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Differential Equations with State-Dependent Delay
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ABSTRACT. In this research work, we investigate novel findings con-
cerning the existence and uniqueness of intuitionistic fuzzy solutions
for state-dependent delay intuitionistic fuzzy partial functional dif-
ferential equations with local initial conditions in a new weighted
intuitionistic fuzzy complete metric space under suitable assump-
tions. The main results of this paper are based on the Banach fixed
point theorem. An illustrated example of our results is given with
some numerical simulations for (B-cuts of the intuitionistic fuzzy
solutions.

1. INTRODUCTION

In 1965 Zadeh [39] introduced the concept of fuzzy sets with the pur-
pose of modeling ambiguity, uncertainty, and vagueness in complicated
systems. It can be considered an extension of the usual (crisp) set theory.
It has greater flexibility to capture different aspects of incompleteness,
imperfection, and uncertainty in data across many situations. The mem-
bership p of an element of a fuzzy set is a single value within the range of
0 and 1. Therefore, in reality, it may not always be true that the degree
of non-membership v of an element in a fuzzy set is equal to 1 minus
the membership degree (1-u) because there may be some uncertainty
degree. Thus, since the fuzzy set has no means to characterize the neu-
tral state, neither support nor opposition, then Atanassov [l included
the non-membership function and defined the degree of uncertainty as
1-p-v. He introduced the topic of intuitionistic fuzzy sets (IFSs) as an
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extension of the standard fuzzy sets [2]. Several applications of IFS
theory in diverse fields have been carried out, then they are a neces-
sary and powerful tool for modeling imprecision, valuable applications
of IF'Ss have been flourished in many different fields.

The concept of intuitionistic fuzzy differential equations (IFDEs) has
been attracted growing interest for some time. The first attempt to
treat IFDEs was made in [25]. In recent years, the authors have fo-
cused on existence-uniqueness results for intuitionistic fuzzy solutions
of some types of IFDEs. They have defined the concept of intuitionis-
tic fuzzy solutions and introduced conditions for existence and unique-
ness results using different techniques. However, in [29], the authors
proved the existence and uniqueness theorem of an intuitionistic fuzzy
solutions for IFDEs with nonlocal initial conditions using the notion of
intuitionistic fuzzy semigroup and the contraction mapping principle.
In [15], the authors considered the existence of an intuitionistic fuzzy
solution to the Cauchy problem for complex IFDEs. In [22-24, B(0] the
authors showed that intuitionistic fuzzy fractional boundary value prob-
lem has an unique intuitionistic fuzzy solution under some hypothesises.
In [[7] the authors established the existence and uniqueness results for the
Cauchy problem of IFDEs. In [32], they studied the existence of intu-
itionistic fuzzy Dirichlet problem. The literature related to intuitionistic
fuzzy functional differential equations with delay is very limited: to the
best of our knowledge, there is only one work [§] from 2018, in which
they first introduced intuitionistic fuzzy functional differential equations
with delay, and they proved local and global existence and uniqueness
results for intuitionistic fuzzy solutions. For the local existence and
uniqueness they used the method of successive approximations, and for
global existence and uniqueness they applied the contraction principle.
This type of delay brings additional difficulties in proving such basic
properties of solutions as uniqueness and continuous dependence on the
initial condition. Moreover, the topic of numerical methods for solving
intuitionistic fuzzy differential equations has been rapidly growing in
recent years: see for instance [4-0, 9, 12, B1].

Banach’s fixed point theorem gives a general criterion for the itera-
tion procedure of a function to yield a fixed point. As a result, many
researchers introduced several fixed point theorems for a given function
under different conditions and spaces. The subject of fuzzy metric space
can be considered a simple function in the study of fuzzy and intuition-
istic fuzzy sets. The idea of fuzzy metric space which may be seen as
a generalization of the statistical metric space, was first suggested by
Kramosil and Michalek [21] in 1975 and in 2012 M. Verma and R. S.
Chandel [38] established theorem for absorbing mappings in complete
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intuitionistic fuzzy metric space. Consequently, various authors have
come up with a number of distinct definitions for this topic using di-
verse methods [18, 19, B3-37].

The concept of intuitionistic fuzzy partial differential equations was
first initiated in 2000 [27], intuitionistic fuzzy partial differential equa-
tions with integral boundary conditions were first studied in 2019 [10], in
which the authors obtained sufficient assumptions for the existence and
uniqueness results and introduced a method of steps to find intuitionistic
fuzzy solutions of such types of equations. As far as we know, the evolu-
tion of research on state-dependent delay problems of intuitionistic fuzzy
partial functional differential equations (IFPFDESs) has been slow. The
study of IFPFDEs with state-dependent delay is naturally more difficult
and was initiated only recently, in 2019 [11]. In this paper, we estab-
lished several existence and uniqueness results and some new notions on
intuitionistic fuzzy solutions of partial differential equations with both
local and nonlocal initial conditions, based on some complicated hy-
potheses on the domain. However, those assumptions can be reduced
to be milder. Motivated by this consideration, in this work, our models
are embedded into a new weighted metric space of intuitionistic fuzzy
valued functions, for which some fixed point theorems for contractive
mappings are valid under relaxed smoothness conditions, which may be
convenient for applications depending on the Lipschitz condition on the
right side of the equations, without any constraints in the data. More
precisely, we investigate the well-posedness for state-dependent delay
intuitionistic fuzzy partial functional differential equations with local
initial conditions of the following forms:

2 w
% = F1 (Tlvw’ <w17¢2>(7],w)) y (77,(«0) S Ia X Ib,

<¢1,¢2>(77aw) = 5(77’@), (T"w) € [_p7 0] X [_P, 0]7

and

52 , W 15) s s W
(1,¥2)(nw) _ 9(h(n w)(g;%)(n ) 4 Fy (7770% <7/117¢2>(77,w)) 7

ondw

<1/}17 ¢2>(777 w) = 6(777 w)?

where Fy, Fy : I, = [0,a] X I, = [0,b] x C([—p,0] X [—p,0],1F,) — IF,, is
continuous and h € C(I, x I, R).

Over the last five decades, the majority of works are devoted to equa-
tions with state-dependent delays, which arise as models in applications
from biology, population studies, mathematical epidemiology, electrody-
namics, automatic and machine cutting, neural networks, remote control
and economics, etc.; see [3, 14, 16, [17, 20, 26, 40] for details. They were
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addressed earlier in survey works on the larger area of functional differ-
ential equations, and for this reason the study of this type of equations
has received considerable attention from many researchers. By com-
bining the two aspects suggested, intuitionistic fuzzy mathematics and
partial functional differential equations with state-dependent delays, we
obtain intuitionistic fuzzy partial functional differential equations with
state-dependent delays, which will attract an appreciable interest both
in mathematics and in applications. The literature related to partial
functional differential equations with state-dependent delay in the intu-
itionistic fuzzy case is very rare — to our knowledge, only the recent work
[11] — so the study of intuitionistic fuzzy partial functional differential
equations with state-dependent delay is still an untreated topic and it
is amongst the main aims of our paper.

The paper is organized in this way: In Sect.@ the main properties and
definitions are introduced. Sect.f is devoted to presenting a key result
for this work, which gives suitable assumptions to ensure the existence
and uniqueness of intuitionistic fuzzy solutions in a new weighted metric
space. In Sect.d, illustrative computational example is showed. Finally
Sect.f offers the conclusion and suggest brief future research.

2. PRELIMINARIES

We will briefly recall some necessary preliminaries:
we denote by:

IFn = {(¢1,92) : R" = [0,1]%, |V w € R" 0 < 1(w) +2(w) < 1}
We say (11,19) of IF,, an intuitionistic fuzzy number if it verifies the
following hypothesises:

e (11,12) is normal i.e there exists wp, w1 € R™ such that ¢ (wg) =
1 and 1/12((.01) = 1.

e 1 is fuzzy convex and 1), is fuzzy concave.

e 1)1 is upper semi-continuous and s is lower semi-continuous.

o supp(y1,12) = cl{w € R™ : | ¢1(w) < 1} is bounded.

We define the upper and lower -cuts of (11,12) € IF", (1,1)2) with
B € 10,1] by:
(1, 992)]7 = {w € R™ : ¢hy(w) < 1 — B}
and
[(1h1,92)] 3 = {w € R™ : ¢h1(w) > B}
We define 0y o) € [ F), as

—

1,0 =0
0(1,0)(() - {(07 13 g# 0.
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Let ¢ € Rand (11, 12), (], 1h) € IF,, we define the following operations
by:

= ( sup min (¢1(w), ¥1(n)) inf max (¢2(w), %(n)))
(=w+n (=w+n

and

7/)1’¢2

For ¢ € R and (41,49), (],
(01, ¥2) + (V1. y % = [, v))” [wiv%ﬂﬁ
[(th1,1b2) +<¢17¢2>] [(Y1,92)]5 [<¢171//2>]5
Gl v2)]” = ¢ [(¥1,202))°
€

(1, ¥2)] 5 = Cl{¥1, ¥2)] 5 -

Definition 2.1. Let (¢1,v2) € IF, and § € [0,1], we define sets as
follows:

0(1 0 if C =0.
€ IF,,, therefore:

{ iy, Caa)  if C# 0
V)
)7 =

[(¥1,92)]]7 (B) = inf{w € R" | ¢1(w) > B}

(1, ¥2)] 7 (B) = sup{w € R™ | 91 (w) > B}

(1, 92)]; (B) = inf{w € R™ | ¢ha(w) < 1— B}

[(¢1,92)], (B) = sup{w € R" | ¢o(w) < 1— S}
Remark 2.1.

(W1, 92)] 5 = [[(r, %)l (B), (1, 92)] (B)]

(W1, 42))” = [[Wr, va)];” (B), [, 92)); (B)]-
Proposition 2.1 ([28]). For all 1, B2 € [0,1] and (¢n1,19) € IF,

(1) [<¢lﬂ/’2>]51 - [<w1,1/12>]’81.

(2) [<¢17¢2>]51 and [<w1,¢2>]51 are nonempty compact conver sets
in R™,

(3) If p1 < [a then [<¢1,¢2>]ﬁ2 C [<¢1,¢2>]61 and [<w1’¢2>]62 c
[(11,402)]7".

(4) If Bn /" B1, then:

[(Y1,92)]5, = m (Y1, 92)],

n

and

[, o)) = () [(Whr, )™

n
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Let 5 € ]0,1] and N any set, we denote by
Ng ={w e R" : ¢ (w) > 5}
and
NP = {w e R" : php(w) <1 - B}.
Lemma 2.1 ([28]). Let {N3, 8 € [0,1]} and {N?, B €[0,1]} two fam-
ilies of subsets of R™ wverifies (1)—(3) in proposition 2.1, if 11 and 9
define as follows:
[0 if w ¢ No
¢1(w)—{ sup{B8 €[0,1]: we Ng} ifwe Ny
_ 1 ifw Qé N()
T’bl(w)_{ 1—-sup{B€[0,1]: we Ng} ifwe Ny
Therefore (11, 2) € IF,.

We consider the following metric on the space IF,:

a2 (), (04, 08)) = 7 sup [, vl (8) — (W u)] (8)]

4 0<p<1

+ 2 sup [ vl (8) — [(Wh v4)]F (8)

4 g<p<1

+ 2 sup [l w27 (8) - [(Wh 048] (B)

4 g<p<1

+ 2 sup [l v (8) - [0 v4)]; (8)

4 0<p<t
where ||.||: The usual Euclidean norm in R"™.
Theorem 2.1 ([28]). d, define a metric on IF,.
Theorem 2.2 ([28]). The metric space (IF,,d) is complete.

nsy Yoo
We denote:
L Ia :/[\070,], Ib = [Oab]y IO = [_p7 0] X [_P7 0}7 Ip = [_P, (1] X [_p7 b]
and Ip = I, \ (0,a] x (0,b].
e C(I;,IF,): The space of all continuous mappings defined over
I; into IF,,, (j=a, b, 0, p).
It can be shown that (C({,,1F,), Ds) is a complete metric space for any

arbitrary o > 0, where the supremum weighted metric D, on C(I,,1F},)
is defined by:

Dy ({th1,2), (¥1, %))
=  sup {dga((¢17¢Q>(017P2),<¢3y¢§>(pl,pQ))ego(p1+p2)}.

(p1,p2)€1,
For more details see [13].
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Definition 2.2 ([10]). A mapping F1 : I, — IF, is continuous at point
(no,wo) € I, provided for any arbitrary € > 0, there exists an §(e) such
that

dgo (Fl(nvw)a Fl(nOaWO)) <e€
whenever max{|n — nol, |w — wo|} < d(e), V (n,w) € I,.

Definition 2.3 ([10]). A map Fy : I, x IF,, — IF, is continuous at
point (no,wo, (Y1,v%2)0) € I, x IF, provided for any arbitrary ¢ > 0,
there exists an () such that

doo (F1 (n,w, (¢1,%2)) , F1 (10, wo, (1, ¥2)0)) < €

whenever max{|n — nol, |w — wo|} < d(e) and d% ((Y1,¢2), (V1,1%2)0) <
6(6) fO?" all (777"0) € IP’ <¢1a¢2> € IFn

Definition 2.4 ([L1]). A mapping Fy : I, x I, — IF,, is called strongly
measurable if for V3 € [0,1] the set-valued mappings Fig : 1o x I, —

Py (R™) defined by Fig(n,w) = [Fi(n,w)]g and FiB : Iy X Iy — Pi(R™)
defined by Flﬂ (n,w) = [Fi(n,w)]? are (Lebesgue) measurable.

Definition 2.5 ([L1]). F} : I, x I, — IF,, is integrably bounded if there
exists an integrable function g : I, x Iy — R™ such that ||(t, s)|| < g (n,w)
holds for any (t,s) € supp (F1 (n,w)), (n,w) € Iy X Iy.

Definition 2.6 ([11]). Assume that Fy : I, x I, — IF, is integrably
bounded and strongly measurable for each B € (0, 1], then:

[/Oa/ObFl (n,w)dwdn]ﬁz/oa/ob[m (1, w)] dwdny

a b
= / / H (n,w)dwdn|H : I, x I, > R"
0o Jo

is a measurable selection for Fig.

a b B a b
[ [ [ o dwdn] = [ [ 1R ) aw
0 0 0 0
a b
= / / H (n,w)dwdn|H : I, x I, » R"
0 0

s a measurable selection for Flﬂ

Let Fy, F5 : I, x I, — IF,, be integrable and k € R. The integral has
the elementary properties as follows:

a b
/ / [F1 (n,w) + F» (n,w)] dwdn
0 0
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a b a b
:/ / Fy (n,w)dwdnJr/ / F (n,w) dwdn.
o Jo o Jo
a b a b
//kF1 (n,w)dwdn:k/ / F1 (n,w) dwdn.
o Jo o Jo
a b a b
dig ( / / Fiy(n, w)dwdn, / / Fg(n,w)dwdn>

/ / 4 (P (n, ), F> (1, w))dud.

Definition 2.7 ([10]). Let (1,v2) and (Y],v5) € IF,, the Hukuhara
difference is the intuitionistic fuzzy number (p,¢’) € IF,, if it exists,
such that

(1,99) — (W1, 05) = (o, @) & (P1,92) = (1, ¢s) + (0, ¢').

Definition 2.8 ([11]). Let Fy : [t1,t2] — IF, be differentiable and sup-
pose that the derivative h' is integrable over [ti,ts], if the Hukuhara
difference F(t2) — Fi(t1) exists in IF,, then we have ft F{(t)dt =

Fi(t2) — Fi(t1).

Definition 2.9 ([L0]). Let Iy : I, x I, — IF,,. The intuitionistic fuzzy
partial derivative of Fy with respect to n at the point (no,wo) € Iy X I
is the intuitionistic fuzzy quantity M € IF, if there exists, such

that for all Ak > 0 sufficiently small, the H-difference Fy(no+ Ak, wo) —
Fi(no,wo) and Fi(no,wo) — Fi(no — Ak,wo) exist in IF,, and the limits

OF1(no,wo) . Fi(no 4+ Ak, wo) — Fi(1no, wo)
—_— = 11m
on Ak—0+ ANk
and
OF1(no,wo) y Fi(no,wo) — Fi(no — Ok, wo)
—_— = 1m .
877 Ak—0t Ak

The intuitionistic fuzzy partial derivative of Fy with respect to w at the
point (no,wo) € I, x Iy and higher order of intuitionistic fuzzy partial
derivative of Fi are defined similarly.

3. THE MAIN RESULTS

We establish the existence-uniqueness result for the intuitionistic fuzzy
partial functional differential equations with state-dependent delay in
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form:
W =" (n,w, <w1,¢2>(n,w)) , (nw) €1, x I,
(1, 92) (n,w) = E(n,w), (n,w) € I,
B (o w2) (1,0) = g1 (), nel,
(1, 12)(0,w) = ga(w), we
[ £(0,0) = g1(0) = g2(0)

where Fy : I, x I, x C(Io,IF,)) — IF,, € € C(Io,IF,), g1 € C(Ia, IF,),
g2 € C(Iy,IF,) are given functions and we define the state-dependent
delays <¢1’¢2>(Thw>(5’ 7') by:

<¢1,1/12> (n,w) (577—) <¢1,1/J2 (77+ 5 w + 5) ((5, T) € Io.

Definition 3.1. A function (¢ ) € C(1,,IF,) can be an intuitionis-
tic fuzzy solution of the model ) if it vemﬁes

(1, s} = g1(n) + ga(w) — £(0,0) + / / Fy (5.7, (1, 2) 5. d0d5
0 0
if (n,w) € Iy x I, and

(Y1,02) =&(nw), if (n,w) € I
Theorem 3.1. Assume that
(i) Fr:1, x C(lo, IFy,) — IF, is continuous.
(ii) For (n,w) € Iy x Iy, (Y1, ¢2), (Y], ¢h) € C(I,,IFy,) and p1,p2 €
C(Iy, IF,,), we have

2% (Fi (o, W n) ) - Fr (m0, (0,08 )
< Ldg, (<¢17¢2> (n+ p1,w+ p2), <1/1/1,¢§> (n+ p1,w+ pg))

where L > 0 is a given constant.

Therefore, for all o > \/L, the problem @) has a unique intuitionistic
fuzzy solution in C(1,, IF,) with the metric D,.

Proof. Consider the operator M; : C(I,,1F,) — C(I,,1F},) defined by:
My ((Y1,12)) (0, w)
5(7770“))7 (naw) E Ip:

g1(n) + g2(w) — £(0,0) (&) € Ip X I,
+ f(? f[;d Fl (57 T, <1;Z)17 ¢2>(577—)) d7d6
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We prove that M; is a contraction operator.
Indeed, let (11, %2), (Y1, v5) € C(1,,1F,) and (n,w) € I, x I, then

My ({31, %2)) (0, w) = g1(n) + g2(w) — £(0,0)
+/0 /0 I (5, T, (¢1,¢2>(577)) drdo,

and

My ((¥1,¢%)) (n,w) := g1(n) + g2(w) — £(0,0)
n
+/ F1 7/’1a¢2>(5 )de‘;-

0 JO
Then,

(3.2)
dgo (Ml (<¢171/12>) (an)v My (<”¢/17 ¢é>) (777w))
— (91(77) +02(0) = €00+ [ [7Fy (5 (o, 02) ) drd

g1(n) + g2(w) — £(0,0) /0 /0 B (3,7 (1, 98) ) d””)
=d, (gl(n) + g2(w) —€(0,0)

+ /077 /Ow Fi(8,7, (1,12)(8 + p1,T + p2))d7dd, g1(n) + g2(w)

—£(0,0) + /On /OLu Fy (0,7, (1, 95) (6 + p1, 7 + p2)) d7d5>

< /0’7 /Ow dgo<F1(5>T7¢1,1/12><(5+p1,T+p2)),
F1(57 T, <¢171//2> (5 +p1, T+ p2))>d7’d5

n rw

< L/ / 2 (1, 92) (5 + p1, 7+ pa), (W1, 95) (8 + p1, 7 + p2))drds
0 0

n rw
< LDy ({31, %2), (11, ¢5)) / / e (P1tP2t047) g g5
< LD, ({1, wa), (1, 1h)) —e”(P1+02) / o(6+0) _ 8 g
L
= ?DU (<¢17¢2> <¢1»¢2>) olprtpz) (6 - )(e(’w — 1)
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Multiplying (@) by e~?(1t%) and taking supremum metric, we obtain:
e~ (ntw) dgo (M (Y1,v2))(n,w), My (<¢/1a¢}é>) (77»00))
S Dy ((31,92), <1/11,¢2>) olorte2) (71 — 1) (e — 1) (1)

S Do ( ¢1,@/J2 <¢17¢2>) o(p1+p2) TN oW o= o(n+w)

L
< —5 Do (1, 92), (¥1,42)) -

If (n,w) € fp, then
d (M ((¥1,2)) (n,w), My ((¥1, %)) (n,w)) =0

and so for each (n,w) € I,

Dy (M ((1,02)) My ((5,5)) < 25D (1, 02), (91, 04) - O

It is easy to see that for all ¢ > 0 satisfying o > /L, therefore M; is
a contraction operator. Then by Banach fixed point theorem, M has a
unique fixed point, which is the solution of (BI).

In second part of this section, we establish the existence of intuitionis-
tic fuzzy solutions for the following intuitionistic fuzzy partial functional
differential equations with state-dependent delay in general form:

92 <'¢}1{ 7¢2>(771w) — a(h(”hw) <'¢)1 7¢2> (nvw))

ondw Ow

+F (U,OJ, <7/)1a¢2>(,77w)) )

(n,w) € I x I

<¢17 1/}2>(777 w) = 5(777 w)? (777(*)) € Ip
(3.3)

<¢171/12>(777 0) = 91(77)7 n e l,

<¢1,1/12>(0,w) - 92<w)7 we Iy

£(0,0) = g1(0) = g2(0)
where Fy : I, x I, x C(Iy,IF,) — IF,, , &, g1, g2 are as in the problem
(BM) and h € C(1, x I, R).

Definition 3.2. A function (Y1,v2) € C(I,, IFy,) is can be a solution
to the problem (@) if it satisfies

n
(W1,10) = pln,w) + /0 B8, ) {tbr, o) (5,)dd
n rw
+ /0 /0 F2(5, T, <w1, 1/)2>(577.))d7'd5,
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where
p(n,w) = g1(n) + g2(w) — £(0,0) — /On h(6,0)g1(6)ds, (n,w) € Ia X I
and

-~

(1, 92) = E(yw), if (n,w) € .
Theorem 3.2. Assume that
(i) Fo:1, x C(lo, IFy,) — IF, is continuous.
(i) For (n,w) € Iy x Iy, (1,12), (Y1, ¢5) € C(1,, IF,) and p1, p2 €
C(lo, IF,,), we have
dgo <F2 (777("}7 <¢17 w2>(n,w)) , By (7’],60, <¢/1» ¢/2>(TW)>>

< Ldl, (b1, 92) (0 + p1,w + p2), (b1, 45) (1 + p1,w + p2))
where L > 0 is a given constant. Moreover, for all o > 0
satisfying

(3.4) o?—o sup |h(6,7)]— L > 0.
(677‘)EICL><Ib

Therefore the problem (B33) has a unique intuitionistic fuzzy solution in
C(1,, IF,) with the metric D,.

Proof. We will prove that the intuitionistic fuzzy solution of the problem
(833) is fixed point of the operator M, : C(1,,1F,) — C(I,,IF,,) defined
as follows:

Ma((t01,2)) (1,0) A
E(n.w), (n.w) € 1,

. w) + [y h(d,w) {1, ¥2) (6, w)dd
+f0 fo Fy (57 T, <¢17¢2>(57 ) drdo, (n,w) € I, x I
where p(n,w) = g1(1) + ga(w) — T h(6,0)g1(5)dS.
To show that Ms a contractlon operator we let <¢171/12>, (P, b)) €
C(Ipaan) and (TI,W) € I, x I, then

My ({1, 2)) (1, w) = p(,0) + /0 " 16, 0) (61, 1) (6. 0)dS
n  rw
—|—/0 /0 F (5,7’, <1/)1,¢2>(5,T)) drdé

and

My (8, 45)) (m,w) = pln,0) + /0 " h(6.0) (4, 04 (6.0)ds

n  prw
/ /
+ /0 /0 F2 (57 T, <1j}17 ¢2>(5,7—)) de(S
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Then
(3.5)

%, (Mo ({11, b)) (n, w), My ((¥4,95)) (n,w))
= dy <P(777W) + /0” h(6, w) (Y1, ¥2)(0,w)dd

N rw
+ /0 /(; F2 (57 T, <17Z)17 1/}2>(5,7')) de(S’

n  pw
+ /0 /0 Fy (8.7, (1,2} (5.r)) d7dd, p(n, )

n n w
+/0 h(,w) <¢’1,¢;>(5,w)d5+/0 /0 jo} (5, T, <¢1,¢5>W)) dea)
< ng< /0 " (6,0 (0, h2) (8, 0)d5 + /0 ! /0 "By (8.7, (o, ¥2) 5.y drdd,

n n w
/0 h(&“’) <¢/1,@/Jé>(5,w)d5+/ / F2 6777<¢17¢é>(57)) deé)

< sup |h(d,T) |/ do ({11, 92) (6, w) <¢1,7/12> (6,w))dd

5 T)Gla ><Ib
/ / jos 5 IRV ) drds.
Set g= sup |h(d,7)|. One gets following assessment

(5,T)EICL x Iy

sup 5 T |/ 7,[)171/}2 )7 <?/}/17¢/2> (5,(,0))(15

(67’ el, XIb

=0 [ (wr,0a) (60), (44 5) (B}
< gDy ({11, 16a), (W], 4)) /0 ! e l+) g
< 4Dy (W, o), (W, 45)) 5 (e — o).

Multiplying both sides of (@) by e (%) then we have:
(3.6)
— ( + ) n ! /
o) up h(5,7)] /0 0 ((r6m) (6, 0), (0, 40 (5, w))dd

(67T)€Ia><fb
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<

Dy ({1, ), (4, 4)) — (73 — gon) ¢motr)
DU (<1/)1, ¢2>a <1//1a ¢é>)

SHESERN]

<

and

(3.7) e“<"+“>dzo< /0 ! /0 " o8, (1) (54 pro T+ p2)),

/77 /w Fy (6,7, (¥1,¢%) (6 + p1, 7 + p2)) )de5
0 Jo

< 2D, (o), (84, 44))
From (@) and (@), we obtain:
e~ 7R (M (1, 2)) (n, w), Ma (¥, 45)) (n,w))

< (L + g) Dy (61,16, (), 5))

~

If (n,w) € 1,
2 (M ({11, v2)) (n,w), My ({¢],13)) (n,w)) = 0.

Hence, for each (n,w) € I,, we get:

Dy (My (($1,12)) . Mz ((¥1,5))) < (ULQ + j) Do (1, 42), (01, 42)) -
0

It is easy to see that for all o > 0 satisfying (@) we have (% +4) <

g

1. Therefore, Ms is a contraction operator. Then, Ms has a unique fixed
point, which is the solution of (@l)3

4. APPLICATION

Consider the following state-dependent delay intuitionistic fuzzy par-
tial functional differential equation:

(4.1)
2 1 1
T = b (n- g ) +au () @ ek

for (n,w) € [0,1] x [0, 1], with the local initial conditions

(4.2) (11,12)(0,0) = Ao
(4.3) (P1,92)(0,0) = A\im + Ag
(4.4) (11, 92)(0,w) = Ao
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where A1 and A9 € IF} are triangular intuitionistic fuzzy numbers and
<¢17 ¢2>(77:W) = /\177w + )‘QW
for (n,ﬁe [—2,1] x [-3,1]\ (0,1] x (0, 1].

From (4.1)), we have the function
1 1
Fi [O, 1] X [0, 1] x C <|:—2,0:| X [—2,0:| ,IF1> — IF;
defined as follows:

Fi (0,0, (¥1,92) (nw))

1 1 1
= —e%<¢1,¢2> (77— i,w— 2) +)\1 <77+2> e“’—l—/\ge

verifies hypothesises (1) and (2) of the Theorem @
Indeed: It is easy to see that F} is continuous and

doo (Fl (777W7 <¢17w2>(777‘”)) 7F1 (77,00, <wi’wé>(nvw)>>
1 1 1
< eidoo (<Qp17’¢2> (7’] — %,w - ;) 7<¢171//2> (77 - 570‘1 - 2)) .

If we choose the positive weighted number o verifying o > /L with

L= e%, SO o > \/g . This leads to the verification of all the assumptions
of Theorem B.1l; therefore, we have a unique intuitionistic fuzzy solution
of ([L1)-(1.4).

Now we apply the method of steps proposed in [10, [11] to find the
solution of the problem ({.1))-(4.4).

The classical solution of the crisp equation is:

N

v =c1neé” + co.

We assume that the parametric forms of the intuitionistic fuzzy numbers
Ai(i=1,2) are

where they satisfy the assumptions of Lemma (@)
Additionally, the parametric forms of the function F; are defined as
follows:
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R =~ [l (n- 3o 3)] @+ 200 (n+)

l 2
+ 2S5 (B)ez

Ry =t [wnes (n-10-3)] @ #2000 (n+3) &
+ A, (B)ez

Fi(8) ==t [t va) (n= o0 ;)L 6+ 3000 (n+3)
+ 25 (B)ez

F) ==t [ (130 =3)| @) +300) (1+3)
+A5(B)er.

If

[(W1, th2) (), w)]

5 = [[{W1,92) (0, )]} (B), (W1, ¥2) (n,w)], (B)]
[(¥1, ) (0, w))”

(11, 9b2) (m, )]y (B), [(¥1, ¥2) (m, w)], (B)] -

Then,

{82@187:7/}8225%@}5 _ Ha%%é;/};i(mmr 8). [82<¢167;/1;2J(777W)I (5)]

{a%wl,wmw)r _ H@Q<¢W2><n’“’)] () [P )] (ﬁ)] -
| :

ondw ondw ondw
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Therefore, we solve the following state-dependent delay partial func-
tional differential equations:

Ondw

onow

ondw

ondw

[ 8% (1 ,2) (n,w) |

[0% (W1 w2)(nw) ] T

[0% (W1 2) (nw) ] T

[02 (1, w2) () ]~
11

(B) =

®=

—e? [(1,02) (n — 3,0 — %)]z (B)
+>\T(5) (n+3) e +>\§?(5) 2, (nw)€]0,1] x[0,1]

—e? [(1,02) (n — 3,0 — %)]:r (B)
+>\T (B) (n+35) e +)\§rr(ﬁ)6’%» (n,w) € [0,1] x [0,1]

—e3 [(Y1,92) (n— 2w - 1)), (B)

+AL(8) (n + 3 )6 +>\21(B) z, (n,w) €[0,1] < [0,1]

~

—e2 [(Y1,42) (n - 3,0 — 3)], (B)

FALB) (n+3) € Jw\z?(ﬁ)@ , (n,w) €[0,1] x [0, 1].

With initial conditions for (n,w) € [—1 1] x [—%, 1]\ (0,1] x (0,1] we

have:

([t ¥2) (0, w)];" (B) = nwAfy(B) + wA3,(B)(B)
({1, v2) (n, W) (B) = 1AL, (B) + wA3,.(B)
({1, 1b2) (1, )] (B) = nwAyy(B) + wAy(B)

(b1, 2) (0, w)]; (B) = nwAp,.(B) + wAs,.(8)
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and for (n,w) € [0,1] x [0, 1]

({1, %2) (0, 0)JF (8) = AZ,(8)
[{1,42)(0,0)];7(B) = Ay (8)
({41, 42)(0,0)];-(8) = A3,.(5)
({1, 42) (0, 0)]}" (B) = nAfy(B) + Az (B)

[(1,%2)(n, 0) £ (B) = nAL,.(B) + A4,.(B)

(4.6)
[(1h1,02)(n, 0)]; (B) = nAy,(B) + Ay (B)
[(¥1,102) (0, 0)];- (B) = nAL(B) + A3, (8)
[(¥1,42) (0, w)]" (B) = A5(B)
[(¥1,92) (0, )] (B) = A3, (B)
[(1h1,92)(0,w)]; (B) = Ay(B)
[(th1,42) (0, )] (B) = Ag,.(B)-

We obtain,

( (W1, 92) ()] (B) = e A (B) + A (8),  (n,w) € [0,1] x [0,1]
(W1, 2)(n, )] (B) = e A1, (B) + A3.(B),  (n,w) €[0,1] x [0,1]

(b1, ¥2)(n, W) (B) = e A (8) + Ay (B),  (n,w) €[0,1] x [0, 1]

(Y1, ¥2) (0, w)], (B) = ne® A1, (B) + A, (B), (n,w) € [0,1] x [0, 1].
Then,
[(¥1, ¥2) (0, w)]

W (e M(8) + A3 (8), ne* AL (8) + A3, (B)]
[(¢1,42) (0, w)]

,=
B = [ne“A3(8) + Ay (B), ne“A,.(8) + 25,.(8)] -
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We denote the families Ng and IV B as follows:

[ne“X{(8) + A%(8), ne” AL(B) + A4,(8)] = Ng
[16“X5(8) + Mg (B), 1€ N (B) + A5,(8)] = NP
and the families N é and N8 by:

[“X)(B), X (B)] = Nj

[e“A(B), e“AL,.(B)] = N'°.
It easy to see that (Ng, N?) and (Né,N’ﬁ satisfy the conditions of
proposition R.1; by applying the Lemma .1, for every S € [0, 1@%

construct the intuitionistic fuzzy solution (1, 12)(n,w) € IFy of ({.1))-
(1.4) as follows:

(1, %2) (m,w)]5 = [N (8) + A (8), ne” M, (8) + A5,.(8)]
[(¢1,92) (m,w)]” = [ne“ A5 (B) + Az (B), ne AL (8) + A5,.(8)] -

Thus, (1, 12)(n,w) is an_intuitionistic fuzzy solution which verifies the
local initial conditions (#.2)-(4.4) and be written as:

(V1,12)(n,w) = Mine” + Aa.

In Figure m and E, we show the graphical representation of the mem-
bership and non-membership functions of triangular intuitionistic fuzzy
numbers \; = (—2,0,2; —2.75,0,2.75) and As = (—1,0,1;—-0.75,0,0.75)
and the simulation of S-cuts of the intuitionistic fuzzy solution
(11,192)(n,w) at some values of (n,w).

0.8-

0.6

0.4

0.2

FIGURE 1. Ay = (-2,0,2;—-2.75,0,2.75) and Ay =
(—1,0,1; —0.75,0,0.75)
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O Y ¥ 7 ¥
., LY 3 ‘& G _ _
. A o “‘\ ; + ===n=08 =09
., WY G XY G o
08r RS W A N 7 Y ]
AN PR NI R === 1=0.4, ®=0.6
A ) s e u »" ” 4
L oy Q i
06 ‘\ Q “": “:‘"xs 0 === 1=0.5, ©=0.7
0 x' & W xo
0.4f ANy -\ YA 1
S N 2\ (AN
* 6 e w & 3
¢ Iy 2 &
0.2r g Sy ‘\“‘; + ‘\‘\ ‘\ b
4 R W 2 W %
4 y - . % -
0 Y N AV & - (ve s
-8 -6 4 -2 0 2 4 6 8

FIGURE 2. The curve of intuitionistic fuzzy solutions
(11,12)(n,w) at some values of (n,w)

In Figure E, we show the §-cuts of the surface of intuitionistic fuzzy solu-
tion with triangular intuitionistic fuzzy numbers \; = (—2,0,2; —2.75,0, 2.75)
and Ao = (—1,0,1;—-0.75,0,0.75).

FIGURE 3. The surface of intuitionistic fuzzy solution

5. CONCLUSION

The main aims of this work have been to establish the intuitionis-
tic fuzzy solutions of state-dependent delay partial functional differen-
tial equations with local initial conditions. By employing the Banach
fixed point theorem, we have proved some new results on the existence-
uniqueness of intuitionistic fuzzy solutions for some state-dependent
delay partial functional differential equations with local conditions via
suitable assumptions in a new weighted complete metric space. These
results are illustrated by a computational example. In the next step
of our future works, we can adapt these concept for studying nonlocal



INTUITIONISTIC FUZZY PARTIAL FUNCTIONAL DIFFERENTIAL EQUATIONY1

intuitionistic fuzzy state-dependent delay partial functional differential
equations under some assumptions which are weaker than the Lipschitz
condition.
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