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Asymptotically Almost Periodic Generalized
Ultradistributions and Application

Meryem Slimani'* and Fethia Ouikene?>?

ABSTRACT. The paper aims to introduce and study an algebra of
asymptotically almost periodic generalized ultradistributions. These
generalized ultradistributions contain asymptotically almost peri-
odic ultradistributions and asymptotically almost periodic general-
ized functions. The definition and main properties of these gener-
alized ultradistributions are studied. An application to difference
differential systems is given.

1. INTRODUCTION

Almost periodic functions were introduced by H. Bohr; see [4]. M.
Fréchet introduced and studied asymptotically almost periodic functions
in [18] as a perturbation of almost periodic functions by functions van-
ishing at infinity. The concept of almost periodicity in the distributions
setting is due to L. Schwartz, see [23]. Asymptotically almost periodic
distributions were introduced and studied in [14]. The papers [15] and
[19] deal with almost periodic ultradistributions, while asymptotically
almost periodic ultradistributions are considered in [21]. It is well known
that the space of ultradistributions is strictly more significant than that
of distributions.

An algebra of generalized functions has been introduced in [16] in con-
nection with the problem of multiplication of distributions. The concept
of almost periodicity and asymptotic almost periodicity in the setting
of algebras of generalized functions were introduced and studied in the
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works of C. Bouzar and col., see [b], [6], [7] and [8]. These algebras of al-
most periodic and asymptotically almost periodic generalized functions
contain respectively their classical analogue of almost periodic functions
and distributions and asymptotically almost periodic functions and dis-
tributions. In the same way, an algebra of generalized ultradistributions
containing classical ultradistributions has been introduced in [ and [2].
Almost periodicity in the framework of the algebra of generalized ultra-
distributions is tackled in the paper [9], while an application to linear
ordinary differential equations is given in [L0].

This work aims is to introduce and study an algebra of asymptotically
almost periodic generalized ultradistributions containing asymptotically
almost periodic ultradistributions and asymptotically almost periodic
generalized functions. First, we introduce the algebra of asymptotically
almost periodic generalized ultradistributions, denoted by g%p, then,
we study their main properties. We prove a fundamental result on the
uniqueness of the decomposition of an asymptotically almost periodic
generalized ultradistribution as in the classical case of functions, dis-
tributions and ultradistributions. To do this, generalise of the Seeley
theorem of [24] in the context of generalized ultradistributions. An ap-
plication to linear difference differential equations in the framework of
the algebra g%p is given. Our results generalize the result given in [8].

The paper is organized as follows: Section two recalls some prelim-
inary results needed in the sequel. We introduce in section three an
algebra of asymptotically almost periodic generalized ultradistributions
and also we investigate some of their main properties. Section four is
devoted to an extension result in the context of bounded generalized ul-
tradistributions needed to prove of the uniqueness of the decomposition
of an asymptotically almost periodic generalized ultradistribution. In
section five, we show that an asymptotically almost periodic generalized
ultradistribution is uniquely decomposed as in the classical case of func-
tions, distributions and ultradistributions. Section six deals with a non-
linear operation on asymptotically almost periodic generalized ultradis-
tribution. The last section studies of asymptotically almost periodic
generalized ultradistributional solutions of linear difference differential
systems.

2. PRELIMINARIES

This section recalls some preliminary results needed in the sequel.
The space of continuous and bounded Complex-valued functions de-
fined and continuously on R, are denoted by Cp. It is well known that

(Cb, -1l LOO(R)) is a Banach algebra. For the definition of almost periodic

functions and their properties, see [4] and [L7] for more details.
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Definition 2.1. A complex valued function g defined and continuous
on R is said almost periodic if it satisfies one of the following equivalent
assertions
(i) Ve > 0, theset E {e, g} := {T ER:lg(-+7) =9 ()lleor) < 5}
is relatively dense in R, i.e. 3l (¢) > 0 such that any interval of
length [ (¢) contains a 7 € E {e, g}.
(ii) Ve > 0, there exists a trigonometric polynomial P such that
19 = Pll oo (r) <€
(iii) Any sequence (sy,),,cny C R admits a subsequence (s, ), such
that the sequence of functions (g (- + s, )), is uniformly con-
vergent on R.

We denote by C,), the space of almost periodic functions.

The space of bounded functions vanishing at infinity, denoted C o, is
the set of all functions h € C; satisfying lirf h(x) = 0.
Tr—r+00

Asymptotically almost periodic functions are introduced and studied
by M. Fréchet in [1§].

Definition 2.2. A function f € C, is said asymptotically almost pe-
riodic if there exist g € Cqp and h € C4 such that f = g +h on
J := [0, +o0[. The space of all asymptotically almost periodic functions
is denoted by Cguap-

Proposition 2.3. The decomposition of an asymptotically almost peri-
odic function is unique on J.

Let £ (I) be the algebra of space of smooth functions on I = R or J,
and define the space

Dir () = {p e €M :Vj €2y, oD e P}, pe 1, +od],

that we endow with the topology defined by the family of semi-norms
[elepr = Z Hsﬁ’(j)‘ keZs.
J<k

So, Drr (I) is a Fréchet subalgebra of € (I) . Denote B (I) := Dre (I).

Lr(I)

Remark 2.4. We means by ¢ € Dy» (J) that lin% o) (z) exists Vj € Zy.
z—
>

Definition 2.5. (i) The space of smooth almost periodic func-
tions, denoted by Bgp, is the set of all functions ¢ € &£ (R)
such that Vj € Z,, ¢l € Cap-

(ii) The space of smooth asymptotically almost periodic functions,
denoted by Bgqp, is the set of all functions ¢ € £ (R) such that
Vi€ Zy, o) € Coap.
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Remark 2.6. We endow B,, and B,q, with the topology induced by
B:=B(R).

We give some properties of the space Byqp, see [[7].

Proposition 2.7. (i) The space Baap is a subalgebra of B stable
under translation and derivation.
(ii) Baap % Bap C Baap-
(iil) Baap * L' C Baap.
In order to introduce certain class of spaces, we need some definitions
and results from [20].
Let M = (Mk)ez, be a sequence of positive numbers, define the
following properties
Logarithmic convexity

(M.1) M? < My_1 M1, VkEN.
Stability under ultradifferential operators
(M.2) My < AH*YUAMG M, 3A >0, 3H >0, Yk, L€ Z,.

Strong non quasi-analyticity

+00
M My,
M.3 < Ak , dA>0,VkeZ,.
) lzk—:i-l My = My '

Non quasi-analyticity

My
(M.3) PP e
=0 M

Definition 2.8. The associated function of the sequence M is defined
by

t>0.

kM
M (t) = kseuzp In Mko,
+

Example 2.9. If the sequence My, is the Gevrey sequence (k!7), o > 1,
then it satisfies (M.1),(M.2),(M.3) and it associated function M (t) is
equivalent to to.

The next result shows that the conditions (M.1) and (M.2) can ex-

pressed in the term of the associated function, see Propositions 3.1 and
3.6 of [20].

Proposition 2.10. (i) The sequence M satisfies (M.1) if and only
if
tF M,
Mk:SUPTU), Vk€Z+

t>0 €
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(ii) Let M satisfies (M.1), then M satisfies (M.2) if and only if
OM (t) < M (Ht) +In (AMy), 3A >0, 3H >0, Vt > 0.

As a consequence of Proposition —(ii), the following result was
obtained in Lemma 4.2 of [9)].

Lemma 2.11. If M satisfies (M.2) then3A >0, 3H > 0, Vt1,--- ,t, >
0, Vn € N,

(n—1)(n+2)

M (t1) + -+ M (t,) SM([{Tmax(tl,... ,tn)>
+ (n—1)In (AMy) .

Remark 2.12. Throughout the paper we assume that the sequence M
satisfying the conditions (M.1), (M.2) and (M.3)’.

We recall from [22] some needed spaces. Let p € [1,+00], h > 0, the

space
H90(j)HLP(R) < o
hi M; ’

€Zy

M,h
A {so € E(R): @l 00 = sup
J

endowed with the norm |[|-[|,, 5, is a Banach space.
The space of LP—Beurling ultradifferentiable functions is

(M) _ o M,h
Dy, = proj }ILlL%DLp .
The space of Beurling ultradifferentiable functions

) v € ER) : YK compact of R, Vh > 0,
D=1 3¢>0, Vj € Z,, sup ‘ga(j) (x)‘ < chi M;
zeK
is dense in D(LAP/I), p € [1,+00[. The space BM) is the closure of the

space DWM) in BM) .— D(Lj‘fo).

Definition 2.13. Let p € |1, +00], the space of LP—Beurling ultradis-
tributions denoted by D’pr( M) is the topological dual Of. D(Ljy), where
% + % = 1. Denotes by D}, (M) the topological dual of B®M). The ele-

ments of D’Loo (M) A€ said bounded ultradistributions.

3. ASYMPTOTICALLY ALMOST PERIODIC (GENERALIZED
ULTRADISTRIBUTIONS

In this section, we introduce an algebra of asymptotically almost peri-
odic generalized ultradistributions and also we investigate some of their
main properties.
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Let I :=10,1] and (uc), € (Dr» ()", p € [1,400], j € Z, and
k > 0, we mean by the notation

‘ugj) :O(eM@)), e — 0,
LP(I)

that dc > 0, deg > 0, Ve < &y,

‘ u)

&€
Definition 3.1. (i) The space of asymptotically almost periodic
moderate elements is denoted and defined by

< ceM(g).
Lr(I)

€ (Baap)' :Vj € Zy, 3k >0,
=0 (eM(§)>, e—0

(Ua)

./\/l%p = ’ (

Ug

€
)

‘L‘X’(]R)

(ii) The space of asymptotically almost periodic null elements is

denoted and defined by

(ue). € (Baap)' 1V € Zy, VE >0,

() &

N%p = U —0 (e M%) ., e—0
] ey = 0 ()

We give some properties of the spaces M%p and Né\gp.

Proposition 3.2. (i) We have the null characterization of N,

i.e.
o (ue), € M%p]\:/lvl/j >0, |
aap ||UE||LOO(R) =0 (6_ (E)) , €— 0

(ii) The space M%p is an algebra stable under translation and
derivation.
(ili) The space NJL, is an ideal of MDYL.

Proof. (i) Let (uc), € ML ie. Vi€ Zy, Tk; >0, 3¢; >0, Jej5 €
I, Ve <¢gj,
k.
(3.1) ‘ ul) ‘ < ;M (),
L>(R)

and (u.), satisfies the null estimate of zero order, ie. Vk >
0, 3¢ >0, Je;, € I, Ve < g,

(3:2) ot ooy < ().

In order to show that (uc), € N2, we use the Landau- Kol-
mogorov inequality which state that for any f € C" (R), n €
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Z, we have for every 1 < p <mn,

_p
n

101,y <3003

®)

For every j € Z, by using the Landau-Kolmogorov inequality
for p = j and n = 2j, and due to the estimates (@), (@), we
obtain

’u?) ‘L‘X’(R) < 271 [|ue]| oty “gj)sz(R)
1
- 27r< M(’;)); <Czj€ (ke?])>2

<on (C/CQJ.)% o aM(E) e ()

By Lemma , let ¥ > 0 and taking k& > 0 such that % =
H max (kz] E > then

MM () o gpge(E),

Consequently, Vj € Z;, VE' > 0, 3C; = (277 (C/CQJ')% AMO) >

0, Ve < min (¢j, (),

[

which means that (uc), € NJJ,.

The stability under translation and derivation of the space MM aap
is obvious. Let (uc),,(ve), € MaL,, ie. they satisfy the esti-
mate (B.1)), for any j € Z,, we have

])HL‘X’(R ZZ z'l"

9

‘LOO(]R)

(4)

6

o0

€

H UegVe

L (R) ’ ‘LOO(]R)

B S RIORIO)

H—l—]

due to Lemma , taking £ > 0 such that g =H max (ﬁ, ﬁ) )
i+l=y
then

M)+ (2 )<AM06 ().
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Hence, Vj € Z4, 3k >0, 3C; = (AMO > i{hcm) >0, Ve <
itHl=j
Zlilk’lll:nj (6i7€l) )

o] gy =,

which gives (ucv:), € MJL.

(i) Let (uc), € M, and (vz), € NJL, ie. (uc), satisfies the
estimate (@) and (v.), satisfies Vj € Zy, Vk > 0, d¢j >
0, de; € I, Ve < ¢y,

kE
€

L) < ;e M(%)

€

‘L‘X’(R)

For every j € Z, and by (@) and (@),
J!

(w < 7‘@ m‘
H(UEUE) L)~ L i |1te L>=(R) Ve L>=(R)
| N
<> ijvévciczeM<E)€_M(5),
iHl=j

by Lemma , let ¥ > 0 and taking k& > 0 such that % =
H max (k’ k/) , then

e’ e

M(

ol

M) M) < angeM(E).
Hence, Vj € Zy, YK > 0, 3C; = (AMO > i{hqq) >
itl=j
0, Ve < min (g;,¢;),
itl=j

H (ueve)” HLO@(R) = CjeiM(%) ’
O

Now we give the definition of asymptotically almost periodic general-
ized ultradistributions.

Definition 3.3. The set of asymptotically almost periodic generalized
ultradistributions, is denoted and defined by the quotient

M

g . My
aap * M
Naap

The next result follows from Proposition @
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Proposition 3.4. The set of asymptotically almost periodic generalized
ultradistributions is an algebra.

Example 3.5. We have Gyq) & Qaap, where G, is the algebra of asymp-
totically almost periodic generalized functions of [[7] defined as the quo-
tient algebra

o Maap
gaap = Naap )
where
(ue), € (Baap) :Vj € Zy, Ik >0,
Maap = ’ ])H O(afk), e—0
L>(R)
and
(ue), € (Baap) :Vj € Zy, Vk >0,
Na“p = ‘ J)H O(ak), e—0
L>(R)

For more details on Guqp see [7].

Moreover, we have the following canonical embedding of G4y, into
G
Proposition 3.6. The map

Iaap: gaap — gé\a/[p
(ue)e + Naap > (ue). + Ny

s a linear embedding.

Proof. It remains to prove Mg, C M%p and Mqp NNM - Naap- L

aap

(ue), € Maap, ie. Vj € Zy, 3kj >0, 3¢; >0, Jgj € I, Ve < g,

W)

ks
e <Cj6 7.

(3-4) ‘ ‘LOO(]R) -

Due to Proposition —(i)7

M, =sup ——
t>0 €

hence, Vn € Z, Yk > 0, Ve > 0,

t" M,

0
M) Vn € Z+,

k

(3.5) (%) > KMo o,

By (B.4) and (B.9), taking ¥, = — [k;] — 1, then Vj € Z, Tk; > 0, 3¢; >
0, de; € I, Ve < ¢y,

ugj) ‘LO"(R) St

S ng_[kj]_l
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My m(%
< Cj/k,%]e ( c >,
k; 7 Mo
s0, (ue), € M%p. Thus, Mgep C M%p. Let (uc)
Ziyy Vk >0, dc; >0, Jeg5 € I, Ve <¢j,

e N, ie. Vj €

£

. (J')) < cieM(%),
(3.6) ’ ug Loom) = cje
We have, Vn € Z, Yk > 0, Ve > 0,
k™M,
el > Mnoe_M(§)7

from (B.4), taking k' = [k], then ¥j € Zy, Vk > 0, I¢; > 0, Jej €
I, Ve <gj,

4 0)

_M(E
o Scje (s)

‘LOO(]R)
_Mm(E
< cje M<€>

Mk/ k/

= RN

$0 (ug),. € Naap. Thus, N%p C Naap- Moreover, Mqp ON%I, - ./\/%[p C
Nazzp- Il

Now, we give other important examples of asymptotically almost pe-
riodic generalized ultradistributions.

Definition 3.7. Let T € D}Joo (M) such that there exist an ultradif-

ferential operator P of class (M), f € Cuap and g € Cuqp such that
T = P (D) f + g. We denote by E’ (M) the space of such ultradistri-

aap,
butions.

Let p € Dglv} :=1ind lim Divz;h and set pe (1) = 1p (2), e > 0.

h—4o00

Proposition 3.8. Let M and N be two sequences satisfying (M.1), (M.2)
and (M.3)", then the map

/

Jaap : Eaap,(MN) — g%p
T — (T * pE)a + Na{\({p

s a linear embedding.

Proof. Let T € E;ap (MN) then T'= P (D) f + g, where P is an ultradif-

ferential operator of class (MN), f € Cuap and g € Cyqp. Due to Young
inequality, we have Vj € Z, Vx € R,

(T %p)Y (@)] < |£ 5 P (D) o) @)| + g+ ¥ (@)
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1 Z' >
SNl poo(my Z |ai citi / ‘P( +) (y)‘dy

€Ly R

1 A
ol e 5 [ [0 0] do
R

On the other hand, as p € Dglv} then 3k > 0 such that [[p[[; , y < o0.
As P(D) = Y_ a;D!, is an ultradifferential operator of class (M N), so
sy
3L > 0 and 3¢ > 0 such that Vi € Zy, |a;| < cL' (M;N;) ™. Tt follows
that
| s [
() L' n L(R)
||, g < 1l X SN W
+
gl hin(])HLl(R)
Il Lo (R) oJ hi :
Since M and N satisfy (M.2), there exist A, A" > 0 and H, H > 0
such that Mi+j < AHPF]MZ'M]' and Ni+j < A/H’Z+JNiNj, which give

1 _ AN (HH')"
M;N; = M;yjNiy;

M;N;.

Therefore,
A Lt
T+ <J>H < cAA || f]l 100 —_—
H( pe) LoR) ~ 1 lzoee Z.GZZE Mi1jNiyj
i B [rasdl P
N +J ) . L (R)
< (HH')™ Zs MyNy =
hi Hp(])HLl(R)
Hllgllzeo@ =37
hence,
1 . Li
T+ p. (J)H < cAA ||£]|; —_
M;N; H( #) T ey = AL M ey 2 MiyjNit;

pitd [|pH) HLl(R)
cit) hiti
o1 Hp(j)HLl(R)
B e MjN; b

< cAA ||fll gy D Mir
1€Zy ()

« (HH/)H-j

+ gl
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Biti “P(iJrj)“Ll(R)
gtd RN
AN i S
B ei M;  RhIN;

Li
< eAA | f ey D 37—

€Ly

v (HH/)Z'-H'

+ 1191l oo

i Riti
x (HH')"™ s 1oll1 5.
hi
&l

1
+ 19l oy = 7 ol pw -
(R) M;

Thus,

(2L)’
M;N;

| e, g, < Mol (A4 ey

Loo(

_n) niti W'
XZz’M. — (HH') e
1€EZy ity

V|
J -
lglleiey (1Y 37):

i.e.

(2L) () ,

e < _
Mij H(T*ps) HLOO(R) o Hle’h’N (CAA ||fHL (R)

X Z 2’1'—]\54

€Ly (ax

( 2LHH’h) “+

2y

gl ®) ~5 1 )
J

The fact that M satisfies (M.1), so Proposition —(i), gives

oLHH'L\ T
- 1 M(QLHH’h)
A < 76 g
M My
and
(M)J 2Lh
€ < eM( e )
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Consequently,
(2LY ) 1 ,
<
M;N; H(T*pg) HLOO(]R) - My HpHLh,N (ZCAA Hf“LOO(R)

2LHH'h oLk

M) gy 1)

C M(M) M(2Lh>
< — & e
=0 <e +e ,

where C' = ||p||; j, y max (QCAA' 11l oo () - ||g||Loo(R)) . Hence,

(2L)’
M;N;

], < 2T
= 0

Due to Lemma , let £ > 0 such that g = H max (%, %) and
! _ M;N;
C; = <2AC (27L)j> > 0, we get
|09

which means that (T * p.) € M%p. The linearity follows from the fact
that the convolution is linear. Let p € Dj{.flv} such that [ p(z)dx = 1. If
R

< creM(®),

Lo (R)

(T * p.) € Né\gp, then Vk > 0, 3¢ > 0, e € I, Ve < g,
Mk
(3.7) 1T pel| ooy < ce™(2).

Let ¢ € D(L]iﬂv), we have
(T0) = limy [ (T p2) () v (2) d
R

From (@), we obtain

/ (T % p2) (2) ¥ () da| < W1l age) IT * pell oo
R

_ k
< c[llpr gy e M),

(M

let € — 0, thus (T',¢) =0,y € Dy N, Hence, Juqp is injective. Il

Remark 3.9. In addition, if the sequence M satisfies the condition
(M.3), then due to Theorem 3 of [21], the space E(;ap,(M) coincides with
the space of asymptotically almost periodic Beurling ultradistributions
studied in [21]. Therefore, in view of Proposition B.§, the space of asymp-

totically almost periodic Beurling ultradistributions is embedded into
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the algebra of asymptotically almost periodic generalized ultradistribu-
tions.

In order to establish some properties of the algebra Q%p, we recall

some needed algebras of generalized ultradistributions of [9]. The al-
gebra of almost periodic generalized ultradistributions is denoted and
defined by

gM — M%
ap - N(%I7
where
y (ue), € (Bap)' :Vj € Zy, 3k >0,
Map = o] =0 (MB)), e=0
Lo°(R)
and
(ue). € (Bap)' :Vj € Zy, VEk > 0,
M .__ G
Nap T ‘uéj) :O<€_M(§)) , €e—=0
Lo°(R)

The algebra of LP—generalized ultradistributions on I, p € [1,4o00],
is denoted and defined by the quotient algebra

where

and

(ue), € (Dr» ()! :Vj € Zy, Yk > 0,
Nip (D) = ‘ w9

(1)

Notation 1. Denote by GA' (I) := G4 (I), G := G (R) and GM :=
GM(R).

The following result summarise some properties of GM

aap*

Proposition 3.10. (i) GM, is a subalgebra of Gl stable under
translation and derivation.
(ii) Got, x G&l c GiL..
(iii) Go2, «GM c GML..
Proof. (i) It follows from Proposition @—(ii) that g%p is an algebra

stable under translation and derivation. Let (u.). € M%p, SO
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(ue). satisfies (@) and since Byg, C B, then (u.). € M. If
(ue)e € Ny, s0 (ue)e satisfies (@) and then (u.). € N

Let ©w = [(ue),] € Q%p and v = [(ve),] € gfl‘f,, if (ue), € M%p
and (ve), € M%, then in view of Proposition R.7-(ii), it follows
that Ve € I, uzv: € Bagp. ASﬁLE)a e MM and (ve). € MM

aap ap’
so they satisfy the estimate (B.1)). For every j € Z,
() (4)
< ——cicie \° =/,
L®(R) — ,Z,i!l! i
i+l=j

fos]

by Lemma , taking £ > 0 such that g =H max (%, %) ,
i+l=j
then
Ky k
MO (E) < Apge(2),

Thus, Vj € Zy, 3k > 0, 3C; = (AMO > i{;!cicl> >0, Ve <
i+i=j

Join, (eire1),

(j)H < CjeM(§>

H (uve) Lo(R) —

which gives (ucve), € M%p. It is easy to show that the product
u x v does not depend on the representatives (u.), and (v¢), .
Let (ue), € ./\/l%p and (vz), € M} be a respective representa-
tives of u € g%p and 0 € GM. If (u.), € M%p so it satisfies the
estimate (@) and (v.), € MM ie. satisfies Vj € Z, Ik >
0, 3c; >0, J’ €I, Ve < ¢,

(%)
’ < ce .

L'®) ~
In view of Proposition @-(iii), Ve € I, (ue*v:) € Baap and
due to Young inequality, we obtain for every j € Z.,

w0

ul)

[ x09 y <]

: - l[vell 1wy

‘LOO(
oo ()
< ¢jcpe <E)e :

by Lemma , let k& > 0 such that g = H max (kj %) , then

)

R
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Consequently, Vj € Z,, 3k > 0, 3C; = (cjc,AMy) > 0, Ve <
min (5, &) ,

(j)” SM(E)
Ug * U < Cie™\e/]
H( % Ve) Lo®) ~ 7
this gives that (ue * ve), € M%p. It is easy to prove that the
convolution does not depend on the representatives (u). and
(ve), -

O

4. EXTENSION OF GENERALIZED ULTRADISTRIBUTIONS

The uniqueness of the decomposition of an asymptotically almost pe-
riodic generalized ultradistribution requires an extension result in the
context of bounded generalized ultradistributions. Which is a general-
ization of the Seeley theorem, see [24].

Lemma 4.1. There are two sequences of real numbers (al)l€Z+ and
(01)1ez, such that

(i) by <0, Vi € Zy.
+oo
(i) X |l || < o0, Vn € Z1.

=0
“+00

(ili) > ab} =1, Vn € Z,.

=0

(iv) by — —o0, | — +o0.
Proof. See [24]. O

Define the space

&w@%={w68®:w6zﬁxg&ymcwzo}

The algebra of bounded generalized ultradistributions vanishing at
infinity on I, is defined as the quotient algebra

where

and

MM (1
gy (1) o= Yo
Ny (D)
(us). € (Byo (M) :VjeZy, Ik >0,
MY, (1) = ‘uw :OQm@> e 0
Leo(T) ’
(us)a € (B+,0 (H))I V.] € Z+7 vk > 07
)
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Theorem 4.2. The linear extension operator E : G () — ¥ (R),
u = [(ue).] — Eu = [(Eue),], where
Ue (.’If) 9 Zf x Z 07

+o0
> aue (), if  x<0,
=0

Eu, (x) :=

is well defined and we have Eﬂw = u. In particular, Vu € gi{o (1), Et e
Gl (R).

Proof. Let @ = [(ue).] € G (J), and (uc). € MY (J) be a represen-
tative of u. Then Ve € I, Eu. € B(R) and Eu.; = u.. Indeed, due

to Lemma @—(i) for every x < 0 we get bjx > 0, VI € Z,. For any
eel, jeZs, x <0, we have

—+00

(4.1) (Bun)? (2) = >~ abul) (bya),

=0

as u. € B(J), Ve € I, and in view of Lemma @—(ii), we obtain Vj €
Zy, VYeel, Ve <0,

(4.2) ’(Eug)(j) ()

+OO
(j)‘ E b7
u a <—|-OO7
. (J)l 0’ lH l’

consequently, Vj € Z . the series given in (@) are absolutely converge.
Moreover, by Lemma @-(iii)

j
ili)% (Euy) Zalb hmu blx)
<
= ul) (0) Z ab]
1=0
=uf (0),

hence, Ve € I, Eu, € £(R). From (@) it holds Ve € I, Vj € Z,

H(Eue)(j) HLOO(IR\J]) ‘ ‘ Z ladl ol
also ‘ ‘
H(EUE)O)HL‘X’(J) N ‘ uf ’Loo(,ﬂ)'
Consequently,
RN (TR I max( Z al |bl|f) [
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asVe € I, Vj € Zy, W) e L (J) and by (@) we obtain Ve € I, Vj €
Zy, (Bu.)Y e L™ (R). If (u.), € MY (J) then it follows from (@)

that (Euc). € MA (R). The operator Etu is well-defined. Indeed, if
(ue), and (v.), are representatives of u, thus Ve € I, Vj € Z,

H(EUE_EUE)U)HLOO < max ( Z|al||bl|j> H — Ve J)HLOO

since (ue —v:). € N (J) then Vj € Zy, Vk > 0,

(Eu. — Ev) J) — 0 (e M(2) , €—0,
| H (<)

L (R)
which means that (Eu. — Ev.). € N (R).

The fact that Eu = [(Buc).] € GY (R) = [(u).] € GH (I)
gives E’ﬂw —u = |:(EUE|J)5:| —u=[(ue),.] — —u=01in G (]).
Consequently, Eﬂ| y=1uin G (]).

£ = ((w),) € G4, (3) C GY (1), then B = [(Bu.),] € G (B).
We have, Ve € I, Eu. € B(R). AsVe € I, Vj € Z, (Eua)(j) = oY)
on J, so xll}gloo (Eug)u) () =0, ie. Ve € I, Eu. € Byo(R). Thus,

Eue gl (R). O

5. THE DECOMPOSITION

In this section we show that an asymptotically almost periodic gen-
eralized ultradistribution is uniquely decomposed. The following results
are needed in the sequel, see [12].

Lemma 5.1. Let f € Buap such that f = g+ h on J and for j ¢
Zy, fYU) =g; +hj onJ. Then g; = (g)(j) on R and h; = (h)(j) on J.

Lemma 5.2. If f = (g+h) € Caap, then gl ooy < [l poo(gy - Fur-
thermore, if f € Cap and w € R, || f| o) = sup |f (z)] .
r>w

Theorem 5.3. Let u € g%p( ) then there exist v € GAT(R) and w €

g+,0( ) such that w =0+ w on J, and the decomposition is unique on

Proof. Let @ = [(uc).] € GM , then Ve € I, ¥j € Zy, u¥) € Coap. So

there exist v, j € Cqp, we; € C4 o, such that Vj € N, u( (ve,j+we ;) €
Caap on JI, and for j = 0, u. = vc +w on J. By Lemma EI it holds that

VieN v.; = (v )(J) on R and w, j = (wa)( ) on J, which gives v, € By,
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and w. € B4 o (J). Now, we show (v.), € M%. If (ue), € M%p, then
Vi€ Zly, E”{Ij > 0, E|Cj > 0, 3€j el, Ve< €js

k.
(5.1) ‘ ud) ( < ;M)
L (R)
Due to Lemma @, we obtain, Vj € Z,,
() < |y
(5.2) it ‘ ey < ‘ u \LW(J) ,

hence, Vj € Zy, Jdk;j >0, Jec; >0, dg; € I, Ve < ¢y,

(5.3)

ey 20

which gives (v.), € MY If (ue), € NN, so Vj € Zy, Vk >0, ej >
0, de; € I, Ve < ¢y,
©)

e < c-e_M(g).

‘LOO(R) -
It follows due to (@) and (@) that (ve), € NJ!. Therefore, v =
[(ve).] € GA. On the other hand, it is casy to see that Vj € Z,,

(5.5) ngj) )

£

(5.4) ‘ u

uld)

<]

‘LOO(J) )LOO(J) ’LOO(J) '

The estimates (@) ,(@) and (@) give Vj € Z4, 3k; > 0, J¢; >
0, de; € I, Ve < ¢y,

k.
< 20j€M<?]>

— bl

ot

‘L‘”(J)
hence (w;), € MYy (J). If (uc), € Nt then we get (w.). € N (J)
from (5.4) and (@) Consequently, w = [(w.).] € G}, (J). Due to
Theorem @ extending w € gi{o (J) to Ew € gﬂ{o (R) with E@ = @ on
J. Finally, w = v + w on J.

Now, we show that the decomposition © = v + w on J is unique.
Indeed, suppose that there exist vy, 17 € Q(% and wy, wo € gﬂ{o =
gi‘{o (R) such that

u=v;,+w; on J, i=1, 2.

To prove that the decomposition is unique and in order to facilitate the
calculation we need the following null characterization

(1), € MY (1) : VK > 0
56) N D= { iy = 0 (7)) e 0 }

which is proved due the classical Landau-Kolmogorov inequality in the
same way as Proposition @—(i). Let (vie)e € MY and (wie): € MJKO
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be respectively representatives of v; and w;, i =1, 2. So (v — vae), +
(wie —wae), € Né\/[ (), e (vie—v2e), + (W1e —wae), € MJI‘;[ @)
and Vk > 0, dc > 0, deg € I, Ve < &y,

k
(57) ||’U1’€ —V2¢ + Wie — w275||LOO(J) < CefM(E),
which gives Vk > 0, dc > 0, Jdeg € I, Ve < g9, Vx > 0,
k
(5.8) v1c (2) — Vo (x) + wye () — wae (z)] < ce M (E).

For any real sequence (s, ),,,cy » such that s,,, — +o0 there exist (Sml(5)>l

a subsequence of (s,) men Such that taking the translate at s, ()~ Smpe)
in (@) and let [, p — 400 we obtain Vk > 0, dc > 0, dgg € I, Ve <
€0, Vx > 0,

|16 () —v2e (2)] < ce~M(2),
Due to Lemma p.d, it holds ¥k > 0, 3¢ > 0, 3z € I, Ve < &,

k
(5.9) lv1e = v2ell ooy < ceM(2).

As (v1e — o), € MY, € MY (R) and by (@), so in view of (@) it
follows that (vic —va.). € N3 (R), then o7 = U3 in G§' (R) . Due to
(@), (@) and as (w1, — wac), € M3 (J) it holds in view of (@) that
(w1,e —wae), € NF(J), ie. Wy =Wy in G (T). O

Notation 2. Let u € gaap and u = v + w on J, where v € Q% and
w e g1 4,00 then v and w are called respectively the principal term and
the corrective term of © and we denote them respectively Ugp and Ueoy.
Also U = (Ugp + Ucor) € Q%p means that g, € GM Ao € gi{o and
U = Ugp + Ucor o0 J.

ap>

6. NON-LINEAR OPERATION

This section shows that the composition of a tempered generalized
ultradistribution with an asymptotically almost periodic generalized ul-
tradistribution is an asymptotically almost periodic generalized ultra-
distribution. First, recall from [J], the algebra of tempered generalized
ultradistributions on C, denoted and defined as the quotient algebra

M
6 (€)= m
where
(fo). € ( ( T.vjez,, 3k>0
Mi”(C):: sup (1+ |a])~ ‘_ ( ),5—)0

z€R2
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(f.). € (E(R2) :VjeZy, Im >0, Vk >0,
N(C) = sup (1—|—|x|)7m‘f5(j) (:z:)‘ :O(e_M(§)>, e—0
z€R?
Proposition 6.1. Let u = [(uc),] € GM and F = [(f:).] € GM (C) then
Foit:=|(f-ou),]

is well-defined element of Q%p. The principal term and the corrective
term of F ol are respectively F (tiap) and F (iap + Ucor) — F (Tiap) , where
U = Ugp + Ucor 0N J.

Proof. Let (uc), € MJ., and (f.), € MM (C) be a respective represen-
tatives of @ and F, then Vj € Zy, dk; >0, de; >0, Jegj € 1, Ve < gy,

u(j) < CjeM(%)

£

(6.1) ‘

and Vj € Zy, 3k} >0, 3c; >0, 3 € I, Ve < &,

‘LOO(]R)

) / M(ﬁ) K
(6.2) ) (ug) < cje 11+ u5||LDO(R) .

L>(R)
By using the classical Faa di Bruno formula, we have Vj € Z,

(f. 0 us)) £ (e (@) (uf (@)\"
(6.3) T Z Il H il ’

1
J P 7=t
r=l+-+l;

as Vj € Z4, Ve € 1, ugj ) € Caqp and f: is of class € on C, it follows
from the classical result on composition of a continuous function with an
asymptotically almost periodic function is also an asymptotically almost

periodic function that Ve € I, Vr € Z, fér) (ue) € Caap and since ?ﬁ@
)

is an algebra then Vj € Z,, Ve € I, (fe o ug)(j) € Caap- From (@), (
and (@), we get

H(fa © ua)(j)H
J!

(r)
fe (ue) Loo()

A

EEPEEES
l1+2l2+-+jlj=j
r=li+-+l;

’ (%)

Ue

! ‘LOO(]R)
B
7!
i=1

l;
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/ M(%> k!
cp€ 1 —i—u5||fo,(R)

<

... ]
Iy 420+ jl;=j Il 15!
r=l1+-+1;
j ’ ) l;
X H I L= ®) ’
SO
, (K .
“(faOUg)(])" c;e (a) (1—|—CoeM( E0))

L>(R)
<
= Z Il

4!
li+2lo+-+jlj=j
T:l1+-~~+lj
) l;
k; i
(%)

J
(&
<11 = !
=1
hence there exists C,. > 0,

|z 0w

J!

L2R) > G eM(%> FM ()

li+20o - +jlj=j |
r=li+-+l;

xﬁ( )ZZM?’)
A C e

A
[+ 2l +-tjli=
r=ly+-+l;

()

Set m = [k.] + 1, due to Lemma , we have

LM (2) gyt (BT

Ky (zrlQ)l(ilﬁQ) )

and
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Therefore,

(2000
51

k
Le(R C _ M(—)
()S Z l T (AMo)mle c
L2l tjlj=j L '
o (m=1)(m+2)
M ?OHT
X e

<.
Il
—

/
c -1 (%)
S ' rl'(AMO)m 16 €
hA2lorjly=j LY
r=ly 4
M(’?HW) .
X e (AM()) J
j s (-1 (1+2)
M| ZH | !
xe ! H (ﬁ> '
; i!
=1

c, S
< Z T !(AMO)-i- Jj—1

420 tjl=j
T:ll+~~~+lj
k

’ k (m—1)(m+2)
M(E) Mg
X e €

(-1 (4+2)
M| EET 2
€

e

i=1

X e

ey

i=1

By Lemma , we get

E M (H 21; > <M <H % max <H 31, >>
- e 1<i<y e

(j —1)In(AMo)
<M (%) (- 1)In(AM),

_l’_
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(G-1)(G+2) (Li=1)(1+2)
where m; := H  2i max | k;H 2l SO
J 1<i<j ’

(000
1

l+20a - +jlj=j

(m—1)(m+2)

X eM(%OH " ) (AMp)' ! eM(%)

J
ci\li
<11(5)"
=1
by using again Lemma , let N; > 0, such that

N; 5 k. m; kg (m-D(mt2)
JzHSm&x(’",] —OHT ,
e

L>(R) < Z ; CT .(AMO)m—i-T—j— e

e e ¢
thus

) (m=1)(m+2) m :
eM(’%)eM(’%’Hﬁim )eM(TJ> - (AMO)26M<%>'

It follows
L>(R) < Z CTZ ' (AMO)m+7”—j—1

(709

7 I
J l+20 - tjlj=j J

I
Q
N
=
3
5
o
=

L2l L=
r=li4-+l;

7 7
<I1(5) -
i=1
Finally, we obtain

H(fEOUE)(j)HLw<R> <Y ll!.C.T:.!(AMO)mJFT

. l
142l 445l =3
T:l1+-~~+lj

N

MO (4)

=1
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N.
7
< Cj-eM( : )
. Cy Jorei\li
where C} = j! > 7(AM ) (—:) . Then, we
i

li42la+-+jl;=5 Lt 1t i=1
r=ly+-+l;

deduce that (feoug), € M%p. It is easy to prove that the composi-
tion F' o u is independent on the representatives (u.). and (f:).. Let
T = (fap+ Tloor) € G Since Fo@i = F (i) + (ﬁ (@) — ﬁ(aap)) ,
then F ot = F (i) + (ﬁ (Tap + Teor) — F (aap)) on J. In view of ([9,
Proposition 6.1) we obtain F (ﬂap) S QM As GM  and QM are subalge-

aap
bras of gé/[ then F (Uap + Ucor) — F (Uap) € QB . It suffices to show that
Ve € 1, fs (Uap,s + Ucor,s) - fs (Uap,s) S Bt,Oa where (fs)sa (uap,e)s and
(Ucorye ) are respective representatives of F', %4y and Ueor. The classical
result on composition of asymptotically almost periodic function with
continuous function shows that the corrective term of f; (ugp e + Ucor,c)
is fz (Uap,e + Ucor,e)— fe (Uap,e) and the fact that F (Tap + Ueor)— a (Uap) €
G gives Ve € I, (f- (Uape + Ucore) — f= (Uape)) € B. By ([12], Propo-
sition 5 — (5)), we have Ve € I, f: (uape + Ucore) — fe (Uape) € Co 0N
B = B o. Therefore, F (Uap + Ucor) — F (Uap) € gi{o. O

€

7. LINEAR DIFFERENCE DIFFERENTIAL SYSTEMS

We consider the following linear difference differential systems

P g ‘ B
(7.1) La=Y"% A (n,a)" =1,

i=0 j=0
where fz (]?1, ,ﬁl) € (g%)”, w = ("Jj)ogqu C RY and A=
(ﬁf’l.)K - is a square matrix of almost periodic generalized ultradis-

tributions. The unknown generalized ultradistribution u = (wy, - - - , ) -

Remark 7.1. If u € (Q%p)n then in view of Proposition we obtain
Lt € (Gaup)"

Definition 7.2. A generalized ultradistribution u € (Ga! (R))n is said
a generalized solution of (EI) on I if

P q
ZZAZ]E Tw]ug)(l —f-| € (N’éw (]I))n,

=0 j= c
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ie. forr=1,---,n,

P q
Do A () |~ fe | € NF (D,
where (u 6)5 = ((ULE)E ) (un,s)g) ) (fs)g = ((fl,E)g ) (fn,6>5) and

Aij, ¢) ( ije are respective representatives of
e/ 1<rl<n

u= (U, - ,Un), f= (fl, ,J?n) andgij: (A:_]l

>1§r,l§n '

Theorem 7.3. Let f = <ﬁp+ﬁ:or> € (Q%p)n, the equation (EI)
admits a generalized solution u € (Q%p)n on J if and only if there exist
RS (Q%)n and w € (gi‘{o)” such that

(7.2) LU = fa on R,
and
(7.3) LW = fuor on .

Proof. If © = (Uqp + Ucor) € (g%p)n is a generalized solution of (EI) on
J, then forr =1,--- | n,

ZZO (ZD Z A” c (ij Uap,l,s)(l)> - fap,r,a
= 1 ]

(7.4) eNF (D),

+ Z (Z Z AZ]lg (ij'ucor,l,e) (Z)> - fcor,r,s

1=0j= c

where (uap,l 5)67 (ucor,l,s)ev (fap,l,s>€> (fcor,l,s) and (A:Jl 5) are respec-

tive representatives of Ugp 1, Ucor,i, fapl, fcm"l and A”"l for1<lI<n.In
view of (@) this means that

> (z AT (wap,z,a‘“) — fapire

=0 \1=0j=

n , e My (J),
+ Z (Z Z A:]lg (ij ucor,l,e)(Z)> - fcor,r,e

=0 \i=0j= c

and Vk > 0, dc > 0, Jdeg € I, Ve < gp, V& >0,
(7.5)

j=0

(55400 (ot ) = e
(i i zy € ( ) (TwlquOT,l,E (x))(2)> - fcor,r,e ((L‘)
=0 \+=035=0
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For any real sequence (Sm),,cy» such that s, — oo there exist a
subsequence (Smm (E) of (8m)en such that taking the translate at
1

Sy (c) — Stpy(e) I ([F.5) and let p1, p2 — +o0o we obtain Vk > 0, Jc >
0, deg € I, Ve < g9, Vx > 0,

Z Z Z AU e ij“ap,ha (x))(i) — fapre ()| < CeiM(g).

=0 =0 j=0
Due to Lemma @, we obtain Yk > 0, dc > 0, deg € I, Ve < gg,

n p q

(7'6) Z Z Z A:gl € (ij uap,l,s) @ fap,r,e < Ce—M(g) .

L= (R)

P q ,
S AL (ruytanse) | = Fapre | € Mb € MY (R),

£

(77) Z Z Z A’Lj € Tw]uapls)(i) - fap,r,a € N[]g\/l (R) 3

=0 \ =0 j=0 .

this means that tap = (Ugp1, - » Ugpn) € (Q%)n is a generalized solu-
tion of (@) on R. From @) and (gﬂ) we obtain

Z Z Z Az] & Tw] ucor,l,a) @ - fcor,r,s S Né/[ (J) 5

=0 \ =0 j=0 -

this means that Ucor = (Ucor,1," s Ucorn) € (Q%O)n is a generalized
solution of ) on J. If there exist v € (Q%)n and w € (gi‘{o)" such that
(@) and ([7.3) hold, then it_is easy to see that u := (v 4 w) € (g%p)n
is a generalized solution of ([7.1]) on J.

Corollary 7.4. A generalized ultradistribution U = (ﬁap+ﬁcor) €

Q%p is a primitive on J of the generalized ultradistribution u € GM
such that w = (Ugp + Ucor) on J if and only if

aap

Uqp is a primitive of Ugp on R,

and

Ucor 18 a primitive of Ucor on J.
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