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A Study on Fixed Circles in ¢-Metric Spaces

Abhishikta Das' and Tarapada Bag?®*

ABSTRACT. Our present work is the extension of the line of research
in the context of ¢-metric spaces. We introduce the notion of fixed
circle and obtain suitable conditions for the existence and unique-
ness of fixed circles for self mappings. Additionally, we present
some figures and examples in support of our results.

1. INTRODUCTION AND PRELIMINARIES

To generalize the structure of Euclidean geometry, the concept of met-
ric space was formulated by Frechet[l] and Hausdorff[2].Following this
concept, many mathematicians involved themselves with the structure
of metric spaces and generalized it the same in different approaches. On
the other hand, there is another forward movement on metric spaces
through the study of metric fixed point theories followed by the famous
‘Banach fixed point theorem’[3]. In the last few decades, numerous gen-
eralized metric spaces have been introduced in different approaches such
as 2-metric[d], b-metric[5-8], G-metric[9, 10], S-metric[ll, [12], cone-
metric[ll3], generalized parametric metric[l4, 15], etc.

Recently we introduce another generalized metric space, named as ¢-
metric space[l6] by changing the ‘triangle inequality’ of metric axioms.

Following is the definition of ¢-metric space.

Definition 1.1 ([16]). Let 2 be a nonempty set. A ¢-metric is a function
My - Q x Q =R satisfying the following properties:

(Mgl) My(o,y) =0 if and only if o = y;

(Mg2) Mg(er,y) = My(y, a);
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(Mg3) My(a,y) < My(e,§) + My(€,y) + dle,y, &) for all a,y,§ € Q
where ¢ : 2% — R>g is a function satisfying
(¢1) ¢(pr, p, p3) = 0 3f py = pg or py = ps;

(92) (a1, p2; p3) = Gp2, p, 13);
(¢3) for all € > 0 there exists 0 > 0 such that ¢(u1, po2, p3) < €

whenever My(pu1, n3) < 6 or My(p2, p3) < 6
for all py, pa, us € Q.

The pair (€2, My) is called a ¢-metric space.

Example 1.2 ([16]). If M be a metric on a nonempty set {2 then My,
defined by My(z,n) = (M(z,n))? for all x,n € , is a ¢-metric on .

We studied the structure of ¢-metrics, worked on the notion of conver-
gence of sequences, proved some results on compactness, completeness,
and proved ‘Banach type fixed point theorem’ in this setting.

We recall some backgrounds on ¢-metric spaces.

Definition 1.3 ([16]). Let (2, My) be a ¢-metric space.

(i) A sequence {pu,} C Q is said to be convergent and converges to
p if for any € > 0 there exists a positive integer N satisfying
My (pin, ) < € ¥n > N. That is My (pin, ) — 0 as n — oo.

(ii) {un} € Q is said to be a Cauchy sequence if for any € > 0, there
exists a positive integer N such that Mg(jin, fm) < € Ym,n > N.
That is Mg (ptn, ftm) — 0 as m,n — oo.

Proposition 1.4 ([L6]). In a ¢-metric space (2, My), every convergent
sequence has unique limit.

Definition 1.5 ([16]). A ¢-metric space (£, My) is said to be complete
if every Cauchy sequence in it converges to some point in it.

Recently, the study of existence of fixed circles have been initiated
to study geometric properties of fixed points set for self mappings in
both metric spaces and generalized metric spaces. The fixed point set
for some self mappings contains a circle which is known as fixed circle
for the respective self mapping.

Ozgur and Tas, in [[17] first introduced the concept of fixed circles in
a metric space, as follows.

Definition 1.6 ([17]). Let (Y, M) be a metric space and 7 : Y — Y be
a function. A circle Czr = {y € Y : M(x,y) = t} is called fixed-circle
for T if Tz =2Vz € Cypy.

Theorem 1.7 ([17]). Let (Y, M) be a metric space and Cy; be any circle
mY. If T:Y =Y be a function satisfying

(a) M(z,Tz) <(z) —(T%)
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(b) M(Tzn) >t
for all z € C, ¢ where ¢ : Y — [0,00) be a function defined by (y) =
M(y,n) Vy € Y then Cp; is a fized circle for T.

Self mappings with fixed point in metric spaces are used in neural
networks as activation function. Some well-known fixed point theorem
(viz. Brouwer’s fixed point theorem, Banach fixed point theorem) have
been used for artificial neural networks[l18, 19]. At present, real-valued
neural networks with discontinuous activation functions have been a
significant importance in practice. In C with respect to usual metric,
the Mobius Transformation 7z = gjiii, c1¢cq — cocsg # 0 has been used
in such objectives. Moreover, Mobius Transformations can have more
than one fixed points.

Fixed circle often arises naturally for some functions in some special
metric spaces. For example, C with respect to usual metric, the Mobius
Transformation 7z = 1 Vz € C\ {0} fixes the circle Co; = {z € C :
|z| = 1}. Ozdemir et al. [22] shown that there exist a special type of
activation functions which fix a circle for complex valued neural network
(CVNN) which grantees the existence of fixed point of complex valued
Hopfield neural network (CVHNN).

In [17, 20, 21], Ozgur and Tas studied the theory of fixed circles in
metric spaces and established the existence and uniqueness criteria of
fixed circles for self mappings. They worked on new fixed circle theo-
rems with applications, obtained new results on discontinuous activation
function. Later the theory of fixed circle has been established in some
generalized metric spaces [23-26] with various geometric interpretation.

Being motivated by the application of fixed circle theorems and the
on-going study on several generalized metric spaces, we think it is very
interesting to introduce the concept of ‘fixed circle’ and ‘self-mappings
with fixed circle’ on ¢-metric spaces. At first we introduce the idea of
fixed circle in ¢-metric space and then exercise on fixed circle theorems.
We prove the existence of fixed circle for a self mapping along with the
conditions of uniqueness using different techniques. Some examples are
given to show that there exist self mappings having or not fixed circles,
in another words sometimes with more than one fixed point. For some
self mappings, the fixed point set contains fixed circle for the respective
self mapping. We draw some circles in ¢-metric space and verify our
results through illustrative examples as well.

2. MAIN RESULT

In this section, we introduce the notion of fixed circle of a self-mapping
on ¢-metric space with some illustrative examples and study some results
on the existence-uniqueness criteria of fixed circles.
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Definition 2.1. In a ¢-metric space (§2, My), for some ¢t > 0 and a € 2,
a circle with center a and radius ¢ is defined by the set

Cot ={r € Q: My(x,a) =t}.

The circle Cq is called a fixed circle of a self-mapping 7 on Q if for
every 1 € Cqy, 7 () = .

Example 2.2. Let 2 = R x R and define My : 2 x 2 =R>q by

Mgy(a, B) = Z (’%‘2 — Bi%| + |ai — 5i|2) ;
i=1
YV a=(a1,az) and 8 = (81, f2) € Q.
We first show that My is a ¢-metric on Q. Clearly M, satisfies
(M¢@l) and (M¢2) we only verify the inequality (M¢3). For, let o =
(Oél,Oéz), /8 = (B1>B2)7 Y= (71772) e Q. Then,

M

My(o,8) = 3 (Jo? — 52 + s — Bif)

=1

I
M)

(J(ai® =%%) + (v = B) | + (e — 70) + (i — B)[?)
1

~.
Il

M)

(\Oéi2 — %+ | = B+ low — il® + | — 5z‘|2>
=1

2
+2) i — il — Bil

=1

2
= Z (‘0422 - %‘2‘ + |a; — %’\2> + Z (‘%’2 - 57;2| + |y — ﬂi\Q)

i=1 =1

-
Il

2
+ QZ i =il [vi — Bil
i=1

= M¢(Oé,"}/) + M(z)(’}/,ﬁ) + d’(av 577)

where

2
qb(Oé,,B,’Y) = 22 ‘O"L’ - ’7’L| h/z - Bl|?
i=1
VOZ = (O[l,CMQ), /6 - (B1752)7’Y - (71772) S Q.
Now we verify the properties (¢1) — (¢3) of the Definition @ for the
function ¢. Clearly ¢ satisfies (¢1) and (¢2). For (¢3), let s > 0. Then,
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P, B,7) < s if
2
2 i =il i = Bil < s

i=1
= (B1,B2), 7= (11:72)-
ola,v) <6 or My(v,B) <9, then

where a = (a1, a),
If for some 6 > 0,

EQ

M)

(Jei® = 7| + e = l*]) <&

i=1
or
2
Z (‘%’2 — Bi%| + v — 51\2> <0
i=1
ie. ‘aiz — 'yf‘ < dand |o;—vi]? < Sor ‘%2 — Bﬁ! < o0 and |y; — ﬁi|2 <0
for i = 1,2 i.e. |a; — | < V6 or |y — Bi| < V6 fori=1,2.
Let us take § = Z Then,

S S .
|Oli_%'| < \2[ and ‘%’—,Bi| < \2[ fori=1,2.

Therefore, My(a,y) < and Mgy(vy,3) < 6 implies
2
s s
2;\%‘—%‘\\%—% <2 <Z+Z> = s.

Hence for any s > 0, there exists § (z Z) > 0 such that ¢(a, 8,7) < s
whenever My(o,7y) < § and My(5,7) < 6. Thus ¢ satisfies (¢3).
Therefore My is a ¢-metric on 2. Moreover this ¢-metric is not gener-
ated by a metric. For, if possible suppose that there exists a metric M
on ) which generates the ¢-metric My. Then

My (x,n) = M(z,n), V= (x1,22),n= (11,72) € Q
ie.

(‘%2 —n?| + |z — 77@'\2) = M(x,n), Vz,ne

=1
or

2
M(z,n) = (}%2 — | + Jai — 771"2) , Va,n e
i=1
But clearly this is not a metric.
Next we choose a = (0,0) and ¢t = 2. Then

Cot = {2 = (z1,22) € Q: My(z,a) =t}
= {(z1,72) € Q2] + a5 =1}.
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Let us define a mapping 7 : Q2 — Q by

(\/:mzl—&—ang27 \/33;24_3722> if z = (CCl, 1'2) ?é (0, O)

(0,0) if (x1,22) = (0,0)

9(561,1‘2) =

Then observe that Tz =z if v = (x1,22) € Cuy i€ Cqy is a fixed circle

for .

In the following theorem we investigate existence criteria of fixed cir-
cles for a self mapping.

Theorem 2.3. Let (2, My) be a ¢p-metric space and Cqt be any circle on
Q. Let us define the mapping ¥ :  — [0,00) by (n) = Mg(n,a) Vn € .
If there exists a self mapping 7 on Q satisfying

(1) My(n, Tn) < b(n) —(Tn)

(ii) My(Tn,a) >t

for each n € Cqy, then the circle Coy is a fized circle for .

Proof. We have to prove that In=1n forall n € Cyy.
Let y € Cq¢. Then by (i),

My(y, Ty) < ¥(y) — (Ty)
= M¢<y> a) - M¢(yya a)
=1- M¢(9y, CL)

By (ii), we have My(Ty,a) > t. If My(Ty,a) >t then My(y, Ty) <0
- a contradiction. Therefore My(.7y,a) must be equals to ¢ and hence
My(y, Ty) =0ie. Ty =y. Hence Ty =y whenever y € Cq; i.e. Cqy
is a fixed circle for the self mapping 7. O

Remark 2.4. If in particular case ¢-metric becomes a metric, then the
Theorem is reduced to the corresponding results of metric space.

Remark 2.5. The condition (i) ensures that for each y € Co¢, Ty is
not in the exterior of the circle C,;. Again the condition (ii) ensures
that for each y € Cq4, Jy is not in the interior of C, ;. Hence Ty € Cyy
for each y € Cq; and consequently .7 (Cq ) C Cop.

The Figureaﬂ ((a)-(c)) illustrate this observation geometrically.

Now we give some illustrative examples.

Example 2.6. Let b € R and My be a ¢-metric over R such that
Mgy(a,b) >t for some a € R and ¢ > 0.
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y y y

Ty

(a) (b) ~ ()

FIGURE 1. (a) View of the condition (i) (b) View of
the condition (ii) (c) View of the condition combining
(i) and (ii)

Next we consider the circle C,; and define a mapping .7 : R — R by

i My(n.a) <t
T(n) =

b otherwise

Then observe that for any y € Cyy,

My(y, Ty) = My(y,y) =0
YY) —Y(Ty) = My(y,a) — My(Ty,a) =0
My(Ty,a) = My(y,a) =1

implies.

Therefore, .7 satisfies the conditions (i) and (ii) of Theorem @ for
the circle C, ;. Consequently Cq; is a fixed circle for .7.

In the following example we show that there exists a self mapping
having more than one fixed circles.

Example 2.7. We consider a ¢-metric space (§2, My) where 2 = R and

My(ni,m2) = |m — 772\2 for all n1,m0 € Q.
Next we consider the circles Cop ;1 and C3 4 where

C071 = {77 eR: M¢(77,0) = 1}

={neR: =1}
— {+1,—-1}

C3a={n€R: My(n,3) =4}
={neR:|n-3 =4}
= {+1,+5}.
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Now we define a mapping 7 : R — R by

n if —co<n<h

2n if b<n<oo

In this example 7 satisfies the conditions (i) and (ii) for both the
circles Cp,1 and Cs 4 and hence both are fixed circles for 7.
In other words, in this example the mapping .7 has more than one fixed
points in £ and the set of fixed points contain fixed circle for 7.

Example 2.8. Let Q = [1,4] x [1,4] and define a function My on Q by

2
oc (51)] +Jes (52)
n Y2

Clearly M, satisfies (My1) and (My2). For (My3), take x = (z1,z2),
y = (y1,y2), 2= (21,22) € Q. Then,
) 2
% (5)
Y2

= fos ()]

<|loga:Z log z; + log z; — logyi\Q)

2

My(z,y) = , Vo= (z1,22), y= (y1,42) € Q.

My(

I
M)

=1

<

e

(|1Og$i —log z;|* + |log 2 — 1Ogyi\2)
1
2

+2 Z llog x; — log z;| |log z; — log ;|

(b))
ox (51)

5 ()

+2Z

= M¢(.’IJ, Z) + M¢(Z, y) + ¢<l‘, Y, Z)

Ty Z5

=2 1 — I —
oz Z Og(zi>Hog(yi) ’
Vo = (x1,22), ¥y = (Y1,y2), 2= (21,22) € X. Now we verify the proper-
ties (¢1) — (¢3). Clearly ¢ satisfies (¢1) and (¢2). For (¢3), let a > 0.

)

2

where
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2

23 o (5 ()l <
o (2w Gl ee ) e Go) <3

If for some B > 0, My(x,2) < or My(z,y) < /3, then

2 N |2 2 A
Z log (xl)‘ <p or Z log <ZZ> <p
© Zi ; Yi
=1 =1
i.e.
2 2
Z; Zj .
log () <pB or |log () <Bfori=1,2
25 Yi

log< >‘<\f or 10g< )‘<\fforz_12

Let us take 8 = %. Then, My(x,2) < and My(z,y) < B ie.
log <$1>‘ < @ and |log <ZZ>‘ < \f fori=1,2.

Zi 2 Yi
L

implies 2 Z log

=1 2

there exists 3(= —) > 0 such that ¢(z,y, 2) < a whenever My(z,z) < 3

and Mgy(z,y) < . So ¢ satisfies (¢3). Hence My is a ¢-metric on 2.
Moreover by the construction of My it is clear that this ¢-metric is
not generated by a metric. Next we choose a = (1,1), b = (e,e) and
r = s = 1. Then the circles Cq, and Cp ; are defined by

Cap = {z = (z1,22) € Q: My(x,a) =1}
= {(wl,xg) c0: ]logw1|2 + |loga:2|2 = 1}

log< >' < 2(§+9%) = a. Thus for any a > 0,
Yi

=R

Cos = {x = (21,22) € Q: M¢(x’b) = s}
= {(e1,22) : [logay — 1 + | logxy — 1" = 1}.
Define a mapping .7 : Q@ — Q by
g Pegmp 0= () # (1,1)
T(n) =
(1)1) lfT]: (1’1)
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for all n = (m,m2) € Q.

Then clearly .7 satisfies the conditions (i)-(ii) for the circle C,, and
hence C, , is a fixed circle for 7.

Observe that the Figure E ((a) and (b)) shows that how the shape of
fixed circles are changed according to the center.

@ m

FIGURE 2. (a) Cor = {(z1,22) :|logz1]? +|logzs|? =
1} (b) Cos = {(z1,22) € Q: |logzy — 1|2+ |log 2 — 1]? =
1}

Example 2.9. Consider the mapping My : RxR — [0, 00) by My(z,n) =
le® —eM|? Vo, € R. Since M (z,n) = |e®—e"| Va,n € R is a metric on R,
so My is ¢-metric on R with ¢(z, 7, 2) = 21/ My(z, 2)My(z,n) Yz,n,2 €
R(for details please see [16]).
Define a self-mapping 7 on R by T = %l"?’ Vi € R. Now we
consider the circle Cp4 in R where
C0’4 = {17 eR: M¢(77,0) = 4}
={neR:|e"—1]* =4}
= {In3}.
It is clear that .7 satisfies the conditions (i) and (ii) of the Theorem @
for the circle Cp 4. So Co4 is a fixed circle of 7.

In the following examples, we construct self-mappings which satisfy
one of the conditions (i) and (ii) of the Theorem and verify the
existence of fixed circles.

Example 2.10. Let (Q, M) be a ¢-metric space and consider a circle
Co,t in 2. If we define Tz = a Vz_€ ) then it is clear that 7 satisfies
the condition (i) of the Theorem but does not satisfies (ii) for Cq .
Moreover C,; is not a fixed circle of 7.
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Example 2.11. Consider the ¢-metric space of Example @ Here we
consider the circle Co9 which is defined by the set {n € R : |n — 22 =
9} = {—1,5} and define a self mapping by
6 if |n] <5
In =
n otherwise

Then .7 satisfies (ii) but not (i) for Ca g and it is clear that Ca 9 is not a
fixed circle of .7.

Following is another theorem for the existence of fixed circle for a self
mapping.
Theorem 2.12. Let (2, My) be a ¢p-metric space and Cqy be a circle on
Q. Define a mapping ¥ : R>g = R by
n—t ifn>0
¥(n) =
0 ifn=20
for all n € R>q. If there exists a function T : Q0 — § satisfying
(i) My(Tn,a) =t for each n € Cqy,
(it) My(Tn, TC¢) >t for each n,¢ € Cqr with n # (,
(iti) My(Tn, T¢) < My(n,¢) — e(My(n, Tn)) for each n,¢ € Cay
then Cqy is a fized circle for .

Proof. Let 1o € Cyy be an arbitrary element. The condition (i) implies
that 7 € Cqs. Next we prove that p is a fixed point for 7. If not,
then by (ii),

(2.1) My (T, T2p) = My(Tp, T (T ) > t.
Again the condition (iii) implies
My (T, T2p) < My(p, T ) — bp(My(p, T ) = t.

Which is a contradiction to (@) Therefore p must be a fixed point for
7. Consequently C,; is a fixed circle for .7. a

Example 2.13. Let 0 = R and My be a ¢-metric on {2 defined by
0 ifn=p
My(n, p) =
(Inl +1pD)? it n#p

for all n, € Q with ¢(n, p, 2) = 24/ My(n, 2) - My(z, ) Vn, p, z € Q.
Next we consider the circle C1 g on €2 where

Cro = {n €R: My(n, 1) = (In| + 1)> = 9}
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={+2,-2}

and a mapping 7 : Q — Q by
5 ifn=1

T (n) =

n  otherwise

for all n € Q.

Then .7 satisfies the conditions (i)-(iii) of the Theorem for the
circle C1 9 and thus 7 fixes the circle Cy 9.

Observe that in this case 7 has more than one fixed point and the
fixed point set contains a fixed circle for 7.

Our next proposition shows that for any collection of circles on a ¢-
metric space there exists a self mapping 7 such that each of them are
fixed circle of 7.

Proposition 2.14. In a ¢-metric space (2, My), for any given circles
Carr1> Casyras Camrm» there exists at least one self-mapping 7 on Q such
a way that {Cq, r, 1 =1,2,--- ,m} are fized circles of 7.

Proof. Let us define .7 : Q — Q by

it n e UL,Cq, r,
y(n) _ {77 n i=1

i otherwise

where ;1 € Q be such that My(a;, p) # r; for all i € {1,2,--- ,m}.
Then by defining 1(n) = Mg(n,a;) for each i € {1,2,---m}, it can
be easily verified that .7 satisfies the conditions (i) and (ii) of the The-
orem for each circle is a fixed circle Cq,,;, @ € {1,2,---,m} and
consequently each of them are fixed circles of 7. O

Remark 2.15. Note that in Example @ and @ we see that a self-
mapping can have more than one fixed circles. So fixed circle for a
self-mapping is not necessarily unique. Further note that in those ex-
amples the circles have non-empty intersection. The circles {Cq, r, : ¢ =
1,2,---,m} in Proposition @ may not be disjoint.

In this connection our next theorem for the existence of unique fixed
circle.

In the following theorem we give a condition for existence of unique
fixed circle by using ‘Banach type fixed point theorem’ in ¢-metric
spaces.

Theorem 2.16. Let (2, My) be a ¢-metric space and T be a self-
mapping on Q satisfying the conditions (i) and (ii) of the Theorem
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for the circle Cqr on Q. If for allm € Coy and na € Q\ Cqy, 7 satisfies
the contraction condition

(2.2) My(Tm, Tna) < kMg(n,m2)
where k € [0,1) then Cot is a unique fized circle of 7.

Proof. If possible suppose that there exist two fixed circles C,; and Cy ¢
of the self-mapping 7.
Let p and £ be two arbitrary points in C,; and Cp s respectively with

p# &
Then using the condition (@), we have

My (p,8) = Moy(T i, TE) < kMy(pu, €)
My(p, &) =0 (since k < 1)

p=_¢

Hence it follows that C,; & Cp s must be identical i.e. Cq is unique fixed
circle of 7. Il

Remark 2.17. The conditions of Theorem are sufficient but not
necessary for the existence of fixed circle.

For example, consider the self-mapping .7 and it’s fixed circle C,; of
the Example @ Then for some 7 = (1n1,7m2) € Cqr and ¢ = (0,0) €
Q \ Ca,t7

2
My(Tn, 7¢) = {\nf\ + !mlz}

=1
= My(n, Q).

Therefore 7 does not satisfy the condition of Theorem , still Cy ¢ is
a fixed circle for 7.

Remark 2.18. Let us consider the ¢-metric space (€2, My) and the
defined self-mapping .7 in Example R.7.

Now let n € Co1 and ¢ € C34 with n # (. Then, My(In, 7¢) =
My(n,¢) shows that there does not exist any k € [0, 1) satisfying the
condition (R.2).

Hence .7 does not satisfy the condition of Theorem m and thus we
can not ensure the existence of unique fixed circle for 7.

Remark 2.19. In Theorem , we establish a sufficient criterion with
the help of ‘Banach type contraction condition’ for the existence of
unique fixed circles. So it is an interesting problem for the readers
to find other conditions to ensure the existence-uniqueness criterion for
fixed circles of self-mappings in this new settings.
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Remark 2.20. The fixed circle theorems and examples show several
characteristics of the corresponding self mappings. Observe that in Ex-
ample 2.7, .7 is continuous on its fixed circle Cp; but it is discontinuous
on another fixed circle C3 4 because of its discontinuity at + = 5. The
results often ensures the existence of self mappings with more than one
fixed point. But there is no exact statement on its continuity criteria.

In this connection we propose two open problems.

OPEN PROBLEMS:

(a) Find necessary and sufficient conditions so that a self-mapping
on a ¢-metric space can have exactly one fixed circle.

(b) Also find the conditions so that a self mapping be continuous
in its fixed circle.

CONCLUSION:

In this paper, concept of fixed circle in ¢-metric space is introduced
and obtain some fixed circle results. We exercise on the existence and
uniqueness criteria of fixed circle for a self mapping and explain the
conditions geometrically. There are some figures to show that how the
shapes of circles can be changed with respect to center and radius. Some
characterizations of fixed circle theorems are discussed. We think that
the results of this manuscript will be helpful for the researchers for fur-
ther development of fixed circle theorems and their properties.
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