2
Thus, the assumption for (Z3) is satisfied.

Example 3.2. Let F' (v) = — |v|, If we take G (v) =1, k1 = —3, k2 = 1,
and & (ke, k1) =4, then the left-hand side of (Z19) is:

F(k1) + F (k1 + S (K2, k1)) (p)
‘ [ 2 w1 (1 4930 e0) G (V)

J(P)

R1Y (k1 +S(k2,k1)
= 3.
The right-hand side of(E719) is:
v
2I'(1 + 2p)

(FG) (v)

(S (K2, £1))° |Gl



134 S. MEHMOOD AND F. ZAFAR

x (|F9 ()| + |FO (1 + S (2 m0) )
= —-2.
Thus, the assumption for (E8) is satisfied.

4. APPLICATIONS

4.1. Random Variables. There is generalized probability distribution
function G : [k1, k1 + S (ke, k1)] = RP for a random variable X where
s € [k1, k1 + S (K2, £1)] and it has lower and upper bounds, then

1 K1+S(k2,K1)

EP (v) = F(P+1)/ v’G (v) (dv)”,
1 K1+ (k2,K1)

E? (v) = T+ /M1 VPTG (v) (dv)”,

where E” (v) is the generalized expectation and EY (v) is the 7 moment.

Proposition 4.1. If we take F (v) = v™ for 7 > 2, the function

|F* (v)| = mf;fﬁ))) ("=1¢ and we have from (2I2),

1 P
(38 m2m)) T OO~ B2

I'l+p) TA+7p)
“T1+3p) (14 (1r—1)p)

1\*
X |1—-2 <>
2
Proposition 4.2. If we take F (v) = v™ for T > 2, the function

|FP (v)| = F(Hl%‘rq)))v“*l)p and we have from (219),

(S (k2. £1))7 |Gy

[/61 + (k1 + S (K2, fil))(T_l)p} .

{’ﬁ +(H1+\s(/<a2,/<a1))w} T Gv)— Ef(v)

2 (k14 (k2,61)

1 o I'(1+7p)
9T /1 L 9. (‘S (EQ?Kl))p F(l + (7_ — 1)p) | ‘oo

X |:H§T_1)p+(/€1 + 3 (K2, k1)) } K1+ S (K2, k1)) — (k1)"].

4.2. Numerical Integration. If X,, : a = k1 < a1 < ... < a, =
ko be a partition of the interval [/@1,@], g; € lai,aiy1], where i =
0,1,2,...,n—1. Then the midpoint quadrature rule is denoted Ry (F, G, ¢)
and defined as:

1 K1+ (k2,K1)
[ p —
T(p+1) /,{ F (s)G (s) (ds)’ = M (F,G,¢) + Ry (F,G,¢)
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and the trapezoidal quadrature rule is denoted by Ry (F,G,¢) and de-
fined as:

1 H1"'%(!432,,‘{1)
s p_
orn ) F(5)G (5) (ds) = T (F.G.e) + Rr (F,Gye)

where
n—1 .
1 K1i + H1i+1> /”h“
M (F,G,e) = ——— F< G (s) (ds)”,
n—1 .
1 F (k1) + F (K1i41) /m’+1
T(F,G,e):= G (s) (ds)”,
(F6:2) = 1y 2 : e

Now, we have the following results.

Proposition 4.3. Suppose all the assumptions of Theorem @ are sat-
isfied. Then the following weighted right-hand side of Hermite-Hadamard
error estimate satisfies the inequality:

I'(l1+p)
IRy (F,G,e)| < ;P(Hi’w)

1\
X [1 -2 ()
2
Proposition 4.4. Suppose all the assumptions of Theorem @ are sat-

isfied. Then the following weighted left-hand side of Hermite-Hadamard
error estimate satisfies the inequality:

n—1
(aiv1 — ai)* |Gl

()F(p) (ai)‘ + ’F(p) (az’+1)D )

By (F.G.e)
S R ® ()| + |F® (a,
<X gy (@t = 07 16ke ([P (@0 + [ w)]).

4.3. Special means. We give the following special means for positive
numbers k1, ko where k1 < K.

(i) Arithmetic mean is denoted by A (k1, k2) and it is defined as:

A (K1, K2) == at _; "2
(ii) Harmonic mean is denoted by H (K1, k2) and it is defined as:
2
H(/‘il,/‘f/Q) = T 1
r ke

(iii) Logarithmic mean is denoted by L (K1, k2) and it is defined as:

R2 — K1
L(Hl,KQ) = m, K1 7& KR2.
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(iv) Logarithmic mean is denoted by L,, (k1, k2) and it is defined as:
1
K2 — R1 "
L = .
e = (G )

Proposition 4.5. For k1, ko € Ry where k1 < kg and m € N, m > 1,
then the following inequality holds:

A (—/171”“, ﬂ@”“) < (m+1) (k2 — K1)

AW /) = 2 S 1 9) 5
)

A (_"/‘jylnv ’k‘:én) .

Proof. For F(v) = v™ and |F’ (v)| = (m + 1) v™ is a convex function
on R, where v € Ry and m € N, m > 2, S (Ko, k1) = k2 — k1. From
(), we get the required inequality. O

5. CONCLUSION

We have established some new left and right-hand sides of Fejér type
Hermite-Hadamard inequalities for preinvex functions on fractal sets.
Our results have also been given special consideration.
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