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Elumalai Muthaiyan

ABSTRACT. On this study, two new subclasses of the function class
= of bi-univalent functions of complex order defined in the open
unit disc are introduced and investigated. These subclasses are con-
nected to the Hohlov operator with (P, Q)—Lucas polynomial and
meet subordinate criteria. For functions in these new subclasses,
we also get estimates for the Taylor-Maclaurin coefficients |az| and
las|. The results are also discussed as having a number of (old or

new) repercussions.

1. INTRODUCTION AND DEFINITION

Let A denote the class of functions of the form:
(1.1) s(E) =&+ ang”
n=2

which are analytic in the open unit disk
U={¢:£€C and [¢ <1}

Additionally, we’ll use the symbol S to represent the class of all functions
in A that are univalent in U. The class S*(«) of starlike functions of order
a in U and the class K(«a) of convex functions of order « in U are two
notable and well-studied subclasses of the univalent function class S.
Every function s € S has an inverse s~!, which is defined by

sTH(s(€) =¢ (€€
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and

=

(7 ) = (<o) ale) 2 )
where
(1.2) t(w) =s"Yw)
= w — asw? + (203 — a3)w® — (5a3 — Sagaz + ag)wt + - -.

A function s € A is said to be bi-univalent in U if both s(¢) and s~1(¢)
are univalent in U. Let = denote the class of bi-univalent functions in U
given by (@) Note that the functions

1 1
s1(§) = 1€_§7 s2(§) = 5108; 11_3 s3(§) = —log(1 —¢)
with their corresponding inverses
2w w
_1 w 1 e —1 1 e’ —1
51 (W):l—w’ S (w)262w+1’ 53 (w): ew

are components of Z. This topic is covered in great detail in the ground-
breaking work by Srivastava et al. [30], who recently resurrected the
study of analytic and bi-univalent functions. Many successors to Srivas-
tava et al. [B0] were produced after it.

An analytic function w defined on U with w(0) = 0 and |w(&)| < 1
supporting s(§) = t(w(§)), then s is subordinate to an analytic function
t, written s(§) < t(£). Recently, Ma and Minda combined different

subclasses of starlike and convex functions for which the quantity 5;’;—2?

or 1+ gss/’ég) is subordinate to a more general superordinate function.

They examined an analytic function ¢ with a positive real portion in
the unit disc for this persistence U, ¢(0) = 1. In addition, ¢ maps U
onto an area that is symmetric with respect to the real axis and starlike

with respect to 1. Functions meeting the subordination iszg) < ¢(¢) fall

within the category of Ma-Minda starlike functions.
The convolution or Hadamard product of two functions s,h € A is
denoted by s * h and is defined as

(1.3) (sxh)(§) =&+ Z anbn&",

where (@) gives the value of s(§) and h(§) = £+ o2 5 bp&™. Dziok and
Srivastava introduced and carefully explored the Dziok-Srivastava linear
operator involving the generalised hypergeometric function in terms of
the Hadamard product (or convolution) before being followed by numer-
ous other authors. In this study, we recall the well-known convolution
operator Jop.. attributed to Hohlov [16, 17], which is undoubtedly a



BI-UNIVALENT FUNCTIONS OF COMPLEX ORDER ... 275

highly specialized instance of the widely (and in-depthly) investigated
Dziok-Srivastava operator as well as the much more general Srivastava
Wright operator [31] (also see [19]).

For the complex parameters a, b and ¢ with ¢ # 0, —1,—2, -3, ..., the
Gaussian hypergeometric function 9Fj(a, b, ¢; ) is defined as

14)  oFi(abeg) =) Dl

n=0 (C)n ﬁ
_ — (@)n-1(b)p1 &1
=1+ nz% O oD (X)

where (a)y, is the Pochhammer symbol (or the shifted factorial) defined

as follows:
(15) (a)n = w

For the positive real numbers a,b and ¢ with ¢ # 0,—1,—-2,-3,....
In order to present the well-known convolution operator J, ;. Hohlov
introduced the Gaussian hypergeometric function provided by ([L.4) as
follows:

(16) ja,b,cs(g) = g 2F1 (CL, ba G g) * 5(5)
=&+ ) knané", (£€D)
n=2
where

(a)n—1(b)n—1

()p-1(n—1)1"

Hohlov described some intriguing geometrical characteristics by the op-
erator Jgu ... The majority of the well-known linear integral or differen-
tial operators are included as special cases in the three-parameter fam-
ily of operators Jg ... In instance, J, . reduces to the Carlson-Shaffer
operator if b =1 in ([L.6). Similar to this, it is clear that the Bernardi-
Libera-Livingston operator and the Ruscheweyh derivative operator are
both generalizations of the Hohlov operator 7, p ..

Interest in the study of the bi-univalent function class = has recently
increased, and non-sharp coefficient estimates have been found for the
first two coefficients |az| and |as| of (EI) However, the coefficient issue
for each of the subsequent Taylor-Maclaurin coefficients is as follows:

lan], (meN{1,2}; N:={1,2,3,...}).

It’s still an open issue. The first two Taylor-Maclaurin coefficients |as|
and |az| have non-sharp estimates, according to recent research that

(1.7) Kp =
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has introduced and examined a number of intriguing subclasses of the
bi-univalent function class =.

Definition 1.1. Let P(z) and Q(x) be polynomials with real coeffi-
cients. The (P, Q)— Lucas polynomials Lp g, (x) are defined by the
reccurence relation

(1.8)  Lpon(z) =Px)Lp,on-1(x)+ Qx)Lpon-2(z), (n=2)
from which the first few Lucas polynomials cab be found as follows:
Lp,oo(z) =2
Lpo(z) =P(x)
Lp,oa(r) = P*(x) +2Q(x)
(x) = P*(x) + 3P(2) Q).

Definition 1.2. Let Gy, ()} (§) be the generating function of the (P, Q)—
Lucas polynomial sequence Lp ¢ n(x). Then

(1.9)

Lp s

(1.10) Gien@t (&) =D Lpon(®)E"
n=0

_ 2 —P(x)¢
1 —P(x)§ — Qx)&2

Note that for particular values of P and Q, the (P, Q)-polynomial
Lp.on(z) leads to various polynomials, among those, we list few cases
here (see, [23] for more details, also [, 18]):

e For P(z) =z and Q(x) = 1, we obtain the Lucas polynomials
L (x).

e For P(z) = 2z and Q(z) = 1, we attain the Pell-Lucas polyno-
mials 9, (z).

e For P(z) = 1 and Q(z) = 2z, we attain the Jacobsthal-Lucas
polynomials j, ().

e For P(z) = 3z and Q(z) = —2, we attain the Fermat-Lucas
polynomials f,,(z).

e For P(x) = 2z and Q(z) = —1, we have the Chebyshev poly-
nomials T;,(x) of the first kind.

A study on bi-univalent functions by [3, 11, 13, 15, 22] as well as nu-
merous recent works on the Fekete-Szego functional and other coefficient
estimates (see [2, H, 0, B, 25]), served as the inspiration for the current
paper. In this paper we introduce new subclasses of the function class
= of complex order § € C\ {0} other relevant classes are taken into
account and connections to previously reported results are made.
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Definition 1.3. A function s € = given by () is said to be in the
class M%’b;c(ﬂ ,0,n;x) if the following conditions are satisfied:

1 g(ja,b,cs(g))l
1) g (e 1) < GO -1
and

1 w(ja,b,cs(w))/
(112) 14+ B <(1 — 5)§ T (Sja’b@S(W) - 1) =< g{ﬁp,g,n(a})}(w) -1

where the function ¢ is given by (E)

On specializing the parameters § and a, b, ¢ one can state the various
new subclasses of = as illustrated in the following examples.

Example 1.4. A function s € Z, given by (@) is said to belong to
the class M%’b;c(ﬁ, n;x) if the following criteria are met for 6 = 1 and

B e C\{0}:

1 a,o,c !
(1.13) 1+3 (W - 1) < GiLpon@}(€) =1
and
1 a,o,c !
(1.14) 1+ 3 (W - 1) <G Lpon@(w) —1

where £, w € U and the function ¢ is given by (@)

Example 1.5. A function s € Z, given by (EI) is said to belong to
the class M%’b;c(ﬁ, n;x) if the following criteria are met for 6 = 0 and

B e C\{0}:

(1.15) 1+ ; ((Tapes(€) = 1) < Gip g a@p(€) =1
and

1 :
(1.16) L4 5 (Japes (@) = 1) < Gizp o @) — 1

where &, w € U and the function ¢ is given by (@)

Example 1.6. In the case of 6 = 1 and f_€ C\ {0}. If the following
criteria are met, a function s € =, given by ([L.1)), is considered to belong
to the class MZ (5, n;z):

1 /&
(117) 1+ B <ES(£§) - 1) = g{ﬁpygn(x)}(g) -1
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and
£s'(w)
(1.18) 1+-— 3 < ) —-1) =< Q{LP!Q,n(m)}(w) -1
where &, w € U and the function ¢ is given by ()

Example 1.7. For § = 0 and 5_€ C\ {0}. If the following criteria are
met, a function s € =, given by ([L.1]), is considered to belong to the class

ME(B,n;x):

(1.19) 1+ 3 (5'(6) =1) < Girp g n@n(€) —1
and
(1.20) 1+;@m@_1y<ghwﬂmw@_1

where &, w € U and the function ¢ is given by (E)

By using the methods previously employed by Deniz in [L1], we derive
estimates on the coefficients |az| and |ag| for functions in the above

a,b;c

described subclasses Mz™%(3,9,n; ) of the function class =

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLASS M%’b;c(ﬁ, §,n; )

Theorem 2.1. Let s be given by ) and in the class M%’b;c(ﬁ, d,n;x).
Then

01 sl < B[P ()| /[P
\/I{2— (1~ 28)0 — 2]x3 + 28(3 — )} P (2)

—2(2 - 0)*s3Q()]

P (x) | BIP(x)|
(2—-06)2k3  2(3—0)ks

Proof. Let s € M%b;c(/@’,é,n;x). Then, from Definition @, for some
analytic functions, €, A such that Q(0) = A(0) = 0 and |2(¢)| < 1,
|A(w)] <1 for all &,w € U, we can write

g(jabcs( )) _ _
(2.3) 14— <( DE + 070 (E) 1> =G(Lp on@)}(2(§)) — 1

1 W(Tapes(w))
(2.4) 1+= <( - j; AR V) =01p on@yAw)) —1
or equivalently
1

(2.5) 1+5<(1

(2.2) las| <

g(ja,b,cs(g))/ _ 1)
- 5)5 + 5L7a,b,cs(§)
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=14+ Lp.oolr) + Lpo1UE) + Lp g2 (&) + -
1 W(ja ch(w))/ )
. — A —1
(26)  1+3 ((1 ") w + 075 pos(@)
= —1+Lpoo(x) + Lp o1 Aw) + Lp,g2A* (W) + -

From equalities (@) and (@)

1 E(Tap,es(8)) _
(2.7) 1+g<(1_5)g+5ja,b,cs(£> 1>

=14 Lpo1(x)h&+ [Lp,01(2)la + Lpga(x)F]E% + - -
1 w(Ja bcs(w)), >
2.8 1+ — e -1
28) * B ((1 —0)w + 0Tapes(w)
=14+ Lpoi(x)riw+ [Lpoi(x)rs+ £p,Q’2($)T%]w2 + .-
It is already known that if for £,w € U,

Q) =|> L <1
i=1
and
Aw) = Zriwi <1
i=1
then
Q& =Ll <1
and
Aw) =1r| <1

where i € N. Thus, comparing the corresponding coefficients in (@)
and (@), we get
2—9
g
6% — 26 3—-46
3 /@%a% + ——K3a3 = /.,‘737@71(.%')[2 + EP7Q,2(.%')Z%

8
2—96
,8 KRoQ9o = £P7Q,1(1’)T1

62— 26 3—6
2.12) — T k2a24+ 2~
(2.12) 5 %2 5

From (R.9) and (2.11),
Bl —pr

(2.13) 2= G e (2= 0)m

(214) ll =T

(2.9) Kol = ﬁpgg’l(l‘)ll

(2.10)

(2.11) —

k3(2a3 — a3) = Lp,o.1(z)rs + Lp,ga(x)ri.
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(2.15) (2 —0)?k3a3 = 2L o1 (2)(1F +17)
adding (.10) and (.12),

2 _ _
(2.16) 2 (5 3 25n§ 42 3 5/@3) a3

= Lpo1(x)(la +72) + Lpg2(x) (1§ +17).
By using () and () we have
(2.17) [2BL% 0.1(2)[(6* — 20)5 + (3 — 6)rs] — Lp 02(x)(2 — 6)*k3]a3
= B*Lp g1 (x)(l2 +12)
2 /BQ‘C’PQl( )(l2 +72)

2 263 o1 (x)[(82 = 20)k5 + (3 — 0)ra] — Lp g2(2)(2 — §)?k3]
which gives

4] < B2P(2)|V/|P(z
{(2-9)[(1-26)0 - ]ﬂ2+25(3 5)%3}7’2( )
—2(2-0)*k3Q(2)]
also, by subtractmg ) from () we get
(2.18) (36_ 5) R3a3 — (3,3_5)1%3(12 £7> Q, 1( )(l2 - 7"2).

Then, by using () and () in (), we have
B Lpoa @B ) BLpga(x)(la — 1)
s (2 — 0)2k2 23— 0)k3
and by the help of (@), we conclude that
PP | AIPE)
(2—-10)2k3  2(3—10)ks
Fixing § = 1 in Theorem @ we have the following;:

Corollary 2.2. Let s be given by (|1 (.) and in the class M bc(ﬁ, n;x).
Then

. (I2| ~
VHI( 1—2/3)—2]/~@2+4ﬂn3}7’2( ) — 2r3Q()]

laz| <

and

PXa) | AIP@)

K% 4/{3

(2.20) las| <

Assuming that a = ¢ and b = 1, in Corollary @ we obtain the
following:
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Corollary 2.3. Let s be given by ) and in the class M%’b;c(ﬁ,n;x).
Then

(2.21) las| < B P ()| /P(2)]
~ V(T —28) — 2] + 48}P2(z) — 2Q(x))]

and

BIP(x)]
T

Fixing § = 0 in Theorem @, we have the following:

(2.22) lag| < B*P*(x) +

Corollary 2.4. Let s be given by ) and in the class M%’b;c(ﬂ,n;w).
Then

) B[P (x)|\/IP(x)]
(2.23) |az| < VI{—4K2 + 6Br3) P2(z) — 8k20(2))|

and

FPa) | BIP(@)
4&% 6H3 ’

(2.24) lag| <

Using the above corollaries a = ¢ and b = 1, we obtain the following:

Corollary 2.5. Let s be given by ) and in the class MZ"(8,n;z).

)

Then

2| ()| /[P ()]
2.25 asl <
(229) 2l = o= 1P ) s
and
220 g < P AP

4 6

We demonstrate Fekete-Szego inequalities for the functions
s € M%’b;c(ﬁ, d,m;x) to Zaprawa [37].

Theorem 2.6. Let s given by ) belongs to the class M%’b;c(ﬁ, d,n;x).

Then,
Pl e
(2.27) |as —Ta3| < { (3—10)Ks’ 0<|T(752)| < 35=57m
2[P()||T (7 )], T(752)| > 55257
where
T(r;2) = (1-7)BLh 0a(@)

28L% 0,1 (@)[(0% = 20)K5 + (3 — 6)ks] — Lp,02(x)(2 = 6)*k3]
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Proof. From equations (m) and (M), we get
o _ BLDon(@)(l2 —12)

as — Ta; 23— 0)rs + (1 —7)d3

_ BLE g1 (x)(l2 — 7o)

- 2(3 — 5)%3

N (1—7)B2L g1 (2)(l2 +72)
28L% o1 (2)[(62 —20)K5 + (3 — 8)ka] — Lp,g2(x)(2 — 9)2k3]
. B , B

=Lpo1(x) KT(T,x) + 303 5)K3> lo + (T(T7$) — 72(3 — 5)K3> 12}
where
T(ria) = e

[28L% o1 ()[(62 — 20)K3 + (3 — 0)ks] — Lp,g2(2)(2 — §)*k3]
0

One may easily assert the following by assuming that 7 = 1 in above
Theorem @

Remark 2.7. Let the function s be assumed by s € M%’b;c(ﬁ,é,n; x).
Then
P ()]

2
_ < AT
|(13 CL2| = (3 _5)53

3. SUBCLASS OF BI-UNIVALENT FUNCTION V2(g, n; 2)
Obradovic et al. provided several requirements for univalence in the
cited work, expressing them mathematically as R(s'(£)) > 0, for the
linear combinations

fs”(&)) 1
|1+ +(1—c
(1+56) + -9
Recently, Lashin in [20] introduced and explored the new subclasses of
bi-univalent function based on the aforementioned definitions.

>0, (¢>1,¢e€l).

Definition 3.1. If a function s € Z given by (@) satisfies the following
criteria, it is said to belong to the class V“’b;c(g, n;x):

g(ja,b,cs(g))” _ H; _
0:) < (1+ S ) 0 iy < Gemanion @1

and
w(ja,b,cs(w))// _ ; w)—
625 (1 S )OI Gy < Clenanin)

where ¢ > 1,&,w € U and the function ¢ is given by (@)
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Remark 3.2. If a function s € = provided by (EI) satisfies the following
criteria, it is said to belong to the class VE"(1,n; ) = REY(n; 2):

E(Japes(€))”
<1 i ((lefcj((f;))’) < G(Lp 0@} (§) —1

and

w(ja, ,cS(OJ))”
(1 " (Jabbcs(w))’> < GiLpom(@} (@) —1

where &, w € U and the function ¢ is given by (E)

Theorem 3.3. Let s be given by ) and s € Vg’b;c(g,n;x), ¢ > 1.

Then
2(\27’(961))|
. c—1)r2’
(3.3) |az| < min { V2|P(@)|\/P(@)]
VI(2(14<)=8(2s—1)?|P(2)2—16Q(x) (2s—1)2) k3]
and
(3.4)
3(:|3P(11))‘ + \PQ(I)J ,
. 1)k 4(2¢—1)2k3’
Jas| < min § "5 N e 2P% ()
3(3s—1)k3 [([2(14¢)—8(2s—1)2]P(x)2—16Q(z) (2s—1)2) k3|

Proof. From (@) and (@), it is evident that

f(ja,b,cs(g))” _ ;
(35) (1 m(a)) R A)
= G(Lp 0@} (Q(E) —1
and
W(TJap.es(w))” AV S
39 (1) Gy

=Gl on@}yAWw)) —1
or equivalently
o0 (1 ) H ey
= 1+ Lpoo(x) + Lp o1 UE) + Lp,gaQ3(E) + -+

W(Tapes(w))” B 1
o9 s (L ) -y
= —1+4Lpoo(x) + Lp,o iAW) + Lpg2A*(w) + -
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from equalities (@) and (@)

(3.9) S <1 + (ja,b,CS(w))l > +(1—5) (ja,b,cs(w))’

=1+ Lp,o1(x)€ + [Lp,01(2)l2 + Lpoa2(2)IF]E + -
a1 < (1+ ) -9

=1+ Lp.oi(@)nw +[Lp.o1(@)r2 + Lp ga(@)rilw’ + -

it is already known that if for £, w € U.
Consequently, we obtain by comparing the equivalent coefficients in

(B.9) and (
(3.11)  2(2¢ — 1)kgas = Lp,g1(x)h
(3.12)  3(3¢ — 1)kgaz +4(1 — 26)w3a3 = Lp.g1(z)la + Lp.ga(2)lE
(3.13)  —2(2¢ — 1)koaz = Lp g1(x)r
(3.14)  2(5¢ — 1)k2az — 3(3s — 1)kzaz = Lp.g1(x)r2 + Lp ga(x)rs.
From () and (B.13),
(3.15) lh=-m
from () by using (@)
(3.16) ja2] = 2?272%11()22 = 2(2’f£$i|);@2'
Also
8(2 — 1)°k303 = L3 g1 (2) (] +17)
and
o1 2 Shau@i £ 1)

8(2¢ — 1)2k3
Thus by (@), we get

Ly o1(®)  [P()]
(3.18) |ag| < 22 — Dra  2(26 — ko

Now from (B.12), () and using (), we obtain
(3.19) [4(1 — 26)k3 + 2(5¢ — 1)K3]a3
=Lpoi(x)(la+r2) + £P7Q72($)(l% + 7).
Thus, by () we obtain
g Chose)iatrs)
[£5.0.1(@)2(1 +<) — Lp,02(2)8(2¢ — 1)?]x3
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2/P(a)
[P2(2)2(1 4 <) — (P?(z) + 2Q(x))8(2¢ — 1)?]x3]
< V2IP(a)]|y/P@) |
= VIPP@2(1+9) = (P(a) + 2028 — D3|

From (B.12),(B.14) and using (B.13), we get

ja3| =

Lpoi(r)(la—r2) =
3.20 == :
( ) as 6(3§ — 1)/{3 + 5
Then taking modulus, we get
Lp.o1(z) 2
3.21 < =
using () and (), we get
Lpoa(x) | LPoil@)
3.22 < 9 ) 3 9
(3:22) o] < 3(3¢ — 1)kg  4(2¢ — 1)2K2

)
P P)
3(3¢ —1)kg  4(2¢ — 1)2k3°
Now by using () in ()
Lp.oi(z)

9] < 35 ),

P ()|
3(3¢ — 1)ks

+ [a3|

2P3(x)
| ([2(1 +¢) = 8(2 — 1) P(x)? — 16Q(x)(2¢ — 1)%) k3|

_|_

g

Due to Zaprawa [37], we prove Fekete-Szegd inequalities [12] for func-

tions s € Vg’b;c(g, n; ).

Theorem 3.4. Let s given by ) belongs to the class V‘El’b;c(c,n; x).
Then,

P ()] 1
AR < . 1
(3.23) |ag —Taj| < {3(3§ —1)r3’ 0 < [T(r:2)] < g=nyws
2[P(@)||T(7;2)l, IT(m:2)| > gt
where
P2
- (1-7)P*(x)

[(2(1 +¢) = 8(2¢ = 1)*)P?(z) — 16Q(x)(25 — 1)%]x3
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Proof. From equations (), we get
o _ P@)(l2 —2)

as — Ta; = 6(3c — 1)rs + (1 —7)a’

_ P(z)(z — )

6(3§ — 1)I€3
N (1 —71)P3(x) (I + 72)
[(2(1 +¢) — 8(2¢ — 1)2)P2(x) — 16Q(z) (25 — 1)2]k3
1 1
= P(z) [(T(T;$) 6B — s s lo + ( T 63—, 1)m3> l2:|
where
T(rix) = (1—7)P?(x) 0

[(2(1 +¢) — 8(2¢ — 1)2)P2(x) — 16Q(z) (25 — 1)2]k3

One can easily assert the following by using the above Theorem @
and taking 7 = 1.

Remark 3.5. Let s € Vg’b;c(g,nm) represent the function s. Then

P ()|

las — a3] < 3(3¢ — 1)wg’
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