
 

 
 

Some Basic Results on Fuzzy Strong 𝝓-b-
Normed Linear Spaces 

 

 

 

 

 

 

 

 

-

 

 

Bouchra Ben Amma, Said Melliani and Lalla Saadia Chadli 

Sahand Communications in 

Mathematical Analysis 

 

Print ISSN: 2322-5807 

Online ISSN: 2423-3900 

Volume: 21 

Number: 2 

Pages: 251-274 

 

Sahand Commun. Math. Anal. 

DOI: 10.22130/scma.2023.1999306.1285 

New Results for Some Intuitionistic Fuzzy Partial Functional 

Differential Equations with State-Dependent Delay 



Sahand Communications in Mathematical Analysis (SCMA) Vol. 21 No. 2 (2024), 251-274

http://scma.maragheh.ac.ir

DOI: 10.22130/scma.2023.1999306.1285

New Results for Some Intuitionistic Fuzzy Partial Functional
Differential Equations with State-Dependent Delay

Bouchra Ben Amma1∗, Said Melliani2 and Lalla Saadia Chadli3

Abstract. In this research work, we investigate novel findings con-
cerning the existence and uniqueness of intuitionistic fuzzy solutions
for state-dependent delay intuitionistic fuzzy partial functional dif-
ferential equations with local initial conditions in a new weighted
intuitionistic fuzzy complete metric space under suitable assump-
tions. The main results of this paper are based on the Banach fixed
point theorem. An illustrated example of our results is given with
some numerical simulations for β-cuts of the intuitionistic fuzzy
solutions.

1. Introduction

In 1965 Zadeh [39] introduced the concept of fuzzy sets with the pur-
pose of modeling ambiguity, uncertainty, and vagueness in complicated
systems. It can be considered an extension of the usual (crisp) set theory.
It has greater flexibility to capture different aspects of incompleteness,
imperfection, and uncertainty in data across many situations. The mem-
bership µ of an element of a fuzzy set is a single value within the range of
0 and 1. Therefore, in reality, it may not always be true that the degree
of non-membership ν of an element in a fuzzy set is equal to 1 minus
the membership degree (1-µ) because there may be some uncertainty
degree. Thus, since the fuzzy set has no means to characterize the neu-
tral state, neither support nor opposition, then Atanassov [1] included
the non-membership function and defined the degree of uncertainty as
1-µ-ν. He introduced the topic of intuitionistic fuzzy sets (IFSs) as an
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extension of the standard fuzzy sets [2]. Several applications of IFS
theory in diverse fields have been carried out, then they are a neces-
sary and powerful tool for modeling imprecision, valuable applications
of IFSs have been flourished in many different fields.

The concept of intuitionistic fuzzy differential equations (IFDEs) has
been attracted growing interest for some time. The first attempt to
treat IFDEs was made in [25]. In recent years, the authors have fo-
cused on existence-uniqueness results for intuitionistic fuzzy solutions
of some types of IFDEs. They have defined the concept of intuitionis-
tic fuzzy solutions and introduced conditions for existence and unique-
ness results using different techniques. However, in [29], the authors
proved the existence and uniqueness theorem of an intuitionistic fuzzy
solutions for IFDEs with nonlocal initial conditions using the notion of
intuitionistic fuzzy semigroup and the contraction mapping principle.
In [15], the authors considered the existence of an intuitionistic fuzzy
solution to the Cauchy problem for complex IFDEs. In [22–24, 30] the
authors showed that intuitionistic fuzzy fractional boundary value prob-
lem has an unique intuitionistic fuzzy solution under some hypothesises.
In [7] the authors established the existence and uniqueness results for the
Cauchy problem of IFDEs. In [32], they studied the existence of intu-
itionistic fuzzy Dirichlet problem. The literature related to intuitionistic
fuzzy functional differential equations with delay is very limited: to the
best of our knowledge, there is only one work [8] from 2018, in which
they first introduced intuitionistic fuzzy functional differential equations
with delay, and they proved local and global existence and uniqueness
results for intuitionistic fuzzy solutions. For the local existence and
uniqueness they used the method of successive approximations, and for
global existence and uniqueness they applied the contraction principle.
This type of delay brings additional difficulties in proving such basic
properties of solutions as uniqueness and continuous dependence on the
initial condition. Moreover, the topic of numerical methods for solving
intuitionistic fuzzy differential equations has been rapidly growing in
recent years: see for instance [4–6, 9, 12, 31].

Banach’s fixed point theorem gives a general criterion for the itera-
tion procedure of a function to yield a fixed point. As a result, many
researchers introduced several fixed point theorems for a given function
under different conditions and spaces. The subject of fuzzy metric space
can be considered a simple function in the study of fuzzy and intuition-
istic fuzzy sets. The idea of fuzzy metric space which may be seen as
a generalization of the statistical metric space, was first suggested by
Kramosil and Michalek [21] in 1975 and in 2012 M. Verma and R. S.
Chandel [38] established theorem for absorbing mappings in complete
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intuitionistic fuzzy metric space. Consequently, various authors have
come up with a number of distinct definitions for this topic using di-
verse methods [18, 19, 33–37].

The concept of intuitionistic fuzzy partial differential equations was
first initiated in 2000 [27], intuitionistic fuzzy partial differential equa-
tions with integral boundary conditions were first studied in 2019 [10], in
which the authors obtained sufficient assumptions for the existence and
uniqueness results and introduced a method of steps to find intuitionistic
fuzzy solutions of such types of equations. As far as we know, the evolu-
tion of research on state-dependent delay problems of intuitionistic fuzzy
partial functional differential equations (IFPFDEs) has been slow. The
study of IFPFDEs with state-dependent delay is naturally more difficult
and was initiated only recently, in 2019 [11]. In this paper, we estab-
lished several existence and uniqueness results and some new notions on
intuitionistic fuzzy solutions of partial differential equations with both
local and nonlocal initial conditions, based on some complicated hy-
potheses on the domain. However, those assumptions can be reduced
to be milder. Motivated by this consideration, in this work, our models
are embedded into a new weighted metric space of intuitionistic fuzzy
valued functions, for which some fixed point theorems for contractive
mappings are valid under relaxed smoothness conditions, which may be
convenient for applications depending on the Lipschitz condition on the
right side of the equations, without any constraints in the data. More
precisely, we investigate the well-posedness for state-dependent delay
intuitionistic fuzzy partial functional differential equations with local
initial conditions of the following forms:

∂2⟨ψ1,ψ2⟩(η,ω)
∂η∂ω = F1

(
η, ω, ⟨ψ1, ψ2⟩(η,ω)

)
,

⟨ψ1, ψ2⟩(η, ω) = ξ(η, ω),

(η, ω) ∈ Ia × Ib,

(η, ω) ∈ [−ρ, 0]× [−ρ, 0],

and
∂2⟨ψ1,ψ2⟩(η,ω)

∂η∂ω = ∂(h(η,ω)⟨ψ1,ψ2⟩(η,ω))
∂ω + F2

(
η, ω, ⟨ψ1, ψ2⟩(η,ω)

)
,

⟨ψ1, ψ2⟩(η, ω) = ξ(η, ω),

where F1, F2 : Ia = [0, a]× Ib = [0, b]×C([−ρ, 0]× [−ρ, 0], IFn) → IFn is
continuous and h ∈ C(Ia × Ib,R).

Over the last five decades, the majority of works are devoted to equa-
tions with state-dependent delays, which arise as models in applications
from biology, population studies, mathematical epidemiology, electrody-
namics, automatic and machine cutting, neural networks, remote control
and economics, etc.; see [3, 14, 16, 17, 20, 26, 40] for details. They were
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addressed earlier in survey works on the larger area of functional differ-
ential equations, and for this reason the study of this type of equations
has received considerable attention from many researchers. By com-
bining the two aspects suggested, intuitionistic fuzzy mathematics and
partial functional differential equations with state-dependent delays, we
obtain intuitionistic fuzzy partial functional differential equations with
state-dependent delays, which will attract an appreciable interest both
in mathematics and in applications. The literature related to partial
functional differential equations with state-dependent delay in the intu-
itionistic fuzzy case is very rare – to our knowledge, only the recent work
[11] – so the study of intuitionistic fuzzy partial functional differential
equations with state-dependent delay is still an untreated topic and it
is amongst the main aims of our paper.

The paper is organized in this way: In Sect.2 the main properties and
definitions are introduced. Sect.3 is devoted to presenting a key result
for this work, which gives suitable assumptions to ensure the existence
and uniqueness of intuitionistic fuzzy solutions in a new weighted metric
space. In Sect.4, illustrative computational example is showed. Finally
Sect.5 offers the conclusion and suggest brief future research.

2. Preliminaries

We will briefly recall some necessary preliminaries:
we denote by:

IFn =
{
⟨ψ1, ψ2⟩ : Rn → [0, 1]2, |∀ ω ∈ Rn 0 ≤ ψ1(ω) + ψ2(ω) ≤ 1

}
We say ⟨ψ1, ψ2⟩ of IFn an intuitionistic fuzzy number if it verifies the
following hypothesises:

• ⟨ψ1, ψ2⟩ is normal i.e there exists ω0, ω1 ∈ Rn such that ψ1(ω0) =
1 and ψ2(ω1) = 1.

• ψ1 is fuzzy convex and ψ2 is fuzzy concave.
• ψ1 is upper semi-continuous and ψ2 is lower semi-continuous.
• supp⟨ψ1, ψ2⟩ = cl{ω ∈ Rn : | ψ1(ω) < 1} is bounded.

We define the upper and lower β-cuts of ⟨ψ1, ψ2⟩ ∈ IFn, ⟨ψ1, ψ2⟩ with
β ∈ [0, 1] by:

[⟨ψ1, ψ2⟩]β = {ω ∈ Rn : ψ2(ω) ≤ 1− β}
and

[⟨ψ1, ψ2⟩]β = {ω ∈ Rn : ψ1(ω) ≥ β} .
We define 0(1,0) ∈ IFn as

0(1,0)(ζ) =

{
(1, 0) ζ = 0

(0, 1) ζ ̸= 0.
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Let ζ ∈ R and ⟨ψ1, ψ2⟩, ⟨ψ′
1, ψ

′
2⟩ ∈ IFn, we define the following operations

by: (
⟨ψ1, ψ2⟩+

〈
ψ′
1, ψ

′
2

〉)
(ζ)

=

(
sup

ζ=ω+η
min

(
ψ1(ω), ψ

′
1(η)

)
inf

ζ=ω+η
max

(
ψ2(ω), ψ

′
2(η)

))
and

ζ⟨ψ1, ψ2⟩ =

{
⟨ζψ1, ζψ2⟩ if ζ ̸= 0

0(1,0) if ζ = 0.

For ζ ∈ R and ⟨ψ1, ψ2⟩, ⟨ψ′
1, ψ

′
2⟩ ∈ IFn, therefore:[

⟨ψ1, ψ2⟩+
〈
ψ′
1, ψ

′
2

〉]β
= [⟨ψ1, ψ2⟩]β +

[〈
ψ′
1, ψ

′
2

〉]β[
⟨ψ1, ψ2⟩+

〈
ψ′
1, ψ

′
2

〉]
β
= [⟨ψ1, ψ2⟩]β +

[〈
ψ′
1, ψ

′
2

〉]
β

[ζ⟨ψ1, ψ2⟩]β = ζ [⟨ψ1, ψ2⟩]β

[ζ⟨ψ1, ψ2⟩]β = ζ [⟨ψ1, ψ2⟩]β .

Definition 2.1. Let ⟨ψ1, ψ2⟩ ∈ IFn and β ∈ [0, 1], we define sets as
follows:

[⟨ψ1, ψ2⟩]+l (β) = inf{ω ∈ Rn | ψ1(ω) ≥ β}
[⟨ψ1, ψ2⟩]+r (β) = sup{ω ∈ Rn | ψ1(ω) ≥ β}
[⟨ψ1, ψ2⟩]−l (β) = inf{ω ∈ Rn | ψ2(ω) ≤ 1− β}
[⟨ψ1, ψ2⟩]−r (β) = sup{ω ∈ Rn | ψ2(ω) ≤ 1− β}.

Remark 2.1.
[⟨ψ1, ψ2⟩]β =

[
[⟨ψ1, ψ2⟩]+l (β), [⟨ψ1, ψ2⟩]+r (β)

]
[⟨ψ1, ψ2⟩]β =

[
[⟨ψ1, ψ2⟩]−l (β), [⟨ψ1, ψ2⟩]−r (β)

]
.

Proposition 2.1 ([28]). For all β1, β2 ∈ [0, 1] and ⟨ψ1, ψ2⟩ ∈ IFn
(1) [⟨ψ1, ψ2⟩]β1 ⊂ [⟨ψ1, ψ2⟩]β1.
(2) [⟨ψ1, ψ2⟩]β1 and [⟨ψ1, ψ2⟩]β1 are nonempty compact convex sets

in Rn.
(3) If β1 ≤ β2 then [⟨ψ1, ψ2⟩]β2 ⊂ [⟨ψ1, ψ2⟩]β1 and [⟨ψ1, ψ2⟩]β2 ⊂

[⟨ψ1, ψ2⟩]β1.
(4) If βn ↗ β1, then:

[⟨ψ1, ψ2⟩]β1 =
⋂
n

[⟨ψ1, ψ2⟩]βn

and
[⟨ψ1, ψ2⟩]β1 =

⋂
n

[⟨ψ1, ψ2⟩]βn .
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Let β ∈ [0, 1] and N any set, we denote by
Nβ = {ω ∈ Rn : ψ1(ω) ≥ β}

and
Nβ = {ω ∈ Rn : ψ2(ω) ≤ 1− β} .

Lemma 2.1 ([28]). Let {Nβ, β ∈ [0, 1]} and
{
Nβ, β ∈ [0, 1]

}
two fam-

ilies of subsets of Rn verifies (1)–(3) in proposition 2.1, if ψ1 and ψ2

define as follows:

ψ1(ω) =

{
0
sup {β ∈ [0, 1] : ω ∈ Nβ}

if ω /∈ N0

if ω ∈ N0

ψ1(ω) =

{
1
1− sup {β ∈ [0, 1] : ω ∈ Nβ}

if ω /∈ N0

if ω ∈ N0.

Therefore ⟨ψ1, ψ2⟩ ∈ IFn.
We consider the following metric on the space IFn:

dn∞
(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉)
=

1

4
sup

0<β≤1

∥∥∥[⟨ψ1, ψ2⟩]+r (β)−
[〈
ψ′
1, ψ

′
2

〉]+
r
(β)
∥∥∥

+
1

4
sup

0<β≤1

∥∥∥[⟨ψ1, ψ2⟩]+l (β)−
[〈
ψ′
1, ψ

′
2

〉]+
l
(β)
∥∥∥

+
1

4
sup

0<β≤1

∥∥∥[⟨ψ1, ψ2⟩]−r (β)−
[〈
ψ′
1, ψ

′
2

〉]−
r
(β)
∥∥∥

+
1

4
sup

0<β≤1

∥∥∥[⟨ψ1, ψ2⟩]−l (β)−
[〈
ψ′
1, ψ

′
2

〉]−
l
(β)
∥∥∥

where ∥.∥: The usual Euclidean norm in Rn.
Theorem 2.1 ([28]). dn∞ define a metric on IFn.
Theorem 2.2 ([28]). The metric space (IFn, d

n
∞) is complete.

We denote:
• Ia = [0, a], Ib = [0, b], I0 = [−ρ, 0]× [−ρ, 0], Iρ = [−ρ, a]× [−ρ, b]

and Î0 = Iρ \ (0, a]× (0, b].
• C(Ij , IFn): The space of all continuous mappings defined over
Ij into IFn, (j=a, b, 0, ρ).

It can be shown that (C(Iρ, IFn), Dσ) is a complete metric space for any
arbitrary σ > 0, where the supremum weighted metric Dσ on C(Iρ, IFn)
is defined by:
Dσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉)
= sup

(ρ1,ρ2)∈Iρ

{
dn∞(⟨ψ1, ψ2⟩(ρ1, ρ2),

〈
ψ′
1, ψ

′
2

〉
(ρ1, ρ2))e

−σ(ρ1+ρ2)
}
.

For more details see [13].
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Definition 2.2 ([10]). A mapping F1 : Iρ → IFn is continuous at point
(η0, ω0) ∈ Iρ provided for any arbitrary ε > 0, there exists an δ(ε) such
that

dn∞ (F1(η, ω), F1(η0, ω0)) < ε

whenever max{|η − η0|, |ω − ω0|} < δ(ε), ∀ (η, ω) ∈ Iρ.

Definition 2.3 ([10]). A map F1 : Iρ × IFn → IFn is continuous at
point (η0, ω0, ⟨ψ1, ψ2⟩0) ∈ Iρ × IFn provided for any arbitrary ε > 0,
there exists an δ(ε) such that

dn∞ (F1 (η, ω, ⟨ψ1, ψ2⟩) , F1 (η0, ω0, ⟨ψ1, ψ2⟩0)) < ε

whenever max{|η − η0|, |ω − ω0|} < δ(ε) and dn∞ (⟨ψ1, ψ2⟩, ⟨ψ1, ψ2⟩0) <
δ(ε) for all (η, ω) ∈ Iρ, ⟨ψ1, ψ2⟩ ∈ IFn.

Definition 2.4 ([11]). A mapping F1 : Ia × Ib → IFn is called strongly
measurable if for ∀β ∈ [0, 1] the set-valued mappings F1β : Ia × Ib →
Pk(Rn) defined by F1β(η, ω) = [F1(η, ω)]β and F β1 : Ia × Ib → Pk(Rn)
defined by F β1 (η, ω) = [F1(η, ω)]

β are (Lebesgue) measurable.

Definition 2.5 ([11]). F1 : Ia × Ib → IFn is integrably bounded if there
exists an integrable function g : Ia×Ib → Rn such that ∥(t, s)∥ ≤ g (η, ω)
holds for any (t, s) ∈ supp (F1 (η, ω)), (η, ω) ∈ Ia × Ib.

Definition 2.6 ([11]). Assume that F1 : Ia × Ib → IFn is integrably
bounded and strongly measurable for each β ∈ (0, 1], then:[∫ a

0

∫ b

0
F1 (η, ω) dωdη

]
β

=

∫ a

0

∫ b

0
[F1 (η, ω)]β dωdη

=

∫ a

0

∫ b

0
H (η, ω) dωdη|H : Ia × Ib → Rn

is a measurable selection for F1β.[∫ a

0

∫ b

0
F1 (η, ω) dωdη

]β
=

∫ a

0

∫ b

0
[F1 (η, ω)]

β dωdη

=

∫ a

0

∫ b

0
H (η, ω) dωdη|H : Ia × Ib → Rn

is a measurable selection for F β1 .

Let F1, F2 : Ia × Ib → IFn be integrable and k ∈ R. The integral has
the elementary properties as follows:

• ∫ a

0

∫ b

0
[F1 (η, ω) + F2 (η, ω)] dωdη
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=

∫ a

0

∫ b

0
F1 (η, ω) dωdη +

∫ a

0

∫ b

0
F2 (η, ω) dωdη.

• ∫ a

0

∫ b

0
kF1 (η, ω) dωdη = k

∫ a

0

∫ b

0
F1 (η, ω) dωdη.

•

dn∞

(∫ a

0

∫ b

0
F1(η, ω)dωdη,

∫ a

0

∫ b

0
F2(η, ω)dωdη

)
≤
∫ a

0

∫ b

0
dn∞(F1(η, ω), F2(η, ω))dωdη.

Definition 2.7 ([10]). Let ⟨ψ1, ψ2⟩ and ⟨ψ′
1, ψ

′
2⟩ ∈ IFn, the Hukuhara

difference is the intuitionistic fuzzy number ⟨φ,φ′⟩ ∈ IFn, if it exists,
such that

⟨ψ1, ψ2⟩ − ⟨ψ′
1, ψ

′
2⟩ = ⟨φ,φ′⟩ ⇔ ⟨ψ1, ψ2⟩ = ⟨ψ′

1, ψ
′
2⟩+ ⟨φ,φ′⟩.

Definition 2.8 ([11]). Let F1 : [t1, t2] → IFn be differentiable and sup-
pose that the derivative h′ is integrable over [t1, t2], if the Hukuhara
difference F1(t2) − F1(t1) exists in IFn, then we have

∫ t2
t1
F ′
1(t)dt =

F1(t2)− F1(t1).

Definition 2.9 ([10]). Let F1 : Ia × Ib → IFn. The intuitionistic fuzzy
partial derivative of F1 with respect to η at the point (η0, ω0) ∈ Ia × Ib
is the intuitionistic fuzzy quantity ∂F1(η0,ω0)

∂η ∈ IFn if there exists, such
that for all △k > 0 sufficiently small, the H-difference F1(η0+△k, ω0)−
F1(η0, ω0) and F1(η0, ω0)− F1(η0 −△k, ω0) exist in IFn and the limits

∂F1(η0, ω0)

∂η
= lim

△k→0+

F1(η0 +△k, ω0)− F1(η0, ω0)

△k

and
∂F1(η0, ω0)

∂η
= lim

△k→0+

F1(η0, ω0)− F1(η0 −△k, ω0)

△k
.

The intuitionistic fuzzy partial derivative of F1 with respect to ω at the
point (η0, ω0) ∈ Ia × Ib and higher order of intuitionistic fuzzy partial
derivative of F1 are defined similarly.

3. The Main Results

We establish the existence-uniqueness result for the intuitionistic fuzzy
partial functional differential equations with state-dependent delay in
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form:

(3.1)



∂2⟨ψ1,ψ2⟩(η,ω)
∂η∂ω = F1

(
η, ω, ⟨ψ1, ψ2⟩(η,ω)

)
, (η, ω) ∈ Ia × Ib,

⟨ψ1, ψ2⟩(η, ω) = ξ(η, ω), (η, ω) ∈ Îρ,

⟨ψ1, ψ2⟩(η, 0) = g1(η), η ∈ Ia

⟨ψ1, ψ2⟩(0, ω) = g2(ω), ω ∈ Ib

ξ(0, 0) = g1(0) = g2(0)

where F1 : Ia × Ib × C(I0, IFn) → IFn, ξ ∈ C(I0, IFn), g1 ∈ C(Ia, IFn),
g2 ∈ C(Ib, IFn) are given functions and we define the state-dependent
delays ⟨ψ1, ψ2⟩(η,ω)(δ, τ) by:

⟨ψ1, ψ2⟩(η,ω)(δ, τ) = ⟨ψ1, ψ2⟩(η + δ, ω + δ), (δ, τ) ∈ I0.

Definition 3.1. A function ⟨ψ1, ψ2⟩ ∈ C(Iρ, IFn) can be an intuitionis-
tic fuzzy solution of the model (3.1) if it verifies

⟨ψ1, ψ2⟩ = g1(η) + g2(ω)− ξ(0, 0) +

∫ η

0

∫ ω

0
F1(δ, τ, ⟨ψ1, ψ2⟩(δ,τ))dδdδ

if (η, ω) ∈ Ia × Ib, and

⟨ψ1, ψ2⟩ = ξ(η, ω), if (η, ω) ∈ Îρ.

Theorem 3.1. Assume that
(i) F1 : Iρ × C(I0, IFn) → IFn is continuous.
(ii) For (η, ω) ∈ Ia × Ib, ⟨ψ1, ψ2⟩, ⟨ψ′

1, ψ
′
2⟩ ∈ C(Iρ, IFn) and ρ1, ρ2 ∈

C(I0, IFn), we have

dn∞

(
F1

(
η, ω, ⟨ψ1, ψ2⟩(η,ω)

)
, F1

(
η, ω,

〈
ψ′
1, ψ

′
2

〉
(η,ω)

))
≤ Ldn∞

(
⟨ψ1, ψ2⟩ (η + ρ1, ω + ρ2) ,

〈
ψ′
1, ψ

′
2

〉
(η + ρ1, ω + ρ2)

)
where L > 0 is a given constant.

Therefore, for all σ >
√
L, the problem (3.1) has a unique intuitionistic

fuzzy solution in C(Iρ, IFn) with the metric Dσ.

Proof. Consider the operator M1 : C(Iρ, IFn) −→ C(Iρ, IFn) defined by:
M1(⟨ψ1, ψ2⟩)(η, ω)

:=


ξ(η, ω), (η, ω) ∈ Îρ,

g1(η) + g2(ω)− ξ(0, 0) (η, ω) ∈ Ia × Ib,

+
∫ η
0

∫ ω
0 F1

(
δ, τ, ⟨ψ1, ψ2⟩(δ,τ)

)
dτdδ.
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We prove that M1 is a contraction operator.
Indeed, let ⟨ψ1, ψ2⟩, ⟨ψ′

1, ψ
′
2⟩ ∈ C(Iρ, IFn) and (η, ω) ∈ Ia × Ib, then

M1(⟨ψ1, ψ2⟩)(η, ω) := g1(η) + g2(ω)− ξ(0, 0)

+

∫ η

0

∫ ω

0
F1

(
δ, τ, ⟨ψ1, ψ2⟩(δ,τ)

)
dτdδ,

and

M1

(〈
ψ′
1, ψ

′
2

〉)
(η, ω) := g1(η) + g2(ω)− ξ(0, 0)

+

∫ η

0

∫ ω

0
F1

(
δ, τ,

〈
ψ′
1, ψ

′
2

〉
(δ,τ)

)
dτdδ.

Then,

dn∞
(
M1 (⟨ψ1, ψ2⟩) (η, ω),M1

(〈
ψ′
1, ψ

′
2

〉)
(η, ω)

)(3.2)

= dn∞

(
g1(η) + g2(ω)− ξ(0, 0) +

∫ η

0

∫ ω

0
F1

(
δ, τ, ⟨ψ1, ψ2⟩(δ,τ)

)
dτdδ,

g1(η) + g2(ω)− ξ(0, 0)

∫ η

0

∫ ω

0
F1

(
δ, τ,

〈
ψ′
1, ψ

′
2

〉
(δ,τ)

)
dτdδ

)

= dn∞

(
g1(η) + g2(ω)− ξ(0, 0)

+

∫ η

0

∫ ω

0
F1(δ, τ, ⟨ψ1, ψ2⟩(δ + ρ1, τ + ρ2))dτdδ, g1(η) + g2(ω)

− ξ(0, 0) +

∫ η

0

∫ ω

0
F1

(
δ, τ,

〈
ψ′
1, ψ

′
2

〉
(δ + ρ1, τ + ρ2)

)
dτdδ

)

≤
∫ η

0

∫ ω

0
dn∞

(
F1(δ, τ, ψ1, ψ2⟩⟨(δ + ρ1, τ + ρ2)),

F1(δ, τ,
〈
ψ′
1, ψ

′
2

〉
(δ + ρ1, τ + ρ2))

)
dτdδ

≤ L

∫ η

0

∫ ω

0
dn∞(⟨ψ1, ψ2⟩(δ + ρ1, τ + ρ2),

〈
ψ′
1, ψ

′
2

〉
(δ + ρ1, τ + ρ2))dτdδ

≤ LDσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉) ∫ η

0

∫ ω

0
eσ(ρ1+ρ2+δ+τ)dτdδ

≤ LDσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉) 1
σ
eσ(ρ1+ρ2)

∫ η

0

(
eσ(δ+ω) − eωδ

)
dδ

≤ L

σ2
Dσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉)
eσ(ρ1+ρ2)(eση − 1)(eσω − 1).
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Multiplying (3.2) by e−σ(η+ω), and taking supremum metric, we obtain:
e−σ(η+ω)dn∞

(
M1(⟨ψ1, ψ2⟩)(η, ω),M1

(〈
ψ′
1, ψ

′
2

〉)
(η, ω)

)
≤ L

σ2
Dσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉)
eσ(ρ1+ρ2)(eση − 1)(eσω − 1)e−σ(η+ω)

≤ L

σ2
Dσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉)
eσ(ρ1+ρ2)eσηeσωe−σ(η+ω)

≤ L

σ2
Dσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉)
.

If (η, ω) ∈ Îρ, then
dn∞
(
M1 (⟨ψ1, ψ2⟩) (η, ω) ,M1

(〈
ψ′
1, ψ

′
2

〉)
(η, ω)

)
= 0

and so for each (η, ω) ∈ Iρ

Dσ

(
M1 (⟨ψ1, ψ2⟩) ,M1

(〈
ψ′
1, ψ

′
2

〉))
≤ L

σ2
Dσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉)
. □

It is easy to see that for all σ > 0 satisfying σ >
√
L, therefore M1 is

a contraction operator. Then by Banach fixed point theorem, M1 has a
unique fixed point, which is the solution of (3.1).

In second part of this section, we establish the existence of intuitionis-
tic fuzzy solutions for the following intuitionistic fuzzy partial functional
differential equations with state-dependent delay in general form:

(3.3)



∂2⟨ψ1,ψ2⟩(η,ω)
∂η∂ω = ∂(h(η,ω)⟨ψ1,ψ2⟩(η,ω))

∂ω (η, ω) ∈ Ia × Ib

+F2

(
η, ω, ⟨ψ1, ψ2⟩(η,ω)

)
,

⟨ψ1, ψ2⟩(η, ω) = ξ(η, ω), (η, ω) ∈ Îρ

⟨ψ1, ψ2⟩(η, 0) = g1(η), η ∈ Ia

⟨ψ1, ψ2⟩(0, ω) = g2(ω), ω ∈ Ib

ξ(0, 0) = g1(0) = g2(0)

where F2 : Ia × Ib × C(I0, IFn) → IFn , ξ, g1, g2 are as in the problem
(3.1) and h ∈ C(Ia × Ib,R).

Definition 3.2. A function ⟨ψ1, ψ2⟩ ∈ C(Iρ, IFn) is can be a solution
to the problem (3.3) if it satisfies

⟨ψ1, ψ2⟩ = p(η, ω) +

∫ η

0
h(δ, ω)⟨ψ1, ψ2⟩(δ, ω)dδ

+

∫ η

0

∫ ω

0
F2(δ, τ, ⟨ψ1, ψ2⟩(δ,τ))dτdδ,
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where

p(η, ω) = g1(η) + g2(ω)− ξ(0, 0)−
∫ η

0
h(δ, 0)g1(δ)dδ, (η, ω) ∈ Ia × Ib

and
⟨ψ1, ψ2⟩ = ξ(η, ω), if (η, ω) ∈ Îρ.

Theorem 3.2. Assume that
(i) F2 : Iρ × C(I0, IFn) → IFn is continuous.
(ii) For (η, ω) ∈ Ia × Ib, ⟨ψ1, ψ2⟩, ⟨ψ′

1, ψ
′
2⟩ ∈ C(Iρ, IFn) and ρ1, ρ2 ∈

C(I0, IFn), we have

dn∞

(
F2

(
η, ω, ⟨ψ1, ψ2⟩(η,ω)

)
, F2

(
η, ω,

〈
ψ′
1, ψ

′
2

〉
(η,ω)

))
≤ Ldn∞

(
⟨ψ1, ψ2⟩(η + ρ1, ω + ρ2),

〈
ψ′
1, ψ

′
2

〉
(η + ρ1, ω + ρ2)

)
,

where L > 0 is a given constant. Moreover, for all σ > 0
satisfying

(3.4) σ2 − σ sup
(δ,τ)∈Ia×Ib

|h(δ, τ)| − L > 0.

Therefore the problem (3.3) has a unique intuitionistic fuzzy solution in
C(Iρ, IFn) with the metric Dσ.

Proof. We will prove that the intuitionistic fuzzy solution of the problem
(3.3) is fixed point of the operator M2 : C(Iρ, IFn) −→ C(Iρ, IFn) defined
as follows:
M2(⟨ψ1, ψ2⟩)(η, ω)

:=


ξ(η, ω), (η, ω) ∈ Îρ,

p(η, ω) +
∫ η
0 h(δ, ω)⟨ψ1, ψ2⟩(δ, ω)dδ

+
∫ η
0

∫ ω
0 F2

(
δ, τ, ⟨ψ1, ψ2⟩(δ,τ)

)
dτdδ, (η, ω) ∈ Ia × Ib

where p(η, ω) = g1(η) + g2(ω)− ξ(0, 0)−
∫ η
0 h(δ, 0)g1(δ)dδ.

To show that M2 a contraction operator, we let ⟨ψ1, ψ2⟩, ⟨ψ′
1, ψ

′
2⟩ ∈

C(Iρ, IFn) and (η, ω) ∈ Ia × Ib, then

M2(⟨ψ1, ψ2⟩)(η, ω) := p(η, ω) +

∫ η

0
h(δ, ω)⟨ψ1, ψ2⟩(δ, ω)dδ

+

∫ η

0

∫ ω

0
F2

(
δ, τ, ⟨ψ1, ψ2⟩(δ,τ)

)
dτdδ

and

M2

(〈
ψ′
1, ψ

′
2

〉)
(η, ω) := p(η, ω) +

∫ η

0
h(δ, ω)

〈
ψ′
1, ψ

′
2

〉
(δ, ω)dδ

+

∫ η

0

∫ ω

0
F2

(
δ, τ,

〈
ψ′
1, ψ

′
2

〉
(δ,τ)

)
dτdδ.
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Then

dn∞(M2(⟨ψ1, ψ2⟩)(η, ω),M2

(〈
ψ′
1, ψ

′
2

〉)
(η, ω))

(3.5)

= dn∞

(
p(η, ω) +

∫ η

0
h(δ, ω)⟨ψ1, ψ2⟩(δ, ω)dδ

+

∫ η

0

∫ ω

0
F2

(
δ, τ, ⟨ψ1, ψ2⟩(δ,τ)

)
dτdδ,

+

∫ η

0

∫ ω

0
F2

(
δ, τ, ⟨ψ1, ψ2⟩(δ,τ)

)
dτdδ, p(η, ω)

+

∫ η

0
h(δ, ω)

〈
ψ′
1, ψ

′
2

〉
(δ, ω)dδ +

∫ η

0

∫ ω

0
F2

(
δ, τ,

〈
ψ′
1, ψ

′
2

〉
(δ,τ)

)
dτdδ

)

≤ dn∞

(∫ η

0
h(δ, ω)⟨ψ1, ψ2⟩(δ, ω)dδ +

∫ η

0

∫ ω

0
F2

(
δ, τ, ⟨ψ1, ψ2⟩(δ,τ)

)
dτdδ,

∫ η

0
h(δ, ω)

〈
ψ′
1, ψ

′
2

〉
(δ, ω)dδ +

∫ η

0

∫ ω

0
F2

(
δ, τ,

〈
ψ′
1, ψ

′
2

〉
(δ,τ)

)
dτdδ

)

≤ sup
(δ,τ)∈Ia×Ib

|h(δ, τ)|
∫ η

0
dn∞(⟨ψ1, ψ2⟩(δ, ω),

〈
ψ′
1, ψ

′
2

〉
(δ, ω))dδ

+

∫ η

0

∫ ω

0
F2

(
δ, τ,

〈
ψ′
1, ψ

′
2

〉
(δ,τ)

)
dτdδ.

Set q = sup
(δ,τ)∈Ia×Ib

|h(δ, τ)|. One gets following assessment

sup
(δ,τ)∈Ia×Ib

|h(δ, τ)|
∫ η

0
dn∞(⟨ψ1, ψ2⟩(δ, ω),

〈
ψ′
1, ψ

′
2

〉
(δ, ω))dδ

= q

∫ η

0
dn∞(⟨ψ1, ψ2⟩(δ, ω),

〈
ψ′
1, ψ

′
2

〉
(δ, ω))dδ

≤ qDσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉) ∫ η

0
eσ(δ+ω)dδ

≤ qDσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉) 1
σ

(
eσ(η+ω) − eση

)
.

Multiplying both sides of (3.5) by e−σ(η+ω), then we have:

e−σ(η+ω) sup
(δ,τ)∈Ia×Ib

|h(δ, τ)|
∫ η

0
dn∞(⟨ψ1ψ2⟩(δ, ω),

〈
ψ′
1, ψ

′
2

〉
(δ, ω))dδ

(3.6)
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≤ qDσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉) 1
σ

(
eσ(η+ω) − eση

)
e−σ(η+ω)

≤ q

σ
Dσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉)
and

e−σ(η+ω)dn∞

(∫ η

0

∫ ω

0
F2(δ, τ, ⟨ψ1, ψ2⟩(δ + ρ1, τ + ρ2)),(3.7)

∫ η

0

∫ ω

0
F2

(
δ, τ,

〈
ψ′
1, ψ

′
2

〉
(δ + ρ1, τ + ρ2)

))
dτdδ

≤ L

σ2
Dσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉)
.

From (3.6) and (3.7), we obtain:

e−σ(η+ω)dn∞(M2(⟨ψ1, ψ2⟩)(η, ω),M2

(〈
ψ′
1, ψ

′
2

〉)
(η, ω))

≤
(
L

σ2
+
q

σ

)
Dσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉)
.

If (η, ω) ∈ Îρ,
dn∞(M2(⟨ψ1, ψ2⟩)(η, ω),M2

(〈
ψ′
1, ψ

′
2

〉)
(η, ω)) = 0.

Hence, for each (η, ω) ∈ Iρ, we get:

Dσ

(
M2 (⟨ψ1, ψ2⟩) ,M2

(〈
ψ′
1, ψ

′
2

〉))
≤
(
L

σ2
+
q

σ

)
Dσ

(
⟨ψ1, ψ2⟩,

〈
ψ′
1, ψ

′
2

〉)
.

□

It is easy to see that for all σ > 0 satisfying (3.4) we have
(
L
σ2 + q

σ

)
<

1. Therefore, M2 is a contraction operator. Then, M2 has a unique fixed
point, which is the solution of (3.3).

4. Application

Consider the following state-dependent delay intuitionistic fuzzy par-
tial functional differential equation:

∂2⟨ψ1, ψ2⟩(η, ω)
∂η∂ω

= −e
1
2 ⟨ψ1, ψ2⟩

(
η − 1

2
, ω − 1

2

)
+ λ1

(
η +

1

2

)
eω + λ2e

1
2 ,

(4.1)

for (η, ω) ∈ [0, 1]× [0, 1], with the local initial conditions
⟨ψ1, ψ2⟩(0, 0) = λ2(4.2)
⟨ψ1, ψ2⟩(η, 0) = λ1η + λ2(4.3)
⟨ψ1, ψ2⟩(0, ω) = λ2(4.4)
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where λ1 and λ2 ∈ IF1 are triangular intuitionistic fuzzy numbers and

⟨ψ1, ψ2⟩(η, ω) = λ1ηω + λ2ω

for (η, ω) ∈
[
−1

2 , 1
]
×
[
−1

2 , 1
]
\ (0, 1]× (0, 1].

From (4.1), we have the function

F1 : [0, 1]× [0, 1]× C

([
−1

2
, 0

]
×
[
−1

2
, 0

]
, IF1

)
→ IF1

defined as follows:

F1

(
η, ω, ⟨ψ1, ψ2⟩(η,ω)

)
= −e

1
2 ⟨ψ1, ψ2⟩

(
η − 1

2
, ω − 1

2

)
+ λ1

(
η +

1

2

)
eω + λ2e

1
2

verifies hypothesises (1) and (2) of the Theorem 3.1.
Indeed: It is easy to see that F1 is continuous and

d∞

(
F1

(
η, ω, ⟨ψ1, ψ2⟩(η,ω)

)
, F1

(
η, ω,

〈
ψ′
1, ψ

′
2

〉
(η,ω)

))
≤ e

1
2d∞

(
⟨ψ1, ψ2⟩

(
η − 1

2
, ω − 1

2

)
,
〈
ψ′
1, ψ

′
2

〉(
η − 1

2
, ω − 1

2

))
.

If we choose the positive weighted number σ verifying σ >
√
L with

L = e 1
2 , so σ >

√
e 1

2 . This leads to the verification of all the assumptions
of Theorem 3.1; therefore, we have a unique intuitionistic fuzzy solution
of (4.1)-(4.4).

Now we apply the method of steps proposed in [10, 11] to find the
solution of the problem (4.1)-(4.4).

The classical solution of the crisp equation is:

v = c1ηeω + c2.

We assume that the parametric forms of the intuitionistic fuzzy numbers
λi(i = 1, 2) are

[λi]β = [λ+il (β), λ
+
ir(β)]

[λi]
β = [λ−il (β), λ

−
ir(β)]

where they satisfy the assumptions of Lemma (2.1).
Additionally, the parametric forms of the function F1 are defined as
follows:

[F1]β =
[
F+
1l (β), F

+
1r(β)

]
[F1]

β =
[
F−
1l (β), F

−
1r(β)

]
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where

F+
1l (β) = −e

1
2

[
⟨ψ1, ψ2⟩

(
η − 1

2
, ω − 1

2

)]+
l

(β) + λ+1l(β)

(
η +

1

2

)
eω

+ λ+2l(β)e
1
2

F+
1r(β) = −e

1
2

[
⟨ψ1, ψ2⟩

(
η − 1

2
, ω − 1

2

)]+
r

(β) + λ+1r(β)

(
η +

1

2

)
eω

+ λ+2r(β)e
1
2

F−
1l (β) = −e

1
2

[
⟨ψ1, ψ2⟩

(
η − 1

2
, ω − 1

2

)]−
l

(β) + λ−1l(β)

(
η +

1

2

)
eω

+ λ−2l(β)e
1
2

F−
1r(β) = −e

1
2

[
⟨ψ1, ψ2⟩

(
η − 1

2
, ω − 1

2

)]−
r

(β) + λ−1r(β)

(
η +

1

2

)
eω

+ λ−2r(β)e
1
2 .

If

[⟨ψ1, ψ2⟩(η, ω)]β =
[
[⟨ψ1, ψ2⟩(η, ω)]+l (β), [⟨ψ1, ψ2⟩(η, ω)]+r (β)

]
[⟨ψ1, ψ2⟩(η, ω)]β =

[
[⟨ψ1, ψ2⟩(η, ω)]−l (β), [⟨ψ1, ψ2⟩(η, ω)]−r (β)

]
.

Then,

[
∂2⟨ψ1, ψ2⟩(η, ω)

∂η∂ω

]
β

=

[[
∂2⟨ψ1, ψ2⟩(η, ω)

∂η∂ω

]+
l

(β),

[
∂2⟨ψ1, ψ2⟩(η, ω)

∂η∂ω

]+
r

(β)

]
[
∂2⟨ψ1, ψ2⟩(η, ω)

∂η∂ω

]β
=

[[
∂2⟨ψ1, ψ2⟩(η, ω)

∂η∂ω

]−
l

(β),

[
∂2⟨ψ1, ψ2⟩(η, ω)

∂η∂ω

]−
r

(β)

]
.



INTUITIONISTIC FUZZY PARTIAL FUNCTIONAL DIFFERENTIAL EQUATIONS267

Therefore, we solve the following state-dependent delay partial func-
tional differential equations:



[
∂2⟨ψ1,ψ2⟩(η,ω)

∂η∂ω

]+
l
(β) = −e 1

2

[
⟨ψ1, ψ2⟩

(
η − 1

2 , ω − 1
2

)]+
l
(β)

+λ+1l(β)
(
η + 1

2

)
eω + λ+2l(β)e

1
2 , (η, ω) ∈ [0, 1]× [0, 1]

[
∂2⟨ψ1,ψ2⟩(η,ω)

∂η∂ω

]+
r
(β) = −e 1

2

[
⟨ψ1, ψ2⟩

(
η − 1

2 , ω − 1
2

)]+
r
(β)

+λ+1r(β)
(
η + 1

2

)
eω + λ+2r(β)e

1
2 , (η, ω) ∈ [0, 1]× [0, 1]

[
∂2⟨ψ1,ψ2⟩(η,ω)

∂η∂ω

]−
l
(β) = −e 1

2

[
⟨ψ1, ψ2⟩

(
η − 1

2 , ω − 1
2

)]−
l
(β)

+λ−1l(β)
(
η + 1

2

)
eω + λ−2l(β)e

1
2 , (η, ω) ∈ [0, 1]× [0, 1]

[
∂2⟨ψ1,ψ2⟩(η,ω)

∂η∂ω

]−
r
(β) = −e 1

2

[
⟨ψ1, ψ2⟩

(
η − 1

2 , ω − 1
2

)]−
r
(β)

+λ−1r(β)
(
η + 1

2

)
eω + λ−2r(β)e

1
2 , (η, ω) ∈ [0, 1]× [0, 1].

With initial conditions for (η, ω) ∈
[
−1

2 , 1
]
×
[
−1

2 , 1
]
\ (0, 1]× (0, 1] we

have:



[⟨ψ1, ψ2⟩(η, ω)]+l (β) = ηωλ+1l(β) + ωλ+2l(β)(β)

[⟨ψ1, ψ2⟩(η, ω)]+r (β) = ηωλ+1r(β) + ωλ+2r(β)

[⟨ψ1, ψ2⟩(η, ω)]−l (β) = ηωλ−1l(β) + ωλ−2l(β)

[⟨ψ1, ψ2⟩(η, ω)]−r (β) = ηωλ−1r(β) + ωλ−2r(β)

(4.5)
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and for (η, ω) ∈ [0, 1]× [0, 1]

[⟨ψ1, ψ2⟩(0, 0)]+l (β) = λ+2l(β)

[⟨ψ1, ψ2⟩(0, 0)]+r (β) = λ+2r(β)

[⟨ψ1, ψ2⟩(0, 0)]−l (β) = λ−2l(β)

[⟨ψ1, ψ2⟩(0, 0)]−r (β) = λ−2r(β)

[⟨ψ1, ψ2⟩(η, 0)]+l (β) = ηλ+1l(β) + λ+2l(β)

[⟨ψ1, ψ2⟩(η, 0)]+r (β) = ηλ+1r(β) + λ+2r(β)

[⟨ψ1, ψ2⟩(η, 0)]−l (β) = ηλ−1l(β) + λ−2l(β)

[⟨ψ1, ψ2⟩(η, 0)]−r (β) = ηλ−1r(β) + λ−2r(β)

[⟨ψ1, ψ2⟩(0, ω)]+l (β) = λ+2l(β)

[⟨ψ1, ψ2⟩(0, ω)]+r (β) = λ+2r(β)

[⟨ψ1, ψ2⟩(0, ω)]−l (β) = λ−2l(β)

[⟨ψ1, ψ2⟩(0, ω)]−r (β) = λ−2r(β).

(4.6)

We obtain,

[⟨ψ1, ψ2⟩(η, ω)]+l (β) = ηeωλ+1l(β) + λ+2l(β), (η, ω) ∈ [0, 1]× [0, 1]

[⟨ψ1, ψ2⟩(η, ω)]+r (β) = ηeωλ+1r(β) + λ+2r(β), (η, ω) ∈ [0, 1]× [0, 1]

[⟨ψ1, ψ2⟩(η, ω)]−l (β) = ηeωλ−1l(β) + λ−2l(β), (η, ω) ∈ [0, 1]× [0, 1]

[⟨ψ1, ψ2⟩(η, ω)]−r (β) = ηeωλ−1r(β) + λ−2r(β), (η, ω) ∈ [0, 1]× [0, 1].

Then,
[⟨ψ1, ψ2⟩(η, ω)]β =

[
ηeωλ+1l(β) + λ+2l(β), ηeωλ+1r(β) + λ+2r(β)

]
[⟨ψ1, ψ2⟩(η, ω)]β =

[
ηeωλ−1l(β) + λ−2l(β), ηeωλ−1r(β) + λ−2r(β)

]
.
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We denote the families Nβ and Nβ as follows:[
ηeωλ+1l(β) + λ+2l(β), ηeωλ+1r(β) + λ+2r(β)

]
= Nβ[

ηeωλ−1l(β) + λ−2l(β), ηeωλ−1r(β) + λ−2r(β)
]
= Nβ

and the families N ′
β and N ′β by:[

eωλ+1l(β), e
ωλ+1r(β)

]
= N ′

β[
eωλ−1l(β), e

ωλ−1r(β)
]
= N ′β.

It easy to see that (Nβ, N
β) and (N ′

β, N
′β) satisfy the conditions of

proposition 2.1; by applying the Lemma 2.1, for every β ∈ [0, 1] we
construct the intuitionistic fuzzy solution ⟨ψ1, ψ2⟩(η, ω) ∈ IF1 of (4.1)-
(4.4) as follows:

[⟨ψ1, ψ2⟩(η, ω)]β =
[
ηeωλ+1l(β) + λ+2l(β), ηeωλ+1r(β) + λ+2r(β)

]
[⟨ψ1, ψ2⟩(η, ω)]β =

[
ηeωλ−1l(β) + λ−2l(β), ηeωλ−1r(β) + λ−2r(β)

]
.

Thus, ⟨ψ1, ψ2⟩(η, ω) is an intuitionistic fuzzy solution which verifies the
local initial conditions (4.2)-(4.4) and be written as:

⟨ψ1, ψ2⟩(η, ω) = λ1ηeω + λ2.

In Figure 1 and 2, we show the graphical representation of the mem-
bership and non-membership functions of triangular intuitionistic fuzzy
numbers λ1 = (−2, 0, 2;−2.75, 0, 2.75) and λ2 = (−1, 0, 1;−0.75, 0, 0.75)
and the simulation of β-cuts of the intuitionistic fuzzy solution
⟨ψ1, ψ2⟩(η, ω) at some values of (η, ω).

Figure 1. λ1 = (−2, 0, 2;−2.75, 0, 2.75) and λ2 =
(−1, 0, 1;−0.75, 0, 0.75)
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Figure 2. The curve of intuitionistic fuzzy solutions
⟨ψ1, ψ2⟩(η, ω) at some values of (η, ω)

In Figure 3, we show the β-cuts of the surface of intuitionistic fuzzy solu-
tion with triangular intuitionistic fuzzy numbers λ1 = (−2, 0, 2;−2.75, 0, 2.75)
and λ2 = (−1, 0, 1;−0.75, 0, 0.75).

Figure 3. The surface of intuitionistic fuzzy solution

5. Conclusion

The main aims of this work have been to establish the intuitionis-
tic fuzzy solutions of state-dependent delay partial functional differen-
tial equations with local initial conditions. By employing the Banach
fixed point theorem, we have proved some new results on the existence-
uniqueness of intuitionistic fuzzy solutions for some state-dependent
delay partial functional differential equations with local conditions via
suitable assumptions in a new weighted complete metric space. These
results are illustrated by a computational example. In the next step
of our future works, we can adapt these concept for studying nonlocal
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intuitionistic fuzzy state-dependent delay partial functional differential
equations under some assumptions which are weaker than the Lipschitz
condition.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Statements and Declarations

The authors did not receive support from any organization for the
submitted work.

References

1. K.T. Atanassov, Intuitionistic Fuzzy Sets. VII ITKR’s session,
Sofia (deposited in Central Science and Technical Library of the
Bulgarian Academy of Sciences 1697/84), 1983.

2. K.T. Atanassov, Intuitionistic Fuzzy Sets, Fuzzy Sets Syst., 20
(1986), pp. 87-96.

3. Z. Balanov, Q. Hu and W. Krawcewicz, Global Hopf Bifurcation of
Differential Equations with Threshold Type State-Dependent Delay,
J. Differ. Equations, 257 (2014), pp. 2622-2670.

4. B. Ben Amma, S. Melliani and L.S. Chadli, Numerical Solution
of Intuitionistic Fuzzy Differential Equations by Euler and Taylor
Methods, Notes IFS, 22 (2016), pp. 71-86.

5. B. Ben Amma, S. Melliani and L.S. Chadli, Numerical Solution of
Intuitionistic Fuzzy Differential Equations by Adams Three Order
Predictor-Corrector Method, Notes IFS, 22 (2016), pp. 47-69.

6. B. Ben Amma, S. Melliani and L.S. Chadli, Numerical Solution of
Intuitionistic Fuzzy Differential Equations by Runge-Kutta Method
of Order Four, Notes IFS, 22 (2016), pp. 42-52.

7. B. Ben Amma, S. Melliani and L.S. Chadli, The Cauchy Problem
of Intuitionistic Fuzzy Differential Equations, Notes IFS, 24 (2018),
pp. 37-47.

8. B. Ben Amma, S. Melliani and L.S. Chadli, Intuitionistic Fuzzy
Functional Differential Equations, Fuzzy Logic in Intelligent Sys-
tem Design: Theory and Applications, Adv. Intell. Syst. Comput.,
2018.

9. B. Ben Amma, S. Melliani and L.S. Chadli, A Fourth Order Runge-
Kutta Gill Method for the Numerical Solution of Intuitionistic Fuzzy
Differential Equations, Recent advances in intuitionistic fuzzy logic
systems. Theoretical aspects and applications, Stud. Fuzziness Soft
Comput., 2019.



272 B. BEN AMMA, S. MELLIANI AND L. S. CHADLI

10. B. Ben Amma, S. Melliani and L.S. Chadli, The Existence and
Uniqueness of Intuitionistic Fuzzy Solutions for Intuitionistic Fuzzy
Partial Functional Differential Equations, Int. J. Differ. Equ., 2019
(2019), pp. 1-13.

11. B. Ben Amma, S. Melliani and L.S. Chadli, Integral Boundary
Value Problem for Intuitionistic Fuzzy Partial Hyperbolic Differen-
tial Equations, Nonlinear Analysis and Boundary Value Problems,
Springer Proc. Math. Stat., 2019.

12. B. Ben Amma, S. Melliani and L.S. Chadli, The Numerical Solu-
tion of Intuitionistic Fuzzy Differential Equations by the Third Or-
der Runge-Kutta Nyström Method, Intuitionistic and Type-2 Fuzzy
Logic Enhancements in Neural and Optimization Algorithms: The-
ory and Applications, 2020.

13. B. Ben Amma, S. Melliani and L.S. Chadli, On the Existence
and Uniqueness Results for Intuitionistic Fuzzy Partial Differential
Equations, Int. J. Dyn. Syst. Differ. Equ., 13 (2023), pp. 22-43.

14. J. Bélair, S.A. Campbell and P. Van Den Driessche, Frustra-
tion, Stability, and Delay-Induced Oscillations in a Neural Network
Model, SIAM J. Appl. Math., 56 (1996), pp. 245-255.

15. A. El Allaoui, S. Melliani and L.S. Chadli, The Cauchy Problem
for Complex Intuitionistic Fuzzy Differential Equations, Notes IFS,
22 (2016), pp. 55-63.

16. Ph. Getto and M. Waurick, A Differential Equation with State-
Dependent Delay From Cell Population Biology, J. Differ. Equa-
tions, 260 (2015), pp. 6176-6200.

17. Q. Hu and J. Wu, Global Hopf Bifurcation for Differential Equa-
tions with State-Dependent Delay, J. Differ. Equations, 248 (2010),
pp. 2801-2840.

18. M. Jeyaraman, M. Sornavalli, R. Muthuraj and S. Sowndrarajan,
Common Fixed Point Theorems for Weakly Compatible Mappings
in Intuitionistic Generalized Fuzzy Metric Spaces, Palest. J. Math.,
9 (2020), pp. 476-484.

19. Z. Jiao, On Fixed Point Theorems in Instuitionistic Fuzzy Metric
Spaces, J. Appl. Math., 2012 (2012), pp. 1-9.

20. Y.I. Kazmerchuk and J.H. Wu, Stochastic State-Dependent Delay
Differential Equations with Applications in Finance, Funct. Differ.
Equ., 11 (2004), pp. 77-86.

21. O. Kramosil and J. Michalek, Fuzzy Metric and Statistical Metric
Spaces, Kybernelika, 11 (1975), pp. 326-334.

22. A. El Mfadel, S. Melliani and M. Elomari, On the Initial Value
Problem for Fuzzy Nonlinear Fractional Differential Equations,
Kragujevac J Math, 48 (2024), pp. 547-554.



INTUITIONISTIC FUZZY PARTIAL FUNCTIONAL DIFFERENTIAL EQUATIONS273

23. A. El Mfadel, S. Melliani and M. Elomari, On the Existence and
Uniqueness Results for Fuzzy Linear and Semilinear Fractional
Evolution Equations Involving Caputo Fractional Derivative, J.
Funct. Spaces, 2021 (2021), pp. 1-7.

24. A. El Mfadel, S. Melliani and M. Elomari, Notes on Local and
Nonlocal Intuitionistic Fuzzy Fractional Boundary Value Problems
with Caputo Fractional Derivatives, Journal of Mathematics, 2021
(2021), pp. 1-11.

25. S. Melliani and L.S. Chadli, Intuitionistic Fuzzy Differential Equa-
tion, Notes IFS, 6 (2000), pp. 37-41.

26. Y. Li and L. Zhu, Positive Periodic Solutions for a Class of Higher-
Dimensional State-Dependent Delay Functional Differential Equa-
tions with Feedback Control, Appl. Math. Comput., 159 (2004), pp.
783-795.

27. S. Melliani and L.S. Chadli, Introduction to Intuitionistic Fuzzy
Partial Differential Equations, Notes IFS, 7 (2001), pp. 39-42.

28. S. Melliani, M. Elomari, L.S. Chadli and R. Ettoussi, Intuitionistic
Fuzzy Metric Space, Notes IFS, 21 (2015), pp. 43-53.

29. S. Melliani, M. Elomari, M. Atraoui and L. S. Chadli, Intuitionistic
Fuzzy Differential Equation with Nonlocal Condition, Notes IFS, 21
(2015), pp. 58-68.

30. S. Melliani, M. Elomari and A. Elmfadel, Intuitionistic Fuzzy Frac-
tional Boundary Value Problem, Notes IFS, 23 (2017), pp. 31-41.

31. S. Melliani, H. Atti, B. Ben Amma and L.S. Chadli, Solution of n-
th Order Intuitionistic Fuzzy Differential Equation by Variational
Iteration Method, Notes IFS, 24 (2018), pp. 92-105.

32. S. Melliani, I. Bakhadach, M. Elomari and L.S. Chadli, Intuition-
istic Fuzzy Dirichlet Problem, Notes IFS, 24 (2018), pp. 72-84.

33. R. Tiwari and S. Rajput, Fixed Point Theorem on Fuzzy Metric
Spaces with Rational Inequality and its Applications, Inter. J. Resea.
Eng. Sci., 8 (2020), pp. 50-56.

34. B.C. Tripathy, S. Paul and N.R. Das, Some Fixed Point Theorems
in Generalized M-Fuzzy Metric Space, Bol. Soc. Parana. Mat., 41
(2023), pp. 1-7.

35. B.C. Tripathy, S. Paul and N.R. Das, Fixed Point and Periodic
Point Theorems in Fuzzy Metric Space, Songklanakarin Jour. Sci.
Technol., 37 (2015), pp. 89-92.

36. B.C. Tripathy, S. Paul and N.R. Das, A Fixed Point Theorem in a
Generalized Fuzzy Metric Space, Bol. Soc. Parana. Mat., 32 (2014),
pp. 221-227.

37. B.C. Tripathy, S. Paul and N.R. Das, Banach’s and Kannan’s Fixed
Point Results in Fuzzy 2- Metric Spaces, Proyecciones J. Math., 32



274 B. BEN AMMA, S. MELLIANI AND L. S. CHADLI

(2013), pp. 363-379.
38. M. Verma and R.S. Chandel, Common Fixed Point Theorem for

Four Mappings in Intuitionistic Fuzzy Metric Space Using Absorb-
ing Maps, Int. J. Rese. Rev. Appl. Sci., 10 (2012), pp. 286-291.

39. L.A. Zadeh, Fuzzy Sets, Inf. Control, 8 (1965), pp. 338-353.
40. A.A.S. Zaghrout and S.H. Attalah, Analysis of a Model of

Stage-Structured Population Dynamics Growth with Time State-
Dependent Time Delay, Appl. Math. Comput., 77 (1996), pp. 185-
194.

1 Laboratory of Applied Mathematics and Scientific Computing, École
Normale Supérieure, Sultan Moulay Slimane University, BP 523, 23000
Beni Mellal, Morocco.

Email address: bouchrabenamma@gmail.com
2 Laboratory of Applied Mathematics and Scientific Computing, Fac-

ulty of Sciences and Technologies, Sultan Moulay Slimane University,
BP 523, 23000 Beni Mellal, Morocco.

Email address: said.melliani@gmail.com
3 Laboratory of Applied Mathematics and Scientific Computing, Fac-

ulty of Sciences and Technologies, Sultan Moulay Slimane University,
BP 523, 23000 Beni Mellal, Morocco.

Email address: sa.chadli@yahoo.fr


	1. Introduction
	2. Preliminaries
	3. The Main Results
	4. Application
	5. Conclusion
	Conflicts of Interest
	Statements and Declarations
	References

