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fs-Open Sets in Fine Topological Spaces

P. L. Powar!, Baravan A. Asaad®®*, J. K. Maitra? and Ramratan Kushwaha®

ABSTRACT. In this paper, the concept of d-cluster point on a set
which belongs to the collection of fine open sets generated by the
topology 7 on X has been introduced. Using this definition, the
idea of fs-open sets is initiated and certain properties of these sets
have also been studied. On the basis of separation axioms defined
over fine topological space, certain types of fs-separation axioms
on fine space have also been defined, along with some illustrative
examples.

1. INTRODUCTION

The concept of d-open sets in topological space has been introduced
by Velicko [17] in 1968. He has also studied some of the significant
characterizations of these open sets. The collection of d-open sets is a
restricted class of open sets used in defining the generalized concept of
continuity by considering it in the range of continuous functions. Powar
and Rajak initiated the notion of fine topological space [15], which is a
special case of generalized or supra topological space [b]. The collection
of fine open sets is a wider class of subsets of X containing semi-open
sets, pre-open sets, a-open sets, S-open sets etc. Ameen, Asaad and
Muhammed [4] considered properties of d-preopen, d-semiopen, a-open
and e*-open sets in topological spaces. Al-Omari and Noiri ([2], [B])
investigated some operators in minimal spaces.

In the present paper, the authors have extended the idea of J-open
sets fine topological space and defined a new class of sets called fs-open
sets. In order to study the concepts of certain separation axioms in the
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context of fs-open sets, we have also defined separation axioms in fine
topological space. Some notable characterizations of these separation
axioms have been presented in the form of some exciting theorems.

2. PRELIMINARIES

In this section, some basic definitions and results have been recalled.
Throughout this paper, the space (X, 7) (or simply X) represents topo-
logical space and int(U) and cl(U) denote the interior of a set U and
closure of a set U, respectively (see [L1]) for a subset U of a topological
space (X, 7).

Definition 2.1 ([17]). A point = of topological space X is said to be
the d-cluster point of a subset V' of X if int(cl(U)) NV # ¢ for each
open set U of X containing x.

Definition 2.2 ([17]). The collection of all §-cluster points of set V'
is called the d-closure of V| which is denoted by cls(V). A subset V
of a topological space (X, 7) is said to be d-closed if V' = cls(V). The
family of all d-closed subsets of a space (X, 7) is denoted by Fs. The
complement of a §-closed set is said to be d-open. The family of all
d-open subsets of a space (X, 7) is denoted by 75. The J-interior of a
subset V' of a topological space (X, 7) is the largest d-open set contained
in V and it is denoted by ints(V).

Definition 2.3 ([6]). A subset V of a topological space (X, 7) is said
to be an a-open set if V' C int(cl(ints(V'))). The complement of a-open
sets is called a-closed.

Remark 2.4 ([17]). Let (X, 7) be the topological space, then the fol-
lowing hold.

(i) Every d-open set is an open set but not conversely.
(ii) Every d-open set is an a-open set but not conversely.

Definition 2.5 ([15]). Let (X, 7) be the topological space, define 7(V,,) =
Ta(say)= {Ga(# X) : G NVy # ¢, for V,, € 7 and V,, # ¢, X for some
a € J, where J is the index set}. Next, consider 7 = {¢, X} Uy {70 }.
The collection 7 of subsets of X is called the fine collection of subsets
of X and (X, 7,7y) is said to be the fine topological space X or simply
a fine space generated by the topology 7 on X. The members of 7/ are
called fine open sets of (X, 7,7¢). The fine interior of a subset V of a
fine topological space (X, 7,7y) is the largest fine open set contained in
V denoted by fint (V).

Definition 2.6 ([L3]). The complement of a fine open set is called fine
closed set in fine topological space (X, 7, 7¢). The family of all fine closed
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subsets of a fine space (X, 7, 7¢) is denoted by Fy. The fine closure of V
is the smallest fine closed set containing the set V' and it is denoted by

fcl(V)'

Remark 2.7 ([15]). The family of closed sets in (X, 7) is coarser than
that of fine closed sets in (X,7,7¢). It may also be noted that the
collection 7; is a special case of generalized topology on X.

Definition 2.8 ([7]). A subset V of (X, 7) is said to be J-g-closed if
cls(V) CU whenever V C U and U is d-open in (X, 7).

Definition 2.9 ([[7]). A topological space (X, 7) is said to be

(i) 0-Tp if for each z,y € X such that = # y, there exists a J-open
set U of X which either contains x or y, but not both.

(ii) -T1 if for each pair of distinct points x,y € X, there exist 6-
open sets U and V of X such that r e U andz ¢V ory eV
and y ¢ U.

(iii) 6-T if for each x,y € X such that  # y there exist J-open sets
Uand V of X suchthat UNV = ¢, forx e U andy € V.

(iv) (5—T% if every d-g-closed set in X is d-closed.

(v) d-regular space if for each d-closed set F' and every point p ¢ F
there exist d-open sets G and H such that FF C G, p € H and
GNH=¢

3. fs-OPEN SETS

Before studying fs-open sets, it is interesting to note that the collec-
tion of d-closed sets defined in [17] satisfies all the properties which were
fulfilled by the classical closed sets in a topological space ([[11], Theorem
17.1]).

Theorem 3.1. Let (X, 7) be a topological space. Then the following
hold:

(i) ¢ and X are d-closed.
(ii) Arbitrary intersection of d-closed sets is d-closed.
(iii) Finite union of d-closed sets is d-closed.

Proof. (i) Since, cls(X) = X and cls(¢) = ¢. So, ¢ and X are
d0-closed.
(ii) Let {Aa}aes be an arbitrary collection of J-closed sets then

cls(Ao) = Aq. We now show that (] A, is d-closed. So, it is
aeJ

sufficient to prove that cls ( N Aa> = [ Aq. Since, ) An C
aeJ acJ acJ

A, for each a € J = cls < N Aa> C cls(Ay) for all a € J
acJ
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(see [17]). Hence, cls < N Aa) C N (cs(An)) = ) Aa. Let

acJ acJ acJ
z € () (cs(Ap)) = x € cls(As) = Aq for each « € J. Hence,
acJ
x € [ Aq and, x € cls ( N Aa>. Therefore, () (cls(4a)) C
acd acJ acJ

cls ( N (Aa)>. Thus, cls ( N Aa> = Aa.
acJ acJ acJ
(iii) To prove that, the finite union of d-closed sets is d-closed, it is

sufficient to show that AU B is d-closed whenever A and B are
d-closed. Let x ¢ AU B, which implies z ¢ A and = ¢ B. Let
x ¢ Ai.e. zisnot a d-cluster point of A. Then, int(cl(U))NA =
¢ for some open set U containing x. Similarly, let x ¢ B, i.e.
x is not a d-cluster point of B. Then, int(cl(V)) N B = ¢ for
some open set V containing xz. Since x € U, x € V, then
xeUNV =W (say) and W is an open set.
Consider,

(3.1)  int(cl(W))N (AU B) = (int(cl(W)) N A) U (int(cl(W)) N B).
Since, W C U and W C V so,
int(cl(W)) C int(cl(U)), int(cl(W)) Cint(cl(V)).

Therefore, int(cl(W))NA Cint(cl(U))NA=¢ = int(cl(W))N
A = ¢. Similarly, int(cl(W)) N B = ¢.

Therefore by (@), int(cl(W))N(AUB) = ¢U¢ = ¢ for some
open set W containing x. So, it is clear that = is not J-cluster
point of AU B. Thus, any point out side of A U B is not a
d-cluster point of AU B, means A U B contains all its §-cluster
points. Hence, by Definition @, cls(AU B) = AU B. Thus,
AU B is -closed. O

The following example assures that infinite union of §-closed sets need
not be §-closed set.

Example 3.2. Let [a, b] be a closed subset of R in its standard topology.
Let € R such that = ¢ [a, b].

Case 1: If z > b, then there exists an open set (b, x + €) containing
x such that int(cl((b,z + €))) = (b,x + ¢€) and (b,z + €) N [a,b] = ¢.
Therefore, z is not d-cluster point of [a, ).

Case 2: If x < a, then there exists an open set (x — €,a) containing
x such that int(cl((x — €,a))) = (z — €,a) and (z — €,a) N [a,b] = ¢.
Therefore, z is not d-cluster point of [a, b].

Case 3: If z € [a,b], then for each open set U containing x there
exists an open set (v —e,x +¢€) CU ie. (z —¢€,x+¢€) Cint(cl(U)) and
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int(cl(z—e,x+€))N[a,b] = (xr—€,x+€)N[a, b] # ¢ = int(cl(U))N|a, b] #
¢. Therefore, x is d-cluster point of [a, b].
Hence, any point which is lying out side of [a,b] is not a J-cluster
oint of [a, b] i.e. [a,b] contains all its §-cluster points. So, by Definition
@, clsla,b] = [a,b]. Thus, [a,b] is d-closed.
Now, since [a, b] is 0-closed set, [%, 1] will be d-closed set for allm € N.

But, | [%,1} = (0, 1], which is not J-closed set as it can be easily
n=1
checked that cls(0,1] = [0, 1].

Remark 3.3. In view of the result in [11, Theorem 17.1] and Theorem
of this paper, it has been concluded that the collection of J-open sets
forms a topology on X.

We shall now define fs-cluster points, and generate a new class of sets
called fs-open sets. The relationships and characterizations of fs-open
sets are also discussed in this section.

Definition 3.4. Let (X, 7,7¢) be a fine space and V' be the subset of X,
then a point z of X is called the fs-cluster point of V' if fin(fe(U))NV #
¢, for every fine-open set U of a fine space X containing . The collection
of all fs-cluster points of set V' is called the fs-closure of V' and is denoted
by fa,(V). A subset V of a fine space X considered fs-closed set if
V = fa;(V). The family of all fs-closed subsets of a fine space (X, 7, 7¢)
is denoted by F;. The complement of the fs-closed set is called fs-open
set. The family of all fs-open subsets of a fine space (X, 7, 7y) is denoted
by 7¢;.

Definition 3.5. Let (X, 7,7f) be a fine space and V' C X. A point
p € V is said to be the fs-interior point of V' if there exists a fs-open set
U such that p € U C V. The collection of all fs-interior points of V is
called the fs-interior of V', which is denoted by fint;(V). The fs-interior
of V is the union of all fs-open sets of X contained in V, i.e. the most
extensive fs-open set contained in V.

Theorem 3.6. Let (X, 7,7f) be a fine topological space and V(# ¢) C
X. If x is a fs-cluster point of V, then it is a §-cluster point of V.

Proof. Let (X, 7) be a topological space and {Gq }aecs be a collection of
members of 7 and {U, }aes be a collection of induced fine open sets.
Given V(# ¢) C X, suppose x € X is a fs-cluster point of V i.e.,

(32) fint(fcl(Ua)) nv 7£ ¢

for each fine open set U, containing . We have to show that x is a
d-cluster point of the set V i.e., to show that

(3.3) int(cl(Ga)) NV # ¢
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for each open set G, containing x. Since every open set is a fine open
set, (B-2) holds for every open set GG, containing z. Hence,

(3'4) fint(fcl(Ga)) nv 7& ¢

In order to establish (@), the following cases have been considered:
Case 1: Let cl(G,) = X.

Then clearly int(cl(G,)) = X. So, (@) holds for all open sets Gy
containing x.

Case 2: Let cl(G,) = F(# X).

Then, 3 some 8 € J such that Gg C (G4)¢ (complement of Gy) then
clearly G, C (G)“, where (Gg)C is the smallest closed set containing
Gy ie, cl(G ) = (Gg)Y = F. Then Gz is an open set such that
Gp N (Go)® # ¢. This implies that (G,) is a fine open set = G,
is a fine closed set.

Hence, G, is an open set containing x = by definition of fine open
set, G is fine open set and we have investigated that it is a fine closed
set. Thus, fint(fe(Ga)) = G4 for each open set G, containing x. =
fint(fe(Ga)) = Go C int(cl(G,)). Hence, (@) holds. Thus, z is a
d-cluster point of V. O

Corollary 3.7. Let (X,7,7f) be a fine topological space. Then each
fs-cluster point of a non-empty subset V of X is a cluster point of V.

The converse of Corollary @ may not be true as shown by the following
example.

Example 3.8. Let X = {a,b,c,d}, with topology 7 = {¢, {a}, {b},
{a,b}, {a,b,c}, X}. The following collections of subsets of X have been
computed according to their corresponding definitions 7 and F:

7r ={¢,{a}, {b},{c},{a, b}, {a,c} {a,d}, {b, c},{b,d}, {c,d}, {a, b, c},
{b,c,d}{a,b,d},{a,c,d}, X}.

Fr ={¢,{a},{b},{c}, {d}. {a, b}, {a, c},{a,d},{b,c} {b,d}, {c, d},
{b,c,d},{a,b,d},{a,c,d}, X}.

Let V = {a,b,d} C X, then x = ¢ € X is a cluster point of V' but it
may be easily verified that c is not a fs-cluster point of V.

Theorem 3.9. Let (X, 7,7¢) be a fine topological space. Then every
d-closed set is fs-closed.

Proof. Let V' be a d-closed set, then we have V' = cls(V). Since by
Theorem B.G, every fs-cluster point is é-cluster point, then fu, (V) C
cs(V)=V = fu,(V) CV.But V C fu,(V), hence V = fu,(V). Thus,
V is fs-closed set. O
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Example 3.10. Let X = {a,b,c,d}, with topology 7 = {¢, {a}, {b},
{a,b}, {a,b,c}, X}. The following collections of subsets of X have been
computed according to their corresponding definitions:

75 = {¢,{a},{b},{a, b}, X}.
Fs ={¢,{b,c,d},{a,c,d},{c,d}, X}.
755 = {¢,{a}, {b}, {c},{a, b}, {a, c}, {a, d},{b, c}, {b,d}, {c, d}, {a, b, c},
{b,c,d},{a,b,d},{a,c,d}, X}.
Fys ={¢,{a}, {b},{c}, {d},{a, b} ,{a,c},{a,d},{b,c},{b,d} {c,d},
{b,c,d},{a,b,d},{a,c,d}, X}.
It is clear from the above collection of sets that every d-closed set is

fs-closed set whereas the converse does not hold always e.g. V = {a,b}
is fs-closed set but it is not d-closed set.

Remark 3.11. In view of Definitions @, @ and @, the following
implications present the explicit relationships amongst various open sets.

d-open set open set

| |

fs-open set ————— fine-open set

Diagram 2.1. Relationships amongst various open sets

Lemma 3.12. Let (X, 7,7f) be a fine topological space and V' be an
fs-open set then V = fine; (V).

Proof. Let V be an fs-open set, then by Definition @, fs-interior of V/
is the largest fs-open set contained in V. Then, fin, (V) C V. Now,
let p € V and V_is an fs-open set then p is fs-interior point of V,
so by Definition @, P € fints(V)=V C fint;(V). Therefore, V =

fint(;(v)- ]
Lemma 3.13. Let U and V be two subsets of a fine topological space
(X,7,7¢). IfU CV, then fint;(U) C fines(V).

Proof. Let p € fint; (U), then by Definition @, p is an fs-interior point
of U, so there exists an fs-open set W such that pe W CU but U C V
(given). Therefore, p € W C V = p € fine,(V). Thus, fin;(U) C
fints (V). O

Lemma 3.14. Let (X, 7,7¢) be a fine topological space and let {Vy}aes

be the family of subsets of X, then |J (fints(Va)) C fints < U (Va)>
acJ acJ
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The next lemma is a direct consequence of Lemma .
Remark 3.15. Let (X, 7,7f) be a fine topological space and let {V,}necs

be the family of subsets of X, then fin, < U (Va)> Z U (fint;(Va)). In
acd
order to support this assertion, please refer Example .

Example 3.16. Referring Example of this paper, we recall the
collection 7¢; and consider E = {a,b,c} and F = {d} € 7y, then EUF =
X. It may be verified that fint, (E) = E, fint;(F) = ¢ and fine,(EUF) =
X. ThUS fintg(E @] F) Z fintg(E) U fintg (F)

Theorem 3.17. Let (X, 7,7¢) be a fine topological space. Then arbitrary
union of fs-open sets is fs-open set but, the finite intersections of fs-open
sets need not be fs-open.

Proof. Let (Vo )aes be the class of fs-open sets. We show that |J (V4)

acJ
is fs-open set. By Lemma , it is sufficient to prove that (J (V,) =
acJ
fints < U (Va)>. By Definition @, fints (U (Vo)) € U (Vo). Now,
acJ aeJ acJ
we shall show that |J (Vo) C fint, ( U (Va)). Let p € U (Va) so,
acJ acJ acJ
there exists some J such that p € V. Since, Vg is fs-open set,
then by Lemma , Vo = fins(V3) = » € fint;(Va)pes. Hence,
p € U (fints(V3)) then, by Lemma , P € fints | U (Va)]. Thus,
ped peJ

U (V) € fisy (U () ) and mally U (V) = fuss (U (%)), O

aeJ aeJ aeJ acJ

In support of the later part of Theorem , Example may be
referred.

Example 3.18. Referring Example of this paper, recall the collec-
tion 7¢, and consider A = {a,d} and B = {b,d} € 71y,. It is clear that
ANB ={d} ¢ y,.

Lemma 3.19. Let U be a subset of a fine topological space (X, T,7y)
then U C fu,(U).

Proof. Let p € U then there exists some fine-open set V' C X such that
p € V. We now consider the following two cases:
Case 1 If V = X then the proof follows directly.
Case 2 If V # X (i.e. V is a proper subset of X) then p € V C
fa(V) = p € fa(V). Since, V C fu(V) = fin(V) C fine(fa(V)) and
since V' is fine-open set, then fin (V) = V. Hence, V C fine(fa(V)) =
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fint (fa(V)) NU # ¢. Thus, by Definition @, p is fs-cluster point of
U=pe fu,(U). Hence, U C fu,(U). O

Lemma 3.20. Let U be a subset of fine topological space (X,T,7¢).
Then fu,(U) is the smallest fs-closed set containing U.

Proof. Suppose fq,(U) is not the most miniature fs-closed set contain-
ing U. Then, there exists some fs-closed set V such that U C V C
fei;(U). Implies, V' consists of all the elements of U and some fs-cluster
points of U (if it contains all fs-cluster points, then f,(U) €V, which
is a contradiction to our assumption). So, there exists an fs-cluster
point p of U not in V' then, by Definition B.4, fint(fa(W)) NU # ¢, for
every fine-open set W of fine space X containing p.

But, U C V then, fini(fa(W)) NV # ¢, for every fine-open set W of
fine space X containing p. This implies that, p is also fs-cluster point of
V = pe fu,(V). Since, V is fs-closed set then, V = f,, (V) =peV,
which is a contradiction. Therefore, our assumption that there exists
fs-closed set V satisfying U C V' C f,(U) is not true and hence f,(U)
is the smallest fs-closed set containing U. 0

Theorem 3.21. Let U and V be two subsets of a fine topological space
(X, 7,7¢). Then following hold:

(1) fcl5 (X) =X and fcl5 (¢) = ¢.

(11) If UcC V; then fcl5 (U) C f015 (V)

(111) fclg(U N V) - fcl5 (U) N fclg (V)

(iV) fcl(s(U) U fcla(v) - fcl,;(U U V)

(V) fas(fas(U)) = fas(U).

Proof. (i) Since, X and ¢ both are fs-closed sets, then (1) holds
by Definition B.4.

(ii)) V. C fu,(V) and given that U C V, we have U C fu, (V).
But, fu,(V) is fs-closed set. Therefor, fu,(V) is a fs-closed
set containing U. Since, by Lemma , fes(U) is the smallest
fs-closed set containing U, hence fu, (U) C fu, (V).

(iii) Applying part 2 of this theorem consider the following:

(3.5) UNVCU = f4,(UNV)C fu,(U)

(3.6) UNVCV = fu,(UNV)C fu,(V)

then fuy (U OV) € fuy(U) O fuy (V). (Using (B3) and (Bd))
(iv) Again applying part 2 of this theorem, we get

(3'7) vcuuv = fcl(s(U) gfcl(;(UUV)'
(3.8) VCUUV = fu4,(V)C fu,(UUV).
Then fu, (U)U fa, (V) € fai,(UUV). (Referring (B.79) and (B.4))
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(V) Sincea U C fcl(;(U) = fcla(U) - fclg(fcla(U))' Now, let x €
feis(fas(U)). Then x is a fs-cluster point of fe, (U). But fu,(U)
is a set containing all its fs-cluster points. Implies z € fo, (U).

Therefore, fcl5 (fcl5 (U)) - fCl5 (U> . Hence,

fCl&(fClg(U)) = fcl(;(U)- ]

The following example assures that the equality in parts 3 and 4 of
Theorem B.21), may not hold in general.

Example 3.22. Referring Example of this paper, we consider the
collection Ty;.

(i) Consider U = {a,b,c} and V = {d} be the subsets of X, then
fClg(U) = X and fclg(v) = V7 S0, fclg(Um V) = ¢7 fcl(;(U) N
Jas(V) = V. Thus, fa,(U) N fa,(V) £ fa,(UNV).

(ii) Again consider U = {a,b}, V = {c}, then fu,(U) = U, fa,;(V) =
V and fu,(UUV) = X. Thus, fa,(UUV) & fa;(U)U fa;(V).

Theorem 3.23. Let U and V be two subsets of a fine topological space
(X, 7,7f). Then following hold:

(1) fint5 (X) =X and fint5 ((b) = (b
(ii) fint5 (U N V) C fint5<U) N finta(v)'
(ill) fints (U)U fints (V) C fints (UUV). (It is a special case of Lemma
5.14)
(iV) finta (fint5 (U)> - fints(U)'

Proof. (i) Since, X and ¢ both are fs-open sets then, by Lemma
.12 (1) holds.
(ii) In view of Lemma B.13, we get the following
(3.9) UNnVCU = fi, UNV)C fin,(U)
(3.10) UNVCV = fu(UNV)C fins (V)

then fus (U N V) € fints (U) N fints (V). (by % and (B.1())

(iii) Following is again a consequence of Lemma

(3.11) UCUUV = fue,(U) C fiue, (UUV).

(312) VCcUuuv = fintg( ) - fint(;(UU V)

Then fint; (U) U fints (V) € iy (U U V). (by (B.11]) and (B.19))
(iv) Let W = fint;(U) hence, W is fs-open set, therefore by Lemma

7 W = fintg(W)' Thus7 fint(;(fint(;(U)) = fintg(U)' g

The following example illustrates that the equality in parts 2 and 3
of Theorem may not necessarily hold in general:
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Example 3.24. Referring Example of this paper, we consider the
collection ;.

(i) U = {a,d}, V = {b,d}, then fin;(U) = U, fint;(V) =V and
fints (U) N fines (V) = {d}, UNV = {d}. But it may be easily
verified that fin;(U NV) = ¢. Thus, fint;(U) N fine,(V) ¢
fint; (U NV).

(ii) Similarly, if we choose E = {a,b,c}, F = {d} then it may be
checked easily that fint;(EUF) ¢ fint,(E) U fints (F).

Theorem 3.25. Let (X, 7,7¢) be a fine topological space and V be a
subset of X. Then x € fu,(V), if and only if VNU # ¢ for every
fs-open set U of X containing x.

Proof. Given z € fq,(V) and we wish to show that V NU # ¢. Let
if possible V NU = ¢ for some fs-open set U of X containing x then,
V € X\U and X\U is fs-closed set in X. Then fy, (V) € X\U. So,
x € X\U, which is a contradiction to the hypothesis. Hence, VNU # ¢
for every fs-open set U of X containing x.

Conversely, given VNU # ¢ for every fs-open set U of X containing x
and our aim is to show that z € fy, (V). Let if possible, z ¢ fq, (V) and
fei5(V) be fs-closed such that V' C fu, (V). It is clear that, X\ fu, (V)
is fs-open set containing z and, X\fu, (V) € X\V. Therefore, V N
(X\fe;(V)) = ¢ which is contradiction to the hypothesis. Thus, = €

f015 (V) (]

Definition 3.26. A subset V' of a fine topological space (X, 7,7y) is
said to be fs-g-closed (fs-generalized closed) if fu,(V) C U whenever
V C U for fs-open set U of X.

In view of [13, Theorem 4.3], the following result is established.

Theorem 3.27. Let (X, 7,7¢) be a fine topological space and U be the
f5-g-closed subset of X, then fq,(U)\U does not contain any non-empty
fs-closed set.

Proof. Let V' be a non-empty fs-closed subset of X such that V C
fas(UNU, then V. C X\U = U C X\V__Since X\V is fs-open set
and U is fs-g-closed set then by Definition , fas;(U) CX\V =V C
X\ fa;(U). We get V- C X\ fa,(U) N fa, (UNU € X\ fa, (U) N fo, (U) =
¢ = V = ¢ which is a contradiction. Thus, V' Z fu,(U)\U. O

4. FINE-SEPARATION AXIOMS

In this section, certain separation axioms have been defined with re-
spect to fine open sets.
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Definition 4.1. A subset V' of fine topological space (X, 7,7¢) is said
to be f-g-closed (fine generalized closed) if f.;(V) C U whenever V C U
for a fine open set U of X.

Definition 4.2. A fine topological space (X, 7, 7y) is said to be

(i) Tg if for each pair of distinct points x,y € X, there exists a fine
open set U of X which either contains x or y, but not both.

(ii) T If if for given a pair of distinct points x,y € X, there exist two
fine open sets U and V such that x € U, x ¢ V and y € V,
y¢U.

(iii) T: 2f (or f-Hausdorff) if for each pair of distinct points z,y € X
there exist two fine open sets U and V of X containing = and
y respectively such that U NV = ¢.

(iv) T{ if every f-g-closed set in X is fine closed.

2

Theorem 4.3. Let (X,7,7f) be a fine topological space with T non-
trivial consisting of at least one subset of X having minimum two distinct
elements of X. Then, (X, 7,7y) is T2f space.

Proof. Let X be any non-empty set with the topology 7 given by 7 =
{0, X, {za, 28} : (xa # x8) for z4,25 € X}. The fine topology, 7¢
consists of the sets of following types:

(4.1) TF = {¢,X,
Uf I Ty € Uf
Vi @ xgeVy

Wf : xa,ZﬂEWf}

It may be easily verified that 7; is a fine topology on (X, 7). We now
show that (X, 7,7y) is T2f space.

Case 1 If z,, xg are two distinct points of X, then there exist two fine
open sets {zq}, {xg} such that {z,} € Uy and {zg} € V; of X and
[} N {s} = 0.

Case 2 If z, 24, 73 € X such that z, # x, * # x5 then there exist
two fine open sets {z,} € Uy and {xg,z} € V; of X such that {z,} N
{$5> l’} = ¢.

Case 3 If x1, 22 are two distinct points of X such that z1, 22 # x4, 23
then there exist two fine open sets {zo, 21} € Uy and {xg,x2} € V} of

X such that {zn, 21} N {zg, 22} = ¢. Thus, (X, 7,7f) is TQf. O

Example 4.4. Let X = {a,b, c}, with topology 7 = {¢, {a}, X} and the
fine topology 7 generated by 7 is given by 7 = {¢, {a}, {a, b}, {a, c}, X}.
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It may be easily checked that this space is Tg but not Tlf . But as soon
as one proper subset of X is added (viz. {a,b} or {a,c}) to the topology

it will turn out to be T. 2f spaces.

5. fs-SEPARATION AXIOMS

In this section, certain separation axioms have been defined with re-
spect to fs-open sets.

Definition 5.1. A fine topological space (X, 7, 7y) is said to be

(i) fs-Tp if for each pair of distinct points z,y € X, there exists an

fs-open set U of X which either contains x or y, but not both.

(ii) fs-T1 if for given a pairs of distinct points z,y € X, there exist
two fs-open sets U and V such that x e U, x € V and y € V,
y¢Uu.

(iii) fs-To (or fs-Hausdorff) if for each pair of distinct points z,y €
X there exist two fs-open sets U and V of X containing x and
y respectively such that UNV = ¢.

(iv) f(;—T% if every fs-g-closed set in X is fs-closed.

Theorem 5.2. A fine topological space (X, 7,7¢) is fs-To if and only if
fas({p}) # fa,({q}), for every pair of distinct points p,q € X.

Proof. Let X be an f5-1y space and p,q be two distinct points of X.
Then, there exists an fs-open set H containing p or ¢ (say p, but not
q). So X\H is a fs-closed set such that p ¢ X\H but ¢ € X\H. But
feis({q}) is the smallest f5-closed set containing ¢ and fq,({¢}) € X\H,
S0 p & fuy({g}). Therefore, fu,({p}) # fuy ({a}).

Conversely, Let p and ¢ be two distinct points of fine space X such that
fas({p}) # fas;({q}). We show that X is f5-Tp space. Since, fu,({p}) #
fclg({Q})a implies fcla({p}) /@ fclg({q}) and fclg({Q}) Z fcl(s({p})' We
now show that p ¢ fu,({q}). Let if possible p € f, H= {p} C
fes({q}) therefor, fu,({p}) C fu,({q}) (by Theorem .21?(3)), this is
a contradiction to our hypothesis. So, p € X\ fu,({¢}) i.e. there exists

fs-open set X\ fu;({q}) such that p € X\ fu;({q}) but ¢ ¢ X\ fu;({q}).
Thus, X is fs5-Tp. O

Example 5.3. Let X = {a,b,c,d}, with topology 7 = {¢, {a}, {b},
{a,b}, {a,b,c}, X}. The following collections of subsets of X have been
computed as per their corresponding definitions:

75 = {‘ba {a}v {b}7 {a7 b}7 X}

Tfs = {(ba {a}v {b}7 {C}, {a7 b}7 {CL, 6}7 {a7 d}v {b7 C}, {b7 d}v {C7 d}, {aa b, 6}7
{b,¢,d},{a,b,d},{a,c,d}, X}.
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Thus, the given fine topological space is fs-1; and Tif for i =0,%,1,2,

)9
but it is not -7}, for i = 0, 3,1,2.

Theorem 5.4. Let X be a non-empty set with topology 7 = {¢, X,
{zo} : xz0 € X}. Then, the only sets which are fs-closed are ¢ and X.

Proof. Let X be a non-empty set with topology 7 = {¢, X, {zo} : 2o €
X}. Now applying Definitions @ and R.6, 7r = {¢, X, {Vb : o € Vo}}
and Ff = {(Z), X, {U() )] ¢ Uo}

We now show that xg is an fs-cluster point of Uy. Since, fint(fa(U)) =
X for each fine open set U of X containing x¢, then fi(fe(U))NUpy # .
It is clear that ¢ is fs-cluster point of Uy, then xo € fe,(Up). Therefore,
Je15(Uo) # Up and hence Uy is not fs-closed set for all fine closed set Uy
of X. Thus, ¢ and X are the only fs-closed sets of (X, 7). O

Lemma 5.5. Let (X, 7,7¢) be the fine topological space with the topology
T consisting of at least one subset of X having minimum two distinct
elements of X. Then singleton set {z}, v € X is fine closed.

Proof. Let X be any non-empty set with the topology 7 given by 7 = {¢,
X, {za, 28} 1 (xa # xp) for x4,25 € X}. The fine topology, 7¢ consists
of the sets of following types:

(5.1) T = {fb,X,
U @ z24€Us
Vi o xgeVy

Wf : :L‘a,xBGWf}

It may be easily verified that 7; is a fine topology on (X, 7). The corre-
sponding collection of fine closed sets is given by

(5.2) @:{@X
UF . $Q¢UF
VF : $5¢VF

WF : a:a,xggéWF}

We show that {z} is fine closed.

Case 1 If z = z,, then there exists vp = {x,} € VF which is fine closed.
Case 2 If x = 23 then there exists up = {2} € Up which is fine closed.
Case 3 If © # z,,2p3 then there exists wp = {z} € W which is fine
closed.

Hence, for x € X, {z} is fine closed. O
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Theorem 5.6. Let (X,7,7f) be a fine topological space with T non-
trivial consisting of at least one subset of X having minimum two distinct
elements of X and Fy be the collection of fine closed sets. If Fy; is the
collection of fs-closed sets in (X, 1,7¢), then Fy = Fy;.

Proof. Let X be any non-empty set with the topology 7 given by 7 =
{0, X {za, 28} : (va # x8) for o, 23 € X}. The fine topology, 7¢
consists of the sets of following types:

(5.3) Tp = {QS,X,
Uf I Ty € Uf
Vi o xgeVy

Wf : xa,xgve}

It may be easily verified that 7; is a fine topology on (X, 7). The corre-
sponding collection of fine closed sets is given by

(5.4) Fy = {¢,X,
Up : x4 ¢Up
VF . .735 Qé VF

Wg ma,x5¢WF}

We show that G' € Fy implies G is fs-closed set. It is enough if we show
that x ¢ G implies z is not a d-cluster point of G.

Case 1 Let © = 24 = x4 ¢ G. It may_be seen that {z,} € Uy (by
relation @) and {z,} € Vg (by relation @), then fint(fuf{za}) NG =
{zo} NG = ¢. Hence, 4 is not a fs-cluster point of G. Similarly, it
may be shown that g ¢ G is also not a fs-cluster point of G.

Case 2 Let v # z4,23 and ¢ G. Consider a neighborhood of z,
{z,xzq} € Uy, it is also clear that {z,z,} € Vp. Hence, fint(fa{z, za})N
G ={x,2,} NG = ¢ i.e. zisnot a fs-cluster point of G.

We have shown that any point which is out side of the set G is not a fs-
cluster point of G, means G contains all its fs-cluster points. Therefore,
G is fs-closed set.

Next, we show that if G ¢ F, then G is not fs-closed set. If G ¢ Fy
implies o, 23 € G. Consider x ¢ G = = # x,,xg there exist open sets
of the type Uf,V; and Wy containing x.

Case 1 If x € uy € Uy such that x, € uy, then there exists some
vp € Vp such that uy =2 vp. Hence, fini(fa(ur)) NG =urNG = A # ¢,
(xq € A) where A is a subset of X.



146 P. L. POWAR, B. A. ASAAD, J. K. MAITRA AND R. KUSHWAHA

Case 2 If x € vy € V; then by the same reasoning fini(fa(vy)) NG =
v NG =B # ¢, (xg € B) where B is a subset of X.

Case 3 If x € Wy and since xq,23 ¢ Wp then fy(W;) = X and
fue(fa(Wp) NG =X NG =G # 6.

Implies any point lying out side of G is a fs-cluster point of G. Hence,
G(¢ Fy) is not fs-closed set. Thus, Fy = F; O

Moreover, if there exists any arbitrary topology 7, finer than 7, then
it is obvious that the same conclusion holds for 7, as well.

Theorem 5.7. Let (X,7,7¢) be a fine topological space, then for an
element p € X, the set X\{p} is fs-g-closed or fs-open.

Proof. Suppose that X\{p} is not fs-open. Then X is the only fs-open
set containing X \{p} = fu,(X\{p}) € X. Hence X\{p} is f5-g-closed.
Second part of this Theorem is a direct consequence of Lemma and
Theorem @ O

Theorem 5.8. A fine topological space (X, T,7f) is f(s-T% space if and
only if for each point p € X, the set {p} is fs-closed or fs-open.

Proof. Let X be a fs-T1 space and let if possible for p € X, {p} be not
2

fs-closed. Then, by Theorem @, X\{p} is fs-g-closed. Since (X,T,7y)
is fs-T 1 then X\{p} is fs-closed set (by Definition p.1j(4)) that implies
that {p} is fs-open set.

Conversely, let V' be any fs-g-closed set. It is enough if we show that
V' is fs-closed (i.e. fu;(V) =1V). Let p € fy,(V). By assumption {p}
is fs-closed or fs-open for each p € X. Consider following two cases:
Case 1. Let {p} be fs-closed_and p ¢ V, then p € fu,(V)\V =
{p} C fu,(V)\V. By Theorem B.217, this is contradiction. So, p e V =
fas;(V) CV,but V. C fu,(V). Hence, fqu;(V) = V. Hence, V is fs-
closed set.
Case 2. Let {p} be fs-open set. Then by Theorem , Vn{p} # o=
p € V, hence fu, (V) €V but V C fu, (V). Therefore, fu,(V) =V,
it implies that V is fs-closed set. Thus, in both the cases (X,7,7f) is
f(;—T% space. O

Remark 5.9. Following implications hold for some separation axioms
with concerning the collection of fs-open sets when 7 consists of at least
one subset of X containing a minimum of two distinct elements of X.
(by Theorem @)
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TJ T/ T/ T/

2

fo-To =<— f5-Th fs-T1 I5-To

Diagram 5.1. Relation amongst different separation axioms with
respect to fine collection and fs-collection of open sets

6. CONCLUSION

In the present paper, the collection of fs-open sets is defined, which
is a special case of generalized topology. Some interesting properties of
these fs-open sets have also been studied. The significant contribution
to this paper is the definitions and particular examples of fs-separation
axioms. It was interesting to note that the collection 7, satisfies the
fs-T5 or fs-Hausdorff axiom when the collection 7, is not the power set
of the space X whereas, in the finite point set topology, the topological
space is Hausdorff if it is a discrete space.

Moreover, the concept of the fs-g-closed set has also been initiated.
These ideas may be applied to define some new class of continuous func-
tions and by considering the ideal role, the concept may be extended
over the Ideal Topological space.

Acknowledgment. The authors are thankful to the editors and anony-
mous reviewers for their valuable comments and suggestions that helped
us improve the paper significantly.
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