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ABSTRACT. In this paper, we investigate the existence of a solu-
tion for the fractional g-integro-differential inclusion with new dou-
ble sum and product boundary conditions. One of the most recent
techniques of fixed point theory, i.e. endpoints property, and in-
equalities, plays a central role in proving the main results. For a
better understanding of the issue and validation of the results, we
presented numerical algorithms, tables and some figures. The paper
ends with an example.

1. INTRODUCTION

As we know, a large number of physical phenomena can be described
and modeled by differential equations. Also, the new issue of differen-
tial inclusions has a special ability in interpreting physical phenomena
with shocks. With the entry of fractional calculus(FC) into this field,
the ability of differential equations and consequently boundary value
problems(BVP) in modeling faced significant growth. It is clear that
the reason for this growth is the generalization of operators from integer
order to arbitrary fractional order in FC, which is not a small advantage
in the study of systems with memory. This is the same property of non-
locality of fractional operators that researchers have recently used to
provide modeling in bio-mathematics [B, L3], physics [L1, 19, 23, 29, 41],
thermodynamics [31, 40Jand engineering [35, B6]. In recent decades, the
non-locality of fractional calculus has acted as a driving force for research
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in this field. Based on the available results and evidence, modeling by or-
dinary calculus is not capable of describing the real behavior of phenom-
ena and is often associated with the error of estimating the phenomenon
[24]. Of course, it is worth mentioning that the approach of researchers
of different sciences to this property of non-locality has not been the
same. For example, physicists used it to model viscosity and heat flow
and etc., while mathematicians tried to generalize and present new frac-
tional operators [16]. Caputo, ¥-Caputo, Caputo-Fabrizio, Hadamard,
Hilfer, Riemann-Liouville and Atangana-Baleanu(AB) can be mentioned
among the famous fractional operators that researchers use in their re-
search today. To get more information about these contributions, one
can refer to [1-10, 17, 18, 22, 25, B3, B4, B74389]. On the other hand,
the prominent role of computer and software packages in the numeri-
cal methods of investigating complex equations and modeling cannot be
ignored, which requires a discrete space. In this work, we also provide
this space with the help of quantum calculus and time scale.

The history of quantum calculus(QC) dates back to the work of the
British mathematician Frank Hilton Jackson. In 1910, he gave a new
definition of the derivative, by which the basic principles of quantum
calculus were founded [26, 27]. Jackson removed the concept of limit
from the definition of the derivative and introduced two types of op-
erators, namely g-derivative and h-derivative. Of course, g-derivative’s
growth was higher than h-derivative’s and it didn’t take long for it to
enter the field of FC. Fractional g-derivative has both the advantages
of FC and due to the discreteness of the space, it provides the possibil-
ity of using the computer in solving and simulating complex equations.
For the same reason, in the last decade, g-derivative has received a lot
of attention from researchers and many articles have been published in
this field. For details see [4, 14, 20, B0, B2, 44, 45]. On the other hand,
Set-Valued mappings, namely Multifunction, have interesting features
whose properties have been investigated from different aspects and re-
cently used in modeling due to their ability to interpret physical phe-
nomena with shock. In 2007 Wlodarczyk et al. studied the existence
and uniqueness of endpoint of closed set-valued contractions in met-
ric spaces [42]. Wardowski in 2009, investigated the existence of fixed
point and endpoint of multifunction in cone metric space [43]. A year
later, Amini-Harandi presented an interesting property for multifunc-
tion, which plays the main role in this article [6]. Having said that, here
we are going to investigate the existence of the solution for a fractional
g-integro-differential inclusion by using the advantages mentioned about
fractional and quantum calculus and multifunction.
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In 2012, B. Ahmad et al. reviewed the existence and uniqueness of
solutions for the following g¢-difference equations

D2w(k) = g(k,w(k)), reK,
w(0) = w(K), Dyw(0) = Dyw(K),

such that g € C(K xR, R), K = [0, K]N¢", and ¢~ := {¢" : n € N}U{0}
[B]. In the same year, Ravi P Agarwal et al. investigated the existence
and dimension of the set of mild solutions to the following inclusion
problem

CDnw(k) € Aw(k) + B(k,w(k)), € [0,K], ne(0,1]

w(0) + £(0) = wo,

which A is a sectorial operator (SO), D" is Caputo derivative of fraction
order n, and B : [0, K] x R" — P(R"), f : C([0, K],R") — R™ [2]. In
2013, Zhao et al. studied the BVP of fractional g-derivative equation
as follows

Diw(k) + B(k,w(k)) =0, ke (0,1s), n e (0,1]

(o —gp)!
w(o) =0, w() = [ F
such that n € (1,2], v € (0,2], @ € (0,1), B: [0,1] x RT — R*, and D]
is Riemann-Liouville g-derivative of order n [46].

Considering the topics discussed above and getting motivation from
previous works, we want here to examine the existence of a solution for
the following fractional quantum integro-differential inclusion problem
(1.1)

CDl(x) € T <,-@, w(r).C Dow(x), /Oﬁw(p)dp>  kek=1[01]

under new sum and product boundary conditions

w(0) + Sw’(1) =0,
(1.2) S
w'(d) =P
which §= > v, P =[] uj, vj,u; € R,and d € (0,1). In our problem
j=1 j=1

CDZ] is Caputo quantum operator of fractional order 1 < 7 < 2, and
o € (0,1), such that 7 : K x R® — P(R), is multifunction where P(R)
set of all subsets of real numbers. Note that we will continue to do all our
calculations on the time scale, namely T'Sy,, = {/i(), K0q, K0q>, - - } u{0},
where kg € R, and ¢ € (0, 1).
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2. PRELIMINARIES

Definition 2.1 ([26]). Assume that v,p € R, n € Ny = NU{0}, then the
quantum-analogue of v and power function (v — p)™ defined as follows,
respectively

and

{(v —p)V = 1= (v —pg’) forn>1,
1

Definition 2.2 ([27]). Let v € R — {0, —1,—2,...}, then the quantum
gamma function formulated as follows

(1—q)

Ly(v) = W’

also, it is worth mentioning that I';(v 4+ 1) = [v],I';(v) holds true.

In the following, we present an algorithm for calculating the quantum
gamma function. Also, we computed some values of ¢ in Tableq[ﬂ.

Algorithm 1 The proposed procedure to calculate I'y(w).

function quantum gamma = ¢G(q,v,r)

t=1;

forj=0:7r
t=tx(1—qUt)/(1—q"H);
end

qG =t/(1—q)7V;
end
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TABLE 1. Numerical results for I',(2.25) for different value of ¢

r ‘ q=02 ¢q=045 ¢q=069 ¢=077 ¢g=089 ¢=0.95
v =225

1 1.0486  1.1997 1.7704 2.3102 4.9645  12.3195
2 1.0413  1.1283 1.4983 1.8719 3.7499 8.9705

3 1.0399  1.0986 1.3513 1.6262 3.0530 7.0484

4 1.0396  1.0858 1.2643 1.4738 2.6063 5.8134
5

6

1.0395  1.0800 1.2100 1.3730 2.2984 4.9589
1.0395  1.0775 1.1749 1.3036 2.0753 4.3355

11 1.0395 1.0754 1.1138 1.1581 1.5240 2.7536
12 1.0395 1.0754 1.1105 1.1470 1.4679 2.5843

25 1.0395 1.0754 1.1031 1.1125 1.1855 1.6136
26 1.0395 1.0754 1.1031 1.1122 1.1783 1.5808

42 1.0395 1.0754 1.1031 1.1113 1.1312 1.2946
43 1.0395 1.0754 1.1031 1.1113 1.1303 1.2853

83 1.0395 1.0754 1.1031 1.1113 1.1231 1.1467
84 1.0395 1.0754 1.1031 1.1113 1.1230 1.1458

207 1.0395 1.0754 1.1031 1.1113 1.1230 1.1286
208 1.0395 1.0754 1.1031 1.1113 1.1230 1.1285

Definition 2.3 ([l]). The quantum derivative of a continuous function
as w(k) is as follows

w(x) — w(g)

(1—-g)x
in addition, (Dyw)(0) = iig%(Dq'w)(m). Furthermore, for all n € N, the
relation (Djw)(x) = Dy(Ds'w)(x) holds true.

(Dyw)(k) =

Definition 2.4 ([21]). Suppose that w(k) : [0,00] — R, be a continuous
function, then its fractional Riemann-Liouville quantum integral and its
fractional Caputo quantum derivative are expressed respectively by

— L " K — 1=l
Tpw(e) = o [ (6= )
and
D) = s [ D, = ()1



194 M. GHADERI AND SH. REZAPOUR

Lemma 2.5 ([15]). assume that n = [n]+ 1, then the following relation
15 true

n—1

(T2 CDIw) (x Z Fq ) (Djw)(0),

which is deduced from it, the general solution for CDgw(/-g) — 0, expressed
by
w(’%) = 60 + glF& + 6252 4+ .4 En—ll‘ﬁnil,

where Ly, ..., ly_1 € R.

Notation 2.6. Here, we introduce some symbols that are used in the
topology of the used space. Consider (G,dg) be a metric space, also
suppose that P(G) and 29 represent the set of all subset of G and the
set of all non-empty subset of G, respectively. In the sequel, we mean
the symbols Py(G), Ppa(G), Pex(G) and P.(G) respectively as the class
of all closed, bounded, convex and compact subsets of G, respectively.

Definition 2.7 ([6]). A fixed point of a multifunction(set-valued map)
such as € : G — 29 is an element x € K, such that x € £(k). As well
as, if we have £(k) = {k}, then this element, namely &, is called an end
point of &.

Definition 2.8 ([6]). Let (G,dg) be a metric space and € : G — 29
is a multifunction, then £, has an approximate property if we have
inf sup dg(k,r)=0.

Y re€(k)

Definition 2.9 ([12]). If (G,dg) is a metric space, then the Pompeiu-
Hausdorff meter, namely HM : 29 x 29 — [0.00], is defined as follows

HMOW, 2) = { sup dg(w, Z), sup dg(W, z>} ,
weW Z2€EZ

which HM(W, z) = inlgvdg(w.z). Then the symbols (Ppg(G), HM),
we

and (P.(G), HM) represent a metric space and a generalized metric
space, respectively.

Definition 2.10 ([12]). Assume that V = C(K, R), then define the space

g:{w(@:w( /w dpev}

equipped with the norm
K
/ w(p)dp’-
0

|wl| = sup |w(x)| + sup |“DJw(x)| + sup
KEK KEK KEKC

Now (G, ||.||) is a Banach space.
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Definition 2.11. Let w € G, then for all kK € K, define the set of
selection of &* as follows

S = {a.e £00) s we) & T (kw00 D). [ wiohip) |
0
If dim(G) < oo, then the above selection is nonempty which is proved in
[12].

In 2010, Amini-Harandi introduced the end-point technique, which
plays an essential role in proving our main result [6]. Now we will express
it here.

Lemma 2.12 ([6]). Suppose that (G,dg) is a complete metric space,
also consider two map ¥V and € with the following properties

o U : [0,00) — [0,00) is upper semi continuous (USC), which
Vi >0 we have ¥(k) < K, and lilginf(f@ —U(k)) > 0.

o Yw,z € G, for the set-valued map € : G — P pa(G), the inequal-
ity HM(E(w),E(2)) < ¥(dg(w,z)) holds true.

Then the set-valued map £, has a unique endpoint iff £ has an approxi-
mate end-point property.
3. MAIN RESULTS

Now we have provided the prerequisites necessary to express our main
results, and only one lemma remains, which we prove here.

Lemma 3.1. The unique solution for the fractional g-differential prob-
lem “DJw(k) = g(k) under boundary conditions ([L.2) expressed by

w(k) =Tlg(k) + Lo+ l1k
=Tlg(k) + S [I) 'g(d) — ) ' g(1) — P] + [P — I} ' g(d)] k.
such that n € [1,2), and g(k) € V.

Proof. In view of Lemma @, the problem “Djw(k) = g(k), has a
unique solution which acquired by

(3.1) w(k) =Tlg(k) + Lo + (i,

which £y, ¢; € R. To apply the boundary conditions, it is necessary to
calculate the first order derivative, namely w’'(k) = 1 +Z; -1 g(k). Now
with regard to boundary conditions ([l.2), we get

lo+S+TI) 'g(1) + 86, =0,

I g(d) + 6, — P =0.
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By performing simple calculations, the values of ¢y and ¢; will be as
follows
lo=S |7} g(d) ~ 7} (1) - P

6 =P -1 g(d).
Placing coefficients ¢y and ¢; in equation (@) provides the desired result.
O

To obtain the result in our inclusion problem, it is necessary to apply
the following hypotheses.

A1) Since T : K xR? — P.,(R) is integrable and bounded, therefore
T(.,a,b,¢):[0,1] = Pep(R) is measurable.

Ay) For ¥ : [0,00) — [0,00), which is nondecreasing and (USC),
Vp > 0 we have liminf, o (p — ¥(p)) > 0 and ¥(p) < p.

As) For all k € K, and wj,z; € R, j = 1,2,3, there exist Q €
C(K,[0,00)), where

HM (T (k, w1, w2, w3), T (K, 21, 22, 23) < 51_:]5(::_53\1} jzg;|wj A
such that
; 1 -1
B =190 | + e T )
52 = |2 :Fq(ﬁ _10 +1) * Fqg_—la)] ’
b 10 [+ L vy S ]

A4) Suppose that £ : G — 29, be a operator which for g € Srw
read as follows:

£(h)
={heg:n(k)=Tlg(r)+ S [I] 'g(d) — I7 'g(1) — P]
+[P—T) 7 'g(d)] k,Vr € K}
Theorem 3.2. Let conditions Ay — A4 are holds true. If the set-
valued map € : G — 29, has the approzimate endpoint pﬁper@ then
)-(IL.2)

the inclusion g-integro-differential problem mentioned in ([L.1))-( has
a solution.

Proof. To show that our problem (@)—(@) has a solution, we go to
find the endpoint of £ : G — 29. This end point is the solution to our
inclusion. We do this in two steps.
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Step I.: we shall show for all h € G, £(h) C g Which S(h) i
closed. Since the map  +— T (k, w(k),” DJw(k), [y w
measurable and closed value map , for all h € g Therefore such
a map has a non-empty measurable selection, namely Sr,, # ¢.
Now assume that {t,},>1 be a sequence in £(h), which ¢, — ¢.
Choose gn, € S7,,, which for all k € K and n > 1

tn =T0gn(k) + S [Z0  gn(d) — Z0 g (1) = P] + [P — 0 'gn(d)] &

Compactness of 7, implies that g,, has a subsequence(show this
again with g, ), which converges to some g € £[0,1]. it is easy
to check that g € S, and for all Kk € K

tn(k) = t(k) = T0a(k)+S [Z] " a(d) — Z) 'a(1) — P+ [P — I) 'g(d)] s.

It can be concluded from this ¢ € £(h), thus G is closed values.
In addition, from the compactness of the value of T, it follows

that € £(h) is bounded.

Step II.: Our goal at this step is to establish the following in-
equality: HM (E(w),E(z)) < U(Jlw — z||). To do this, let
w,z € G, hy € £(z), and choose g € 8% 4 such that for al-
most k € K, we can write

h=ZTJg1(r) + S [T 'o1(d) = I7 o1 (1) = P] + [P = I ‘o (d)] s

But, in view of hypothesis Ajg

HD (T(K/7 w1, W2, w3)7 T(’ia 214522, ZS))

1 c c
< mﬂ(ﬁ)‘l’( lwi(k) — 21(k)| + ‘ Dng(/‘i) - 9222("0)‘
| [Cwatoin ~ [ zatorin ),
0 0
hence, 3s € T (k, w(k) CD" k), Jo w(p)dp), where Vi € K:

1
-5 < ———Q(k)¥ w; — 2j
’gl |_(51+62+63 () Z_;|.7 ]|
Now consider the map F : K — P(R), such that
1 3

= R:jg—s|< - Qr)¥ —
‘F(K/) s € |gl S| — (51+62+63 (K/) jzl|w] Z]



198 M. GHADERI AND SH. REZAPOUR

1
F has ————Q \Il< 3wy — -), d
orasmuch as 5. 0 1 03 (K)W (> -1 [wj — 2] ), and gy are
measurable, so the set-valued map

FOAT (wl) /w dp)

is measurable.
Take ga(r) € T (k, w(x),” DJw(k), [y w(p)dp), which for all
Kk € K, we have

. 3
91(K) — g2(K)| < mﬁ(’i)‘l’ (; lwj — Zj) :

Now, Vk € K, assume that go € £(h) , with
ho = TJg2(k) + S [Z] 'g2(d) — T g2(1) = P] + [P = I 'ga(d)] s
Subsequently, let sup,.cx [€2(x)| = ||€2]], therefore
i) — o) = T00a1 — gel(%) + STI Vg1 — g2)(d) — STI[g1 — g (1)

+(Z7 o1 — g2)(d) &
which yields

1
_ < - _
= Bl < 5 R ([ 2])
1 Slant s ar!
- - -
I‘11(77 +1) Fq(n) Fq(n) Pq(n)
01
=— = U — .
01 + 02 + 03 (Hw Z”)
Also,
1
Cro C o - _
D5~ Dgha] < 5|0 — 2]
[ 1 an—1
X +
T,n—o+1)  T,2-0)
02
=2 9y(|w-

and

K K 1
[ - [ iy >dp’_w||n|\p<||w_zu)
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X L, IS (' +1+|P|) + " +|P|
Ly(n+ 2) Fq(’?) Fq(n)
03
=V — .
01 + 02 + 03 (Hw ZH)

It can be inferred from the above relationships that

yvh-hﬂ\:su2|hgm)—fm@@y+su£|cpghﬂﬂ)—ﬁ“Dghxﬁﬂ
KE RE

—|—sup/ hl(p)dp—/ hg(p)dp‘

KEK |JO 0

< W(w—2])(8r + 8y + 83)
= 81+ 02 + 03 rrfmas
— 0w =),

Thus,for all w, z € G, we have
HM(E(w),E(2)) < ¥(lw - z]).

Now, according to Lemma , and the endpoint property of £, Jw* €
G, where £(w*) = {w*}. Hence, w* is a solution for the fractional g-
inclusion problem mentioned in ([L.1})-([L.2). O

4. EXAMPLES

Example 4.1. Regard the following fractional quantum integro-differential
inclusion problem

(4.1)
(5 2 4 cos(k) 7 Tk /”i w(p)dp
cpi 0 v
qw(r) € T[ TR YT Wy L GO Tl M
3
DS w(k
—‘—%6 q ) :|7

w(0) 4 2.4125w’(1) = 0,

w’ i _ !
20) 81

4
where k € K = [0, 1]. Here, we put: n:%,azg,d:i S=> v =

20°
j=1
7 9 2 = 1
2.4125 with v) = 5, 2 = 5, V3 = £, V4 = 14, and P = Hl uj; = g7 with
]:
uj = 1. we choose 2 : [0,1] = [0,00) by Q(r) = &k, |9 = &, and
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U (k) = g5. Obviously ¥ is non-decreasing and (USC) on K.

Consider the set-valued map 7 : K x R3 — P (R) as follows:

2+ cos(k) N 7 & [ w(p)dp
T23k2+ K3 23(2+ k)

7 | “Dfw(k)
-+ E@ :|

Nevertheless, the values of d1,d2,d3 are calculated for ¢ = ¢, 55,
Table E

T (t, w1, w2, ws) = {0

TABLE 2. Numerical result of d1, 2, d3, for different val-
ues of q.

[a=3la=5]a=3

o1 0.0789 | 0.2020 | 0.6638
o2 0.0759 | 0.2058 | 0.6092
03 0.0695 | 0.2137 | 0.6512

(81 + 02 4 63) 1|2 [[ 0.5323 | 0.1921 | 0.0621

Now, it is easy to examine that
HM (T (k, w1, we,ws), T (K, 21, 22, 2 _7 w; — 2z
(T (5, w1, wa, w3), T(K, 21, 22, 23)) < 51+52+53 Z\J i

and inf,ecg (Sup,eg(,) [lw — z[|) = 0. Now all the conditions of Theorem

are satisfied. Thanks to endpoint property and Theorem @, our
problem which is formulated in (4.1)) has a_solution. Also, the graphs
of some functions are presented in Figures [IlP] and

)
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Graph of T'(x,w(x))

FIGURE 1. The graph of 7 (x, w(k)) in Example @

Contour line of T'(x, w(k))
3 T T T T T

FIGURE 2. The contour line of 7 (k, w(k)) in Example @
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Graph of Tk, w(x), f;‘ w(p)dp)

R G A

FIGURE_ 3. The graph of T (k,w(k), [, w(p)dp) in Ex-
ample

5. CONCLUSION

In the last decade, increasing the ability to model natural and physical
phenomena has become one of the important topics of interdisciplinary
research. In this regard, the usual modeling methods have undergone
important changes. For example, differential inclusions, which have a
special ability to model physical phenomena with multiple shocks, are
considered serious competitors for differential equations. In this work,
we examined a fractional quantum integro-differential inclusion under
sum and product boundary conditions with the numerical method. The
existing derivation operators in our problem are of ¢g-Caputo type. To
prove the existence of the solution, we used the endpoint feature of the
set-valued mappings. With the use of quantum calculus, we provided
the right space for the use of computers in calculations and solutions. An
example, algorithms and numerical results are also provided to validate
our results.

Acknowledgment. Research of the authors was supported by Azarbai-
jan Shahid Madani University. The authors express their gratitude to
the referees for their helpful suggestions which improved final version of
this paper.
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