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On Some New Classes of 7—Convergent Sequences in GNLS

Vakeel A. Khan', Zahid Rahman?, Ayhan Esi®** and Amit Kumar*

ABSTRACT. This paper is devoted to study Z-convergent,Z—null,
Z—bounded and bounded sequence spaces in gradual normed linear
spaces, denoted by €l i ol fooll-la ™16 and MG
respectively. We discussed some algebraic and topological prop-
erties of these classes. Also, we studied some inclusions involving
these spaces.

1. INTRODUCTION

The term fuzzy was first introduced by Zadeh [35] in 1965 to expand
the idea of classical set theory. Subsequently, the notion of fuzzy sets
was fulfilled by many scientists and researchers. At the moment, it has
spacious applications in science, engineering and technology. The ex-
pression “Fuzzy number” performs a vital role in the theory of fuzzy
sets. Essentially, the fuzzy number is not a number, but it is the gen-
eralization of intervals. Furthermore, fuzzy numbers inherit algebraic
properties of intervals, not of classical numbers. Therefore, the term
“fuzzy numbers” is arguable for many researchers and authors due to
their diverse behaviours. Many authors used the term “fuzzy intervals”
in lieu of fuzzy numbers. Considering this confusion, Forine et al. [11]
introduced a new notion in fuzzy set theory, “Gradual real numbers” as
elements (singleton) of fuzzy intervals the year 2006. They showed that
fuzzy interval can be represented as a set of gradual numbers that lie be-
tween two gradual numbers end-points, the same as the representation
of an interval of reals. Gradual numbers represents only fuzziness with
precision. Particularly, a fuzzy number can be denoted a crisp interval
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of gradual numbers. Generally, a gradual number can not be considered
as a set of fuzzy numbers because the mapping from (0, 1] to R is not
necessarily one-to-one.

In the brief time, a gradual number have been applied as tools for com-
putations on fuzzy intervals, with applications to combinatorial fuzzy
optimization and evaluation of monotonic functions (see, [, B, 4, [, 10—
12, 14, 24, B6-388]). Kasperski et al. [14] used gradual numbers to solve
combinatorial optimization problems. Afterwards, Fortin et al. [12] ap-
plied gradual numbers to present some methods for the evaluation of
optimality. Also, Stock [B3] used gradual numbers for the evaluation of
fuzzy optimization. Recently, Sadeqi and Azari [28] in year 2011 have
introduced the notion of gradual normed linear spaces (shortly GNLS)
and studied some algebraic and topological properties of these spaces.
Quiet recently in [§], Ettefagh et al. studied some properties of sequences
in GNLS. In 2021, Chaudhury and Debnath [5] introduced the concept
of Z and Z*-convergence of sequence in GNLS.

The concept of statistical convergence was first introduced by Fast
[9] and Steinhaus [32] separately in 1951. Efficient research on statis-
tical convergence started after the studies of Fridy [13], and thereafter,
an immense quantity of literature has come into view. Afterwards, it
was explored from a sequence space point of view and connected to the
summability theory by fridy [13], Salat [29] and some other researchers.
Convergence is also applied in mathematical analysis and number the-
ory; for details, we refer the readers to [6, 13, 20, 25, 26, 29]. In the year
2000, Kostyrko et al. [21] used the notion of ideal Z (C N) to introduce
an improved generalization of statistical convergence, called ideal con-
vergence (Z-convergence). Later, the concept of Z—-convergence was
also explored from the viewpoint of sequence spaces and linked with
summability theory by Salat et al. [30, B1], Khan et al. [15, 16, 18] and
many others for extensive detail about Z-convergence we refer [2, [15-
23, B4].

This paper will define some new classes of Z-convergent sequences in
gradual normed linear space (V,| - |l¢). In addition, we study some
topological and algebraic properties, and we also present some inclusion
relations for these sequence spaces.

2. PRELIMINARIES

It is necessary to allude to some essential concepts related to main
object of this research. Let w represents the space of all real-valued
sequences, then every subspace of w is called a sequence space of real
numbers. Let the space of all bounded, convergent and null sequences of
real numbers be denoted by /+,, ¢ and ¢y, respectively. Let I = [aq, ag]



ON SOME NEW CLASSES OF Z-CONVERGENT SEQUENCES IN GNLS 53

and J = [b, bo] be intervals of numbers in R, by S; we denote the set
of closed and bounded intervals on R, i.e. S ={I C R : I = [ay,az]}.
For I,J € S, we define I < J iff a1 < by and as < by and d(I,J) =
max{|a; — bi1|, |az — ba|}. It is evident that d defines a Housdroff metric
on § and (S,d) is a complete metric space. Also, the relation < is a
partial order on S.

Definition 2.1 ([33]). Let X denote a set. Then, a fuzzy set A on X
is a set of ordered pairs.

A={(z,pz(x)):z e X}

where the membership function p; : X — [0,1] is a map from X into
the set of possible degrees of memberships, [0,1]. Where p ;(z) = 1 and
p 5(x) = 0 expressing full membership and no-membership, respectively,
and values between 0 and 1 showing partial membership.

Definition 2.2 ([22]). A fuzzy number is a function X from R to [0, 1],
which satisfying the following conditions
(i) X is normal, i.e., there exists an ¢ € R such that X'(c) = 1;
(ii) X is fuzzy convex, i.e., for any ¢1,c2 € Rand A € [0,1], X(Ae1 +
(1 =X)cg) > min{X(c1), X(c2)};
(iii) X is upper semi continuous;
(iv) The closure of X = {¢ € R : X(¢) > 0}, denoted by X° is
compact.

The above properties shows that for each a € (0, 1] the a—level set,
X={ceR: X(c) > a}
= [&a’?a]
#0

is compact and convex subset of R. Let S(R) be the set of all real valued
fuzzy numbers. Define d : S(R) x S(R) — R by

d(X,Y) = sup d(x*,Y%)

a€l0,1]
In [27] Puri and Ralescu proved that (S(R),d) is a complete metric
space . For X, € S(R) we define X < Y if and only if X* < Y* and
x° < ?‘“ for each a € [0,1]. We say that X < Y if X < ) and there
exist o € [0, 1] such that X“° < Y or X <Y Let X and Y be any
two fuzzy numbers then X and ) are incomparable if neitherX < ) nor
Y < X. For X,Y € S(R),c € R and for the a—level sets [X]* = [a, a§]
and [V]¢ = [bf, bg] the linear structure of S(R) i.e. addition X + ) and
scalar multiplication c¢X, are defined as

o [X+ V] = [af + b, aS + 3], for a € [0,1]
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o [cX]|* = c[X]%, for a € [0,1].
Let B be a subset of S(R), then B is called bounded above if there is a
fuzzy number 8 such that X < 3, for each X € S and  is called the
upper bound of S. Also, the upper bound 3 of S is said to be the least
upper bound (Sup) of S if B < ' for all upper bounds 3’ of S. The lower
bound and greatest lower bound (inf) of set S can be defined similarly.
If the set S has both bounds (above and below), S is a bounded set.

Definition 2.3 ([11]). A gradual number, 7, is defined by a function
called the assignment function, A; : (0,1] — R . It can be understood
as a real value parametrized by o € (0, 1]. Then, for each «, a real value
o 18 given by Ay ().

A gradual real number 7 is said to be non-negative if for every a €
(0, 1], we have Az (o) > 0. Also by G(R) and G*(R) we represents the
set of all gradual real numbers and non-negative gradual real numbers
respectively.

Let o be any operation in R and let 71,7 € G(R) be gradual numbers
with assignment functions A, and Ay, respectively. Then 707, € G(R)
with assignment function Ay oy, defined as

Aoy (@) = A () 0o A, (o), € (0,1].

Then for any 71,72 € G(R) and every scalar ¢ € R the gradual addition,
subtraction, multiplication and division can be present as follow

Ari4 (a) = An ( ) + 'A?’z( )7 a € (07 ”
A - (a) =A 1( ) + A 7“2( ) = Aq (a) — Ay, (a)7 a € (07 1}
Aci(a) = c- Ai(a), o€ (0,1]

A7 (@ )= Ay (@) - Agy (@), € (0,1]
A%(a)—A: Eai,if Ai,(a) #0 for all « € (0,1].

Let 71,72 € G(R) be gradual numbers with assignment functions
Ai, () and Ay, (a) respectively and « € (0, 1], then;
(i) TL=Ty & Arl( ) = ./41:2 (a)
(ii) L >Ty & Arl( ) > AFQ (a)
(ii) 1 <ry & Arl( ) < A,:z (a)
Definition 2.4 ([B§]). Let 7 € G(R) be a number with assignment

functions Az(«a), and a € (0, 1], then the absolute value of 7 is given by
the mapping || : (0, 1] — G*(R) defined by Az (a) = [Az(a)l.

Definition 2.5 ([28]). Let V be a vector space of real numbers and
|- llc : V— G*(R) be a mapping. Then (V,|| - |g) is called gradual
normed linear space (GNLS) with gradual norm || - ||g iff
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G1) llulle =0 & wu=0,VueV,;

(G2) lleulle = lelllulla, Ve eR;

(G3) [lu+vle < llule+vle, Yu,veV.

The above definition can be written in the form assignment of function
as follow:
For any u,v € V,c € R and a € (0,1], the pair (V,|| - ||¢) is called
gradual normed linear space (GNLS) with gradual norm || - || iff

(G1) Ajue(a) = Az(a) & u=0, VueV;

(G2) Ajjcuc (@) = le[Ajjy) o (@), Ve € R;

(98) Ajutolc(@) < Ajujjg@) + A (@), Vu,v e V.

Example 2.6. Let V = R" be a real vector space and v = (v1, va, ..., Uy)
€V, a € (0,1], then the norm | - [|g defined by Ay, () = e 31, |vi]
is a gradual norm on V = R" and the pair (V,| - |¢) is GNLS.

For more examples about GNLS we refer the readers to [2§].

Definition 2.7 ([21]). A family of sets Z C N is said to be ideal if and
only if
i) 0eZ
(i) A, BeZT = AUBEeTI,
(iii) AcZand BC A = Bel.
An ideal Z # () is called proper (non-trivial) if Z # 2N.

Let Z be a non-trivial ideal then 7 is called admissible if Z D {{n} : n €
N}.
A non-trivial ideal 7 is called maximal if there cannot exists any non-
trivial ideal B # Z containing Z as a subset.

Definition 2.8 ([20]). A family of sets 7 C 2V is called filter on N if
and only if;
(i) 0 ¢ 7,

(ii) for each A,B € F we have ANB € F,

(iii) for every A € F and B O A, we have B € F.
If 7 is a non-trivial ideal of N, then the family of sets F(Z) = {C C N :
d AeT:C=N\A}isafilter of N and known as filter associated with
7.

Definition 2.9 ([20]). Let Z be a proper ideal of N, then a sequence
u = (u;) € w is said to be Z—convergent to a real number g if for every
e > 0 we have A(e) = {i e N: |u; —ug| > e} € Z. Here uy is called

Z—limit of the sequence (u;) € w and denoted as Z — lim u; = uy.
71— 00

Definition 2.10 ([19]). A sequence u = (u;) € w is said to be Z—null
if for every € > 0 we have {i € N: |u; —0| > ¢} € Z, denoted by Z —

lim u; = 0.
1—00
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Definition 2.11 ([18]). Let Z be a admissible ideal of N, then a sequence
(u;) € w is said to be Z-Cauchy if for each £ > 0 there exists a number
p = p(e) € N such that {i € N: |u; —u,| > e} €T.

Definition 2.12 ([31]). A sequence u = (u;) € w is called Z-bounded if
there exists a real number p > 0, such that theset {i € N : |u;| > p} € 7.

Definition 2.13 ([31]). Let V be the sequence spaces of real numbers,
then V is said to be solid (or normal) if for (u;) € V, (\;) € G(R) with
|Ai] <1 we have (\; u;) € V for all ¢ € N.

Definition 2.14 ([28]). Let (V, || - ||¢) be a GNLS. Then the sequence
(u;) € V is said to be gradually convergent to u € V, iff for all a €
(0,1], we have lim Aj,,_y||; (@) = Ag(a). Also (u;) € V is said to be
71— 00

gradually Cauchy iff for all @ € (0,1] and N' = N.(a) € N, we have
Jim Ayl (@) = Ag(@).

The GNLS (V.|| - ||g) is called complete if every Cauchy sequence in
(V]| - |lg) is convergent.

Theorem 2.15 ([28]). Let (V.|| ||¢) be a GNLS, then every convergent
sequence in 'V is a Cauchy sequence.

Definition 2.16 ([5]). Let (u;) € (V,| - |lg), be a sequence and « €
(0,1]. Then (u;) is said to be gradually Z—convergent to u € V, if for
every € > 0; we have {i € N: Aju, () > e} € Z; and denoted by

I-|lle
Uy ——— U

—ullg

Definition 2.17 ([5]). Let (u;) € (V,||-|/¢) be a sequence and a € (0, 1].
Then (u;) is said to be gradually Z—Cauchy if for every ¢ > 0, there
exists a number N' = M (a) € N, such that {i € N : A,y (@) > e}
el

Definition 2.18 ([B1]). Let V be a sequence space and K = {k; € N :
k1 < ke <---} CN. A K— step space of V is a sequence space

M= {(ug,) € w: (ug) € V}.
A canonical pre-image of a sequence (uy,) € A\{- is a sequence (vy) € w
defined as follows:
up, ifkek
Vg = X
0, otherwise.

A canonical pre-image of step space )\% is a set of canonical pre-images
of all elements in /\%. i.e. v is in canonical pre-image of )\X if and only
if v is canonical pre—-image of some element u € )\%.



ON SOME NEW CLASSES OF Z-CONVERGENT SEQUENCES IN GNLS 57

Definition 2.19 ([31]). A sequence space V is said to be monotone, if
it have the canonical pre-images of its step spaces. i.e. for all K C N
and (ug) € V, we have (Aguy) € V, where

{1 Jifkek
Ak = .
0 , otherwise.

Definition 2.20 ([1§]). A sequence space V is said to be convergence
free, if (u;) € V, whenever (u;) € Vand (v;) =0 = (u;) =0, VieN.

Definition 2.21 ([31]). Let u = (ug) and v = (vg) be two sequences,
then we say that u; = vy, for almost all k relative to Z (in short a.a.k.r.Z)
if the set {k € N:wuy # v} € 7.

Lemma 2.22 ([31]). Every solid space is monotone.

Lemma 2.23 ([30]). Let Z € 2" be a mazximal ideal and C € F(ZI) then
for each M C N if M ¢ T, then MNC ¢ T.

3. MAIN RESULTS

Throughout in this paper we assume that Z is an admissible ideal of
subsets of N and V be a GNLS also u = (u;), v = (v;), be sequences
in V. Now let ¢ > 0 and « € (0, 1], then we define some new sequence
spaces as

(3.1) cﬁ_”G = {u = (u;) €V:
{i e N: Ayy;—pjo(a) > e} €T for some r € V(I)} .

(32) & e = {u = (uj) €eV:
{i e N: Ay, _oj,(a) > e} €T for some 0 € V(I)} .

FJu>0st {ieN: Ajju;—oj (@) > p}eT}.

(3.4) l e == {u = (ul) eV: Slrllp.A”ui,O”G(a) < OO}

For convenience of our work we represent

T I z —
M0 e = G e Voo e Ml = e N oo e
The inclusions COI e Ego e © lso ||| 1s apparent from the defini-

tions of cg I 123 and /¢

le’ “oo [l oo [l
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Definition 3.1. A sequence (u;) € V is said to be gradually Z—null if
there exists a real number ug, such that for every € > 0, and « € (0, 1],
we have {i € N: Alju—o) (@) > e} €T

Definition 3.2. A sequence u = (u;) € V is said to be gradually Z—
bounded if there exists a real number r > 0, such that, the set {i € N :
Ajju;—o|| (@) > 1} € L.

Remark 3.3. If 7 is proper ideal and Z O {{i} : ¢ € N}, then the se-

quence spaces cI” e cg e Ego e 8re coincide with ¢ |5, €0 |-|a>
loo ||-|l¢» TESPECtively.

T 7 7
Theorem 3.4. The classes CIH e cI e’ I8 e’ ™ e andmg e
are linear over R.
Proof. (i) Let u = (u;) and v = (v;) be two arbitrary sequences in

CI”'HG and ¢y, co be scalars, then for every ¢ > 0 and « (0, 1],
there exists r1,72 € V such that

{ieN: A njol@) 25} e

{ZEN AIIU—TzHG( @) > g}EI.

Let us define

Au—{neN:A”ui_mG( ) < }e]—"( )

€
2|e |
Av:{iGNiA”yi_m”G( ) < }6.7:( ),
such that AS, AS € Z then

(3.5) Ay = {Z eN: A”(Clui+62vi)_(cl7'1+027'2“G(a) < 5}

. £
> {{z € N Ay o (@) < 2|c1|}

€
) : , —— z
N {Z eN ‘AHUz*TzHG(a) < 2lcs| }} € F(I)
Since the sets A, and A, on the RHS of (@) bGIO@ to F(Z),

I3
2|ca|

by definition of F(Z), the complement of LHS of (B.5) belongs

to Z. That is A$, C Z, this gives that (ciu; + cav;) € CI” e
Hence cI” e is linear over R.

(ii) Suppose u = (u;),v = (v;) be two arbitrary sequences in ¢ e

and ¢, co be scalars, then for every € > 0 and any « € (0, 1]

. e
By, = {Z €N Ajy—o (@) > 5} el
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. &
B, = {Z € N: A”Ui_OHG(a) > 5} el

Al(eruitezvs)—0fle (@) < ler] Ay, —o))¢ (@) + |e2 Aju, —o) o (@)

Now
(3.6) B,y = {Z eN: .AH(clui + covi) — 0]|g(a@) > 6}
C {z e N: e Ajui — 0flg(a) > %}
U {i €N Jeal Ayi - Oll(a) > g}
€
=<d1€N: i—0 >
{Z €N: Aju; — Ollg(a) = 2‘61‘}
€
Ui eN: Aw; —0|gla) >
et 55
cB,UB, el
Hence c% e is linear over R.
The proof of remaining parts have same procedure. O

Theorem 3.5. Let ¢, t

I-lc” 0 Il
I—convergent, gradually I—null and gradually I—bounded sequences in

V, then the following inclusions are proper.

and Kfo e be classes of all gradually

v T
“ Ila C CIHHG - goo Ille
Proof. The inclusion cg e cﬁ | 18 evident.
T—||-
Let us take u = (u;) € CI”‘HG then there exists r € V such that u; e

r. That is
{i €N: AHui_T”G(a) > 6} el.

We can write

A —0]l6 (@) = Ajju—(r—r) o (@)
< Ajui—r)i6 (@) + Ao~ ()16 (@)

In view of the definition of (% Il it follows that (u;) € 2

oo||-lla”
Hence & Z

e © Coolllg- Finally

&

I-la

cq.

fle

c O

ooll-la

Theorem 3.6. Let & = {cz 123 ,mg ”_”G}. Then the class of

0 [Ilg’ oo Il
spaces Z is solid and monotone.
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Proof. We shall prove the theorem for 2 = ¢t

oll-lle
ing classes have same procedure. Let u = (u;) € 2 and a € (0,1], then

for every € > 0

(3.7) B, = {l eN: A”ui_O”G(a) > %} el

, the proof for remain-

Chose 5 = (8;) with |8] <1, i € N, then
A0l (V) < 1Bl Aju;—0)6 (@) < Aju—ojc (@), foralln € N
looking to (@), we have
{ieN: A Biuwi—0 ¢ (@) = e} C{ieN: Ajjus—o|| o (@) > e} e
= {ieN:Apu_o,la)>c} el
= (Biw) e Z = C:g”’HG'

Hence COI||~HG is solid. Finally by lemma (), Cg”'HG is monotone. [
T
';‘heorem 3.7. The spaces cﬂg, cg e and €2, [l @re sequence alge-
ra.

Proof. Let (u;) and (v;) be two sequences in cZ

ol and « € (0, 1], then

for every given e1,e9 > 0 we have,
{i eEN: A”M_QHG(CK) > 81} e, {Z eEN: -A||vi—0||c(04) > 52} eT.

In other word
I lim Ay, —gje (@) = Ao(@) = 0
I—lim Ay, o) (@) = Ao(a) = 0.
Therefore we have
Z— lim ‘AHuiUi*O”G(a) =7— lim AH'UZ'U'L*O”G(Q) = Ap(c)
1—> 00 21— 00
= {Z eN: ‘A||Uivz‘—0HG(a) > 8} cT.

Thus (u;) - (vi) € ch,”G and hence C%H_”G is sequence algebra. O

Theorem 3.8. Let u = (u;) € V be a sequence, then u = (u;) is
gradually T—convergent < for everye > 0 and each « € (0, 1] there
exists N = N:(a) € N such that

(3.8) {Z eN: A”Ui_uNHG(a) < 6} S .7:(I)
Proof. Assume that u; % r, 7 € V. Then for every ¢ > 0 and each
a € (0,1] we have

S: = {z EN: Ajy,—r|o (@) < %} € F(I)
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chose N' = N (a) € S then

A —un e (@) < A~ (=) )16 (@) T Ay (@)

cE.E
2 2
= £.
Hence
(3.9) {Z eN: Alluz'—uNllc(a) < 6} S f(I)

Conversely let (@) holds, then;
Si={ieN: A, _g|s(@) € T} € F(I), Ve>0

Where J. = [u; — €,u; + €]. Then we have S’ € F(Z) and Sé/2 € F(I).
Hence S{ NS, € F(Z). This implies that,

T=TNTpp#0.

That is {i € N: A,y (@) <e} € F(I) diam(T) < sdiam(J:).
Where diam means length of interval. Take up the same procedure, by
induction we get a sequence of closed intervals.

Te=D2N2T2 2T
with property

1
diam(J,) < idiam(ji_l), fori=2,3,---

and

{i eN: A”Ui_uNHG(a) < 6} € F(I).
Hence there exists r € mieN Ji, such that wu; % r. Observing that
u = (u;) € V is gradually Z—convergent. O

Theorem 3.9. The classes cﬁ.“G,

of ¢

Proof. Suppose (ugj )> is a Cauchy sequences in cﬁ le?
(9)

convergent in ., and lim u;”" = ;.
Jj—00

mﬁ_”G andm?, are closed sub-spaces

Ol -lle
ooll-fle

then (ugj)) is

Let u; EM B; for j € N. Then we have to show that;
(1) (8;) = 8. where § € G/(R).
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(i) As (ugj )) is a Cauchy sequence then for every € > 0, there is
N = N:(a) € N such that

(3.10) Bjk:{iEN:A (oz)<§,Vj,k:2/\/’}

NORNO

lo

(3.11) Bj: {iGNZ A u(j)_ﬁ_’) (Oé) < %, V],k‘ZN}
7 J G

(3.12) Bk:{iEN: Au<j)_6k" (Oé)<§, Vj,k‘ZN}
v G

Then Bjk,BJC-,B,'; € I. Let B¢ = Bjc-k UBj;UB; € Z. Where
B = {z eN: AHﬂj*ﬁkHG(a) < 8} el
Let j,k > A and i ¢ B;NBy, then by using, (3.10), (B.11),(B.12)

we have;
Ao (@) £ Ao _y | () +4

<e€

ugﬂfﬂng(a) +ALo_w| (@)

o
Thus () is a Cauchy sequence in G(R) and hence lim 3; = f.
Jj—o0
(ii) Let us take the numbers 6 > 0 and ~ as
d .
(3.13) Ajg—plle (@) < 3 for each j > v .
Since (uij)) — u; as j —> 00, thus

5
(o) <=, Vji>n~.

(3.14) A NORNO) ’G 3
As (ul(-j)) % Bk, there exist S € Z, such that for each i ¢ S,
we have
) .
(3.15) A “Ej)fﬁ’cHG(a) < 3’ Viji>y

by using (Blj),(hMj),(Bld), for k > v, we have
Aui=plo (@) < Ay 05 (@) + Ao _g ()

I le

+ A pla(@) <o, VigSeT = (w) B.

Thus Cﬁ‘HG is closed subspace of £ -
Similarly we can show that mg”.HG and mﬁ e are closed subspace of
14 O

ooll-la
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Theorem 3.10. Suppose u = (uy) € V be a sequence and let T C N be

an admissible ideal. If v = (vg) € cﬁ”G s a sequence, such that ug = vy

for a.a.k.r.Z, then u = (ug) € cﬁ“c.

Proof. Let uy, = vy, for a.a.krZ, ie. S ={keN:u,# v} € Z. Let

(vr) be a sequence such that vy e, ¢, ¢ € G(R), then for any given
e > 0and o € (0,1] we have S, = {keN: A, g ,(a0) >} € L.
As T is admissible, then the favorable result can be obtained from the
following inclusions

Su=A{k €Nt Ay go(c) = €}
C{keN:u, #v}U{keN: Ajjop—t)| (@) > e}.
then S, € SUS,. Since § € Z and S, € Z, then §, € Z. Hence

(ug) € Cﬁ”G- O
Theorem 3.11. Let u = (u;) be a sequence in one of the classes
COZ”.”G, cﬁ.”G, Eﬁ'HG' If every sub sequence (v;) of (u;) is gradually Z-

Il
convergent to u, then u; ——— u

Proof. We shall prove the result by contradiction.

T
Let us assume that wu; ﬂ) u is impossible. Then for any given

e > 0 and every a € (0,1], we have
Sy = {Z eN: A”ui—U”G(a) > 6} ¢ 7.
This implies that S, is infinite. Now take aset I as I = {i; <i2 < --- <
ij < ---} and let (v;) be a sub sequence of (u;), i.e. (v;) = ui;. Then
(vj) is not gradually Z—convergent to u, which is a contradiction to the
Z—|- T
statement of theorem. Hence u; ﬂ u if v; —M U O
Theorem 3.12. Let u = (u;) be an arbitrary sequence in & = {CZ

Of-le”
Cﬁ‘HG’ Eﬁlla}' If s, u, for w € 2. Then (u;) is gradually T—

Cauchy.
Proof. Let (u;) € & = ¢

I-le
then for any given € > 0 and every « € (0, 1], we have

S, = {Z € N: A”ui,u”G(O{) > 6} el
Fu= {Z eN: A”ui_uHG(a> < E} S .7:(1')

Let N = N:(a) € F(Z) be a number, then Ajj,, (@) < . Now
chose

be gradually Z—convergent to some u € %,

Suy = {Z eN: AH“i_“NHG(a) > 25} ,
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then we have to show that S,,, C S,.
Let ¢ € Sy, be a number then

2 < Ajjye—uplc (@)
< Ae—ulle (@) + Ajpy—uy ¢ (@)
< Alluc—ullc(a) +e.
= Apu—ug(e) 2 €
= c€e8,
= Sy €L

This implies that u; is gradually Z— Cauchy sequence.

Similarly we can show the result for 2 = ol and Z = EZ-OH‘”G'

O

CONCLUSION

The concept of gradual numbers reckons a previously missing gist
of completeness of fuzzy set theory. Gradual numbers to measure the
length of fuzzy intervals or the size of finite fuzzy set. The term gradual
numbers were first introduced by Fortin, Dubois and Fargier in 2006
to solve the confusion related the algebraic behaviour of fuzzy num-
bers. After that, several authors and researchers extended the concept
of gradual numbers and studied several algebraic and topological proper-
ties of these preceding numbers. Also, many researchers applied gradual
numbers in various areas of mathematics, operations research, physics,
computer science and engineering.

In this paper, we studied the Z—convergence of some classes of bounded
sequences {,, convergence sequences ¢ and null sequences ¢y in gradual
normed linear spaces (V, || - ||¢). We defined some classes of Z—bounded
sequences ¢Z , T-convergent sequences c’,and Z—null sequences o in
gradual normed linear spaces, presented by (@),(@),(@), (@) Also,
we discovered some algebraic and topological properties for these forgo-
ing spaces, , such as linearity, solidity, monotonicity, closedness and the
relation between gradual Z—convergence and gradual Z—Cauchy. We

also showed that the inclusions ch~||@ - cﬁ.”G - Ego e &Te hold. Finally,

we we would like to indicate that gradual Z—convergence is a fresh,, in-
teresting and useful tool in fuzzy mathematics, operations research and
engineering. The results discussed here yield novel tools to sort and
solve some problems of sequence spaces of gradual Z—convergence in
several fields of mathematics, science and engineering. These new re-
sults and methodology will help to researchers to boost the study on
Z—convergence in GNLS.



ON SOME NEW CLASSES OF Z—-CONVERGENT SEQUENCES IN GNLS 65

AUTHORS CONTRIBUTIONS

All authors of the manuscript have read and agreed to its content
and are accountable for all aspects of the accuracy and integrity of the
manuscript.

COMPETING INTERESTS

The authors declare that they have no competing interests.

Acknowledgment. The authors would like to thank the referees for
their valuable inputs which helped improve the paper.

REFERENCES

1. F. Aiche and D. Dubois Possibility and gradual number approaches
to ranking methods for random fuzzy intervals, Advances in Com-
putational Intelligence. IPMU 2012. Communications in Computer
and Information Science, 299 (2012), pp. 9-18.

2. G.A. Anastassiou, Fuzzy approximation by fuzzy convolution op-
erators, In Fuzzy Mathematics: Approximation Theory, Berlin,
Heidelberg: Springer Berlin Heidelberg, (2010), pp. 237-61.

3. R. Boukezzoula, F. Laurent and S. Galichet, Model inversion using
extended gradual interval arithmetic, IEEE Trans. Fuzzy Syst., 20
(2012), pp. 82-95.

4. R. Boukezzoula and S. Galichet, Optimistic arithmetic operators for
fuzzy and gradual intervals - Part II: Fuzzy and Gradual Interval
Approach, Commun. Comput. Inf. Sci., 81 (2010), pp. 451-60.

5. C. Choudhury and S. Debnath, On I -convergence of sequence in
gradual normed linear spaces, Facta Univ., Ser. Math. Inf., 36 (3)
(2021), pp. 595-604.

6. D.S. Mitrinovi¢, J.Sandor and B. Crstici, Handbook of number the-
ory,Math. Appl., Gordon Breach Sci. Publ., 351 (1996).

7. D. Dubois and H. Prade, Gradual elements in a fuzzy set, Soft
Comput., 12 (2008), pp. 165-75.

8. M. Ettefagh, S. Etemad and F. Azari, Some properties of sequences
in gradual normed spaces, Asian-Eur. J. Math., 13 (4), (2020), pp.
1-9.

9. H. Fast, Sur La Convergence Statistique, Colloquium Mathemati-
cae, 2 (3-4) (1951), pp. 241-44.

10. J. Fortin and D. Dubois, Solving fuzzy PERT using gradual real
numbers, In STAIRS 2006, Tretino, Italy, (2006), pp. 196-207.

11. J. Fortin, D. Dubois and H. Fargier, Gradual numbers and their
application to fuzzy interval analysis, IEEE Trans. Fuzzy Syst.,
(2008), pp. 388-402.



66

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

V. A. KHAN, Z. RAHMAN, A. ESI AND A. KUMAR

. J. Fortin, A. Kasperski and P. Zielinski, Some methods for evaluat-
ing the optimality of elements in matroids with ill-known weights,
Fuzzy Sets Syst., 160 (2009), pp. 1341-54.

J.A. Fridy, On statistical convergence, Analysis, 5 (4) (1985), pp.
301-14.

A. Kasperski and P. Zielinski, Using gradual numbers for solving
fuzzy valued combinatorial optimization problems, In Proceedings of
the 12th International Fuzzy Systems Association World Congress
on Foundations of Fuzzy Logic and Soft Computing, IFSA ’07.
Berlin, Heidelberg: Springer-Verlag, (2007), pp. 656-665.

V.A. Khan, Kamal M.A.S. Alshlool and S.A.A. Abdullah, Spaces
of ideal convergent sequences of bounded linear operators, Numer.
Funct. Anal. Optim., 39 (12), (2018), pp. 1278-1290.

V.A. Khan, Rami Rababah, A. Esi, S.A. Abdullah and K. Alshlool,
Some new spaces of ideal convergent double sequences by using
compact operator, Journal of Applied Sciences, 17 (2017), pp. 467-
74.

V.A. Khan, Z. Rahman and K. Alshlool, On I-convergent sequence
spaces defined by Jordan totient operator, Filomat, 35 (2021), pp.
3643-3652.

V.A. Khan, A. Makharesh, K. Alshlool, S.A. Abdullah and F. Hira,
On fuzzy valued lacunary ideal convergent sequence spaces defined
by a compact operator, J. Intell. Fuzzy Syst., 35 (2018), pp. 1-7.
V.A. Khan and K. Ebadullah, I-convergent difference sequence
spaces defined by a sequence of moduli, J. Math. Comput. Sci.,
02 (2012), pp. 265-73.

P. Kostyrko, P.M. Macaj and T. Salat, Statistical convergence and
I-convergence, Real Anal. Exch., 25 (1) (1999).

P. Kostyrko, T. Salat and W. Wilczynski, I-convergence, Real Anal.
Exch. , 26 (2), (2000), pp. 669-686.

V. Kumar and K. Kumar, On the ideal convergence of sequences of
fuzzy numbers, Inf. Sci., 178 (2008), pp. 4670-78.

V. Kumar and N. Singh, I-core of double sequences, Int. J. Con-
temp. Math. Sci., 2 (2007).

L. Lietard and D. Rocacher, Conditions with aggregates evaluated
using gradual numbers, Control Cybern., 38 (2009), pp. 395-417.
M.A. Mammadov and S. Pehlivan, Statistical cluster points and
turnpike theorem in monconvex problems, J. Math. Anal. Appl.,
256 (2001), pp. 686-693.

S. Pehlivan and M.A. Mamedov, Statistical cluster points and turn-
pike, Optimization, 48 (1) (2000), pp. 91-106.



ON SOME NEW CLASSES OF Z-CONVERGENT SEQUENCES IN GNLS 67

27. ML.L. Puri and Dan A. Ralescu, Differentials of fuzzy functions, J.
Math. Anal. Appl., 91 (2) (1983), pp. 552-58.

28. 1. Sadeqi and F. Azari, Gradual normed linear space, Iran. J. Fuzzy
Syst., 8 (2011), pp. 131-39.

29. T. Salat, On statistically convergent sequences of real numbers,
Mathematica Slovaca, 30(2), (1980), pp. 139-50.

30. T. Salat, B.C. Tripathy and M. Ziman, On I -convergence field,
Ital. J. Pure Appl. Math, 17 (5) (2005), pp. 1-8.

31. T. Salat, B.C. Tripathy and M. Ziman, On some properties of I-
convergence, Tatra Mt. Math. Publ, 28 (2) (2004), pp. 274-86.

32. H. Steinhaus, Sur la convergence ordinaire et la convergence asymp-
totique, In Colloq. Math, 2 (1951), pp. 73-74.

33. E.A. Stock, Gradual numbers and fuzzy optimization, PhD thesis,
University of Colorade Denver, 2010.

34. B.C. Tripathy and B. Hazarika, I -convergent sequence spaces as-
sociated with multiplier sequences, Mathematical Inequalities and
Applications, 11 (3) (2008).

35. L.A. Zadeh, Fuzzy Sets, Inf. Control, 8 (3) (1965), pp. 338-53.

36. C. Zhou, Gradual metric spaces, Appl. Math. Sci, 9 (2015), pp.
689-701.

37. C. Zhou and Jun-hua Li, New fuzzy measure based on gradual num-
bers, Int. J. Math. Anal., Ruse, 9 (3) (2015), pp. 101-10.

38. C. Zhou and P. Wang, New fuzzy probability spaces and fuzzy
random wvariables based on gradual numbers, In Bio-Inspired
Computing-Theories and Applications, Springer, (2014), pp. 633-
643.

! DEPARTMENT OF MATHEMATICS, ALIGARH MUSLIM UNIVERSITY, ALIGARH—
202002, INDIA.
Email address: vakhanmaths@gmail.com

2 DEPARTMENT OF MATHEMATICS, FACULTY OF EDUCATION, PATIA UNIVERSITY,
GARDEZ, 2201, AFGHANISTAN.
Email address: zahid1990.zr@gmail.com

3 DEPARTMENT OF BASIC ENG.SCL (MATH.SECT.) ENGINEERING FACULTY, MALATYA
TURGUT OZAL UNIVERSITY, 44100, MALATYA, TURKEY.
Email address: aesi23@hotmail.com

4 DEPARTMENT OF MATHEMATICS, ALIGARH MUSLIM UNIVERSITY, ALIGARH-
202002, INDIA.
Email address: akumar@gmail.com



	1. Introduction
	2. Preliminaries
	3. Main Results
	Conclusion
	Authors Contributions
	Competing Interests
	References

