On Continuous Frames in Hilbert C*-Modules
Hadi Ghasemi and Tayebe Lal Shaterli

Print ISSN  2322-5807

Sahand Communications in Volume 21. No. 2. March 2024
: : Online ISSN  2423-3900

Mathematical Analysis

Print ISSN: 2322-5807

Online ISSN: 2423-3900
Volume: 21 %G
Number: 2 '
Pages: 327-349
Sahand Commun. Math. Anal. = .
- |

S
DOI: 10.22130/scma.2023.2007308.1396

Sahand Mountain, Maragheh, Iran.

g
€
s
=
°
"
£
w
2
2
-]
£
o




Sahand Communications in Mathematical Analysis (SCMA) Vol. 21 No. 2 (2024), 327-349
http://scma.maragheh.ac.ir

DOI: 10.22130/scma.2023.2007308.1396

On Continuous Frames in Hilbert C*-Modules

Hadi Ghasemi'! and Tayebe Lal Shateri® *

ABSTRACT. In the present paper, we study continuous frames in
Hilbert C*-modules and present some results of these frames. Next,
we give the concept of dual continuous frames in Hilbert C*-modules
and investigate some properties of them. Also, by introducing the
notion of the similarity of the continuous frames, characterizing it,
and stating some of its properties, we refer to the investigation of
the effect of similarity on the dual continuous frames in Hilbert
C™-modules.

1. INTRODUCTION AND PRELIMINARIES

Frames for Hilbert spaces were introduced in 1952 by Duffin and Scha-
effer [13] to study some problems in nonharmonic Fourier series and
widely studied from 1986 since the great work by Daubechies, Gross-
mann and Meyer [11]. Now, frames have been widely applied in signal
processing, sampling, filter bank theory, system modeling, Quantum
information, cryptography, and more. [6, 14, [16, 29]. Various general-
izations of frames such as frames of subspaces, wavelet frames, g-frames,
and weighted and controlled frames have been developed, (see [5, [1, BQ]).
We refer to [8, 9] for an introduction to frame theory and its applica-
tions. The concept of a generalization of frames to a family indexed by
some locally compact space endowed with a Radon measure was pro-
posed by G. Kaiser [20] and independently by Ali, Antoine and Gazeau
[l]. These frames are known as continuous frames.
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Frank and Larson [17] extended the notion of a frame for an oper-
ator on a Hilbert C*-module. For a discussion of frames in Hilbert
C*-modules, we refer to Refs. [3, 4, 19, 26-28]. A Hilbert C*-module is
a generalization of a Hilbert space that allows the inner product to take
values in a C*-algebra rather than the field of complex numbers. The
extended results of this more general framework are not a routine gen-
eralization, because there are essential differences between Hilbert C*-
module and Hilbert Space. For example, we know that every bounded
operator on a Hilbert space has a unique adjoint, while this fact does not
hold for bounded operators on a Hilbert C*-module. Also, any closed
subspace in a Hilbert space has an orthogonal complement, but it is not
true, in general, for a Hilbert C*-module.

The paper is organized as follows. First, we recall the basic definitions
and some notations about Hilbert C*-modules, and we also give some
properties of them which we will use in the subsequent sections. In Sec-
tion 2, we recall the notion of continuous frames in Hilbert C*-modules.
We present some results of frames in the view of continuous frames and
give many interesting properties of the operators related to these frames.
In section 3, we define duals of continuous frames in Hilbert C*-modules
and we introduce a special category of continuous frames in Hilbert C*-
modules called Riesz-type frames, and describe a characterization of it.
Finally, in section 4, by introducing the notion of the similarity of the
continuous frames, and provide a characterization of it. Also, we give
some of its properties and application in recognizing Riesz-type frames
express, and we refer to the investigation of the effect of similarity on
the dual continuous frames in Hilbert C*-modules.

Now, we give only a brief introduction to the theory of Hilbert C*-
modules to make our explanations self-contained. For comprehensive
accounts, we refer readers to [21, 23, 24]. Throughout this paper, A
denotes a unital C*-algebra.

Definition 1.1. A pre-Hilbert module over a unital C*-algebra A is a
complex vector space U that is also a left A-module equipped with an
A-valued inner product (.,.) : UxU — A, which is C-linear and A-linear
in its first variable, satisfying the following conditions:

(i) (f,f) =0,

(ii) (f,f) =0iff f =0,

(iif) (f,9)" = (g, /),

(iv) (af,g) =a({f.9),
for all f,g € U and a € A.

A pre-Hilbert A-module U is called Hilbert A-module if U is complete
1
with respect to the topology determined by the norm || f|| = || {f, f) 2.
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By [19, Example 2.46], if A is a C*-algebra, then it is a Hilbert A-
module with respect to the inner product

(a,b)y = ab*, (a,be€ A).

Example 1.2. Let £2(A) be the set of all sequences {an}nen of ele-
ments of a C*-algebra A such that the series ) 7 | ana; is convergent
in A. Then ¢2(A) is a Hilbert .A-module with respect to the pointwise
operations and inner product defined by

<{a’n}n€Na {bn}neN> = Z anb;
n=1

In the following lemma the Cauchy-Schwartz inequality extends to
Hilbert C*-modules.

Lemma 1.3 ([24, Lemma 15.1.3] (Cauchy-Schwartz inequality)). Let U
be a Hilbert C*-modules over a unital C*-algebra A. Then

LD I <A g9 |
forall f,geU.
Definition 1.4. Let U and V be two Hilbert C*-modules over a unital
C*-algebra A. A map T : U — V is said to be adjointable if there exists
amap T* : V — U satisfying

(Tf,g)=(f,T"g)

for all f € U,g € V. Such a map T* is called the adjoint of T. By
EndZ(U ) we denote the set of all adjointable maps on U.

It is surprising that every adjointable operator is automatically linear
and bounded. We need the following results in next sections.

Lemma 1.5 ([B1l, Lemma 1.1]). Let U and V' be two Hilbert C*-modules
over a unital C*-algebra A and T € End’ (U, V') have closed range. Then
T* has closed range and

U= Ker(T)® R(T"), V =Ker(T*)® R(T).

Lemma 1.6. [4/ Let U and V' be two Hilbert C*-modules over a unital
C*-algebra A and T € Endy(U,V'). Then the following are equivalent:

(i) T is surjective,
(ii) T* is bounded below with respect to the norm; i.e.

Im >0 st |[T*f| >ml|f].
(iii) T™ is bounded below with respect to the inner product; i.e.
Im >0 st (T*f,T°f) >m(f f),
forall f V.
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Theorem 1.7 ([23, Theorem 2.1.4]). Let U and V be two Hilbert C*-
modules over a unital C*-algebra A and T € End%y(U,V). Then The
following are equivalent:

(i) T is bounded and A-linear.

(ii) There exists k > 0 such that

(Tf,Tf) <k(f, [,
forall f €eU.

The next theorem is Douglas theorem [12] extention for Hilbert mod-
ules.

Theorem 1.8 ([15, Theoreml.1}). Let Ty € End%(U,V) and T> €
Endy(K ,V) with R(Ty) orthogonally complemented. Then the follow-
ing are equivalent:

(i) VT} < NILT5 for some X > 0,

(i) there exists > 0 such that ||T5z|| < pl|T5z||, for all z € V,

(iii) there ewists D € End%(U,K) such that T\ = 13D, i.e. the

equation To X =T has a solution,
(iv) R(T) C R(Ty).

From now, we assume that A is a unital C*-algebra, U is a Hilbert
C*-module over A and (2, p) is a measure space.

2. CONTINUOUS FRAMES IN HILBERT C*-MODULES

In this section, we recall continuous frames in Hilbert C*-modules over
a unital C*-algebra A, and then we give some results for these frames.

Let Y be a Banach space, (X, u) a measure space, and f: X — )V a
measurable function. The integral of the Banach-valued function f has
been defined by Bochner and others. Most properties of this integral are
analogous to those of the integral of real-valued functions (see [10, B2]).
Since every C*-algebra and Hilbert C*-module is a Banach space, hence
we can use this integral in these spaces.

Definition 2.1. Let (2, 1) be a measure space and A is a unital C*-
algebra. We define,

2@A) = {p:0 4 [ le@ip) ) <o}
For any ¢, € L?(f2, A), the inner product is defined by

wmozlkwwxww»mmw
—/mwwmww»
Q
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and the norm is defined by [|¢|| = || (¢, @) ||% It was shown in [21] that
L?(Q, A) is a Hilbert A-module.

Now we recall the continuous frames in Hilbert A-modules [18, 22].
We prove some interesting properties of the frame operator.

Definition 2.2. A mapping F': QQ — U is called a continuous frame for
U if
(i) F' is weakly-measurable, i.e, the mapping w —— (f, F(w)) is
measurable on €,
(ii) there exist constants A, B > 0 such that

(21) AL f) < /Q U, F()) (F(w), f) du(w) < B (f, f),

for any f e U.

The constants A, B are called lower and upper frame bounds, respec-
tively. The mapping F' is called Bessel if only the right inequality in
(Ell) holds and is called tight if A = B.

Definition 2.3. A continuous frame F' :  — U is called ezxact if for
every measurable subset 1 C Q with 0 < p(£2;) < oo, the mapping
F:Q\Q; — U is not a continuous frame for U.

Now, we give an example of a continuous frame in a Hilbert C*-
module.

8 2 cx,y € Cp, then A is a
unital C*-algebra. Also A is a Hilbert C*-module over itself, with the
following inner product,

(LY:AxA > A
(M, N) —s M(N).

Example 2.4. Assume that A =

Suppose that (£2, 1) is a measure space where = [0,1] and pu is the
Lebesgue measure. Consider the mapping F' : 2 — A defined as F(w) =
<2w 0 > for any w € Q

0 w—-1)’ ’
a 0

For each f = (0 b

) € A, we have

/Q (f F (@) (Fw), f) du(w)

=G 5)- (6 L2 ) (G L2 (6 5)) e
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L (5 o 2un) (07 o Zp) e
[ (0 @) (0 )

|66‘2 |132> /[071} <4(6}2 (w i) 1)2) dp(w)

Wl o

1 4
Therefore, F' is a continuous frame with bounds A = 3 and B = 3
Now, we introduce some important operators for continuous frames
in Hilbert C*-modules.
Definition 2.5. Let F': Q — U be a continuous frame. Then

(i) The synthesis operator or pre-frame operator Tr : L*(Q, A) —
U weakly defined by

22 @eef) = [ o) (P Hautw), (D).
(ii) The adjoint of T', called The analysis operator Tj : U —
L?(Q, A) is defined by
(2.3) (Tpf)(w) = (f, F(w)), (we fel).

Definition 2.6. Let F': 0 — U be a continuous frame for Hilbert C*-
module U. Then the continuous frame operator Sp : U — U is weakly
defined by

Q4)  (Sef )= [ (@) (FW). Hdu(w), (D)
In following theorem, we investigate some properties of pre-frame op-

erator and analysis operator.

Theorem 2.7. Let F' : Q@ — U be a continuous frame for Hilbert
C*-module U with bounds A, B. Then the pre-frame operator Tp :
L?(Q, A) — U is well defined, surjective, adjointable A-linear map and
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bounded with |T|| < vVB. Moreover, the analysis operator Tg : U —
L?(Q, A) is injective and has closed range.

Proof. Let F : Q — U be a continuous frame for Hilbert C*-module U
with bounds A, B. Then

(i) T is adjointable and T™ is its adjoint. Because for f € U and
@ € L*(Q, A) we have

(o T"f) = /Q (@), (T 1)) du(w)
- / (@), (f, F(@))) du(w)

I
S~
©

(W) (F(w), f) dpu(w)

—( [ pFent).1)

(ii) The pre-frame operator T' is well defined and bounded with
|T|| < VB because for ¢ € L?(Q2, A) we have

2

Tl = H [ o) F@aute

(/ w(w)F(w)du<w>,f>H
o

o / <go<w>,<f,F<w>>>du<w>H

= sup (e, T°f) ||
Feu.lifl=1

< sup o {e, @) [ (T, T f)l
Feu.lifl=1

= sup
feU, lIflI=1

= swp ol
fev, fl=1

i

’ [ P (P 1) dute)

since F' is a continuous frame, so

ITel> < sup — ll*BIIfI?
ev, |ifl=1

< Bllel,

ie, |T| < VB.
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(iii) T is surjective. Indeed, by definition of continuous frames in
Hilbert C*-modules, for each f € U,

A ) <{T7FTf) < B, f)-

Then T™* is bounded below with respect to the inner product
and by lemma [L.6, T is surjective.
(iv) T* is injective. Indeed, if f € U and T* f = 0, then

ICF A =IATT A ) |
= AT AF )
< AT T |
= A7 £
Thus || (f,f)|| = 0 and f = 0. Now, we show that 7% has
closed range. Let {T™ f,} 2| be a sequence in R(T™) such that

lim,, .o T* f,, = g. By definition of continuous frames in Hilbert
C*-modules, for n,m € N

[A(Fn = Fms fro = Fn) | < KT (= Son), T (e = S |
= 1T (fa — fm) I*.
Since {T*f,,}>° , is a Cauchy sequence in L*(£2, A) so,
lim Ao — s fo— S | = 0.

n,Mm—00

Also
” <fn - fmvfn - fm> ” S A_1HA<fn - fmafn - fm> H)

thus the sequence {f,},—; is a Cauchy sequence in U and so

there exists f € U such that lim, ., f, = f. Definition of
continuous frames, implies that

IT*(fu = DI < Bl {fa = f, fa = £ Il

then limy, oo [|[T%f, — T*f]] = 0 and T*f = g. Therefore R(T™) is
close. g

In the next theorem, we give some properties of continuous frame
operator.

Theorem 2.8. Let F' : Q — U be a continuous frame for Hilbert C*-
module U with bounds A, B and continuous frame operator S and pre-
frame operator T'. Then S = TT* is positive, adjointable, self-adjoint
and invertible and ||S|| < B.

Proof. Let F' : Q — U be a continuous frame for Hilbert C*-module U
with bounds A, B. Then
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(i) S =TT* because for f € U we have
(T f, ) = (TE(f, F(W)huea) )

—( [ tr.F@) F@)aue. 1)

= (S, f)-
(ii) For f,g € U, we have

(s1.9) = { [ (. F@) Plldn(o).s )
:KkﬁHMMﬂMﬂWMM
_%y%ﬂmHHMJWWW)

= ([ to.Fe) (7). fy e )

= ((Sg, )"
= (f,59).
Therefore S is adjointable and self-adjoint.
(iii) By definition of continuous frames, for each f € U we get

A(f f) <(SF, )
<B(f. 1),

by [23, Proposition 2.1.3], this implies that S is positive. Since
Al < S < BI, so
0<I-B'S<I-B1'AI
B-A
=—7]
B
<,

hence ||[I — B71S|| < 1. Therefore S is invertible.
(iv) Since
ISI="sup [I(SF, f)l

feu, |Ifli<t

= sup

o [ ). du(w)H

< sup |IB(f, Nl
feu, IflI<t

< B.
Hence, S is bounded.
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g

Remark 2.9. Let F': 0 — U be a continuous frame for Hilbert C*-
module U with the frame operator S and the pre-frame operator 7'
Invertibility of S implies that T is surjective.

In fact, since S is invertible, so for all f € U there exists g € U such
that

[ =59
= [ (0. F)dn(e).

On the other hand, S = T'T* then
f=1T"g

_ /Q (9, F(w)) F(w)du(w),
this implies that
T*g = ({9, F(@))}oco € L3(, A),

i.e., T is surjective.
Remark 2.10. Let F' : @ — U be a continuous frame for Hilbert C*-
module U with the frame operator S and the pre-frame operator T.

Since T* : U — L*(Q, A) is injective and has closed range so by [3,
Lemma 0.1], S = T'T* is invertible and

IS=HI < 8 < (1771
Moreover, lower and upper bounds of F' are respectively ||.S~
[alli

Theorem 2.11. Let F' : Q@ — U be a continuous frame for Hilbert
C*-module U with bounds A, B > 0, continuous frame operator Sp and
pre-frame operator Tr.Also let K € End%(U) be surjective. Then KF
is a continuous frame for U with continuous frame operator KSpK*.
Moreover, Tkr = KTr and Ty p = TR K*.

Proof. For each f € U we have
A<K*f,K*f>§/Q<K*f7F(W)> (F(w), K f) dp(w)
< B(K"f,K"f),

Y= and

thus
ALK fK*f) < /Q (f, KF()) (KF(w), f) du(w)
< B{K*f.K*f).
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Since K is surjective, then by [3, Lemma 0.1],
I(EE) ™~ = (KK*) 7Y™ < KK*

and
I(EK*) T F f) < (KK f, f)
<(K"f,K"f)
< | K2 (£, f) -
Hence,

AI(KES Y, ) < /Q U, KF(w)) (KF(w), f) dp(w)
< BIK| {f, f),

i.e., KF is a continuous frame for Hilbert C"*-module U.
Also, for each f € U we have

KSpK*f = K /Q (K, F(w)) F(w)dp(w)
- /Q (f, KF(w)) KF(@)du(w),

then K SpK* is the continuous frame operator for K F. Moreover,

(Ticro. f) = < [ @k o) f>

— (& [ o). 1)

= (KTrp, [),
for each f € U and ¢ € L?(,A). Then Txr = KTr and Thp =
ThRK™. O
Since AI < S < BI, so
Blr<st<all
Hence, we get the following corollary.

Corollary 2.12. Let F : Q — U be a continuous frame for Hilbert
C*-module U with bounds A, B and frame operator S. Then S™'F is
a continuous frame for Hilbert C*-module U with bounds B~ A=1 > 0
and frame operator S™1.

Lemma 2.13. Let U be a Hilbert C*-module. Then the following are
equivalent:

(i) F:Q — U is a continuous Bessel mapping for U.



338 H. GHASEMI AND T.L. SHATERI

(ii) The mapping Q@ — (f, F(Q)) is measurable and there exists
constant D > 0 such that

RIS EEN) du(w)H < DI

Proof. (i) = (ii) Obvious.
(i) = (i) Define an operator V : U — L*(2, A) by V f = {{f, F(Q))},cq-
It is clear that V' is well-defined and A-linear. Also,

IVAI?=IKVEVAI

=| [ ren e n )|
<D[{f, N1
= D||fII*
Then V' is bounded and by theorem @ (VEV ) <D(f, f). O

Now, we give an equivalent condition for the mapping F' : Q@ — U to
become a continuous frame.

Theorem 2.14. Let U be a Hilbert C*-module. Then the following are
equivalent:

(i) F:Q — U is a continuous frame for U.

(ii) The mapping Q — (f, F(2)) is measurable and there exist con-
stants A, B > 0 such that

ANEDI < | [ @) ). du(w)H

< B[ (£, ) II

Proof. (i) = (ii) Obvious.
(19) = (i) Suppose that there exist constants A, B > 0 such that

Al[{f, ) I < M)(va(w)) (F(w), f) dp(w)
< Bl[{f, ) II

then

[ e, du(w)H — 1(sF )

=[[(sts.589)]

1
=8z,
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then, A| f||> < ||S%f||2 implies that
VA|f] < 157 ]l
Hence by Lemma E,
VA(f, ) < (83,83 F) = (S1.f)
Since S is self-adjoint so by theorem @, there exists D > 0 such that
(S 1) = (SE£.85F) <DL
Hence

VAL, f) < (ST, f)

:/Q<f,F(w)><F(w)vf> dp(w)
<D(f, f)- -

Lemma 2.15. Let K : QQ — U be a continuous Bessel mapping for U
with bound B and V € End’y(U) be adjointable. Then VK : Q — U is
continuous Bessel mapping for U.

Proof. By theorem , there exists a constant D > 0 such that

/Q (f, VE(@) (VE (@), f) du(w) = /Q WV, K () (K (@), V* ) dp(w)
< BV LV
<BD(f, f),

for each f € U. O

Theorem 2.16. Let U be a Hilbert C*-module over a unital C*-algebra
A. Then a mapping F : Q — U is a continuous frame for U if and only
if the synthesis operator T : L?(Q0, A) — U is well-defined and onto.

Proof. (Necessity) It is shown in Theorem @ .
(Sufficiency) Let T' be well-defined. Then T is adjointable and

T .U — L*(Q, A)
f — {<f7F(w>>}w€Q

Also
2

/Q (f F(@)) (F(w), f) du(w)

2

_ H<f [ @) P
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< AP |7 F@) o)
< IFIPITI? HLF F @) oeol

[ @) e, du(w)H |

2

= £

Then

[ 18 P@) P du<w>H < IF 1P|
L AT

Moreover, since 1" is onto, so T™ is bounded below by lemma @, and
T*|| g(r+) is invertible. Then for each f € U we have (T*||gp+)) T f =
f- Then

LI = 1T | rey) T £II?
<IN N re) ~HIPNT* £

T o) H [P (P, £ dute

9

hence

1T Lrer=) M2 AN < '/Q<f7F(w)> (F(w), f) dﬂ(w)‘

Corollary 2.17. Let U be a Hilbert C*-module over a unital C*-algebra
A. Then a mapping F : Q — U is a continuous Bessel mapping with
bound B for U if and only if the synthesis operator T : L*(Q, A) — U is
well-defined and bounded with |T| < vB.

.0

3. DUALS CONTINUOUS FRAMES IN HILBERT C*-MODULES

In this section, we introduce the consept of duals continuous frames in
Hilbert C*-modules and give some properties of continuous frames and
their duals. Duals are very important for the reconstruction of Hilbert
C*-module elements.

Definition 3.1. Let F' : Q0 — U be a continuous Bessel mapping. A
continuous Bessel mapping G : Q — U is called a dual for F if

31 (f.g)= /Q (. GW)) (FW), g) du(w), (f.g € V),

and equivalently TrT7 = Iy, where Tr and Tz denote the synthesis
operators of F' and G, respectively. In this case (F,G) is called a dual
pair. Since TpT} = Iy if and only if TTy = Iy, so (B.1) is equivalent
to

(f,q) = /Q (. F@) (Cw). g) du(w), (f.9 € T).
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Remark 3.2. Let F': Q — U be a continuous frame for Hilbert C*-
module U. Then by reconstructin formula we have

= w -1 w w
f—/Q<f,F< ) $~F (w)dpu(w)

= [ (5,57 P @) P
forall f e U.
Then S~'F is a dual for F, which is called canonical dual.

Definition 3.3. Let F' : Q — U be a continuous frame for Hilbert
C*-module U. If F' has only one dual, we call F' a Riesz-type frame.

The following theorem states a useful characterizatoin of Riesz-type
frames.

Theorem 3.4. Let F : Q — U be a continuous frame for Hilbert C*-
module U over a unital C*-algebra A. Then F is a Riesz-type frame if
and only if the analysis operator Ty : U — L*(Q, A) is onto.

Proof. (Necessity) Since T is adjointable and has closed range, so
L*(Q,A) = Ker(Tr) ® R(T}) by Lemma @ Also by [24, Lemma
15.3.4],

R(TE) # L*(Q, A) if and only if R(T5)* # {0}.

Now let G = S™!F be the canonical dual of F and R(T}) # L*(, A).
Then R(T})* # {0}.

Suppose that h € R(Ty)* such that || [, [[h(w)*|2dp(w)]| =1 i.e.,

||kl = 1. Define

K :Q — L*(Q, A)
w +— h(w)*h.
Then for p € L%(Q, A) we have,

’ /Q (0, K(w)) (K(w), @) du(w) ’ _
- H/ﬂ (0. 1) hlw)h(w)" (. ¢) du(w)H

[ oyt (@) du(w)H

<t | [ iy Pann o

= [ (s i) [l (s ) |l
< IRl llel®

= [1RI?[l {2, 0} I,
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so K is a continuous Bessel mapping.

Let V : L?(Q,A) — U be a adjointable operator such that Vh # 0.
Then VK : Q — U is a continuous Bessel mapping and so G + VK is.
If we show that

/Q (. VEW) (F@).g) duw) =0, (f.g € D),

then G 4+ VK is a dual of F'. Because for f,g € U,
| 11.66)+ VE@) (Flo).a) dute)

- /Q (f, G(@)) (F(w),g) du(w) + / (f VE(@)) (F(w), g) du(w)

Q
=(f,9)+0
=(f,9),

i.e., F' is not Riesz-type.For this we have
| U VE@) (F).g)du(w) = [ (VR B (F@).) duw)
Q Q
- /Q (V* £, ) h(w) (F(w), g) dp(w)

— (v fh) / h(w) (F(w), g) dp(w)
Q
= (V*£,1) ({0() ey » {495 F@)) o)
=0.
Note that {h(w)},cq € R(T5)* and {(g, F(w))}, cq € R(TH).
(Sufficiency) Let G1, G4 be two duals of F' and G # Ga. Then
/Q (f, G1(w) — Galw)) (F(w), g) du()

— / (f, G1 (@) (F(w), g) dya(e) — / (f, Ga(w)) (F(w), g) dpu(w)
Q Q
= 0.
Hence
(U, Gr(@) = o)) oo (0 F(@)) hoca) = 0.

Since {(f, G1(w) — Ga())}ueq € R(TE, _a,) and {{g, F(w))} yeq € R(TH),
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Also T} is onto and L?(Q, A) = Ker(Tp) ® R(T}), then R(TH)+ = {0}
and so

(f;Gi(w) = Ga2(w)) =0, (fel),
hence
Gi(w) — G2 (w) =0, (weN).
Therefore G1 = G9, that is F' is Riesz-type. O

We end this section by the following remark.

Remark 3.5. Let F' : Q@ — U be a Riesz-type frame for Hilbert C*-
module U. Then F(w) # 0 for every w € .

For this, let G be the canonical dual of F' and wy € €2 such that
F(wg) = 0. Define G : Q@ — U where G1(wp) # 0 and G1(w) = G(w)
for all w # wp. Then G is a continuous Bessel mapping and

;= /Q (f, G(w)) F(w)du(w)

_ / (f. Glw)) F(w)du(w) + / (f, G(w)) F(w)dn(w)
{wo} 2\ {wo}

- /Q (f, G1(w)) F(w)du(w).

Hence G is a dual of F' and F' is not Riesz-type.

4. SIMILAR CONTINUOUS FRAMES IN HILBERT C*-MODULES

The notion ”similar” for g-frames in Hilbert spaces and Hilbert C*-
modules has been defined in [2, 25]. We use this concept for continuous
frames in Hilbert C*-modules and obtain some equivalent conditions for
them. Then we get some results about it. This concept is a suitable tool
to prove some features of Riesz-type frames.

Definition 4.1. Two continuous frames F,G : 0 — U on Hilbert C*-
module U are called similar if there exists an invertible operator L €
End’(U) such that F' = LG. Moreover, if L is unitary operator, then
F and G are called unitary equivalent.

Obviously, F' is similar to G if and only if G is similar to F'. First, we
state an interesting characterization of similar continuous frames, which
has many applications in the proofs of other theorems.

Theorem 4.2. Let F,G : Q — U be two continuous frames for U with
pre-frame operators Tr and Tg, respectively. Then F and G are similar

if and only if R(Tj) = R(T¢).
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Proof. Assume that F' and G are similar. Then there exists an invertible
operator L €_End%(U) such that F = LG and so T = T5L* and
by Theorem [I.8, R(Tj) C R(T¢). Also, T} = T7(L™1)* implies that
R(TE) € R(Ty). Hence R(Ty) = R(TE).
Conversely, suppose that R(Tj) = R(T(). Then there exist Ly, Ly €
End’(U) such that
Th=T4Ly, T4 =ThLs.

Therefore Ty = TiLoLy and T} = T L1Ly. This shows that LiLy =
Lol = Iy and so Ly , Ly are invertible and L; = L2_1. Hence, Tr =
LTg for some invertible operator L € End’(U). For each f € U and
© € L?(Q, A), we have

/SO(W) (F(w), f) du(W)ZL/w(W) (G(w), f) dpu(w)
Q Q

- /Q (@) (LGW), f) dp(w).
Then
(o (s F() — LG(@)) o) = /Q (@) (Fw) — LG(w), f) du(w)
=0

This implies that F'(w) = LG(w), for all w € Q. Therefore F' and G are
similar continuous frames. O

In the following theorem, we give the application of Theorem @
in proving the fact that how an arbitrary continuous frame becomes a
Riesz-type frame with the influence of another Riesz-type frame.

Theorem 4.3. Let F,G : Q — U be two continuous frames for U with
pre-frame operators Tr and T, respectively. If F' is a Riesz-type frame,
then G is a Riesz-type frame if and only if there exists a constant N > 0
such that

ITre — Topl® < N.min {|Trel?, | Tael}
for each p € L*(Q, A).

Proof. Suppose that G is a Riesz-type frame. Then F' and G are similar
and there exists an invertible operator L € End’(U) such that F' = LG,
by Theorem @ If f="Tgyp, for some p € L?(£2, A), then

Lf= /Q (@) LG (w)dp(w)

- /Q () F(w)dps(w) = Trg.
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Therefore
ITre — Tapll® = ILf — fI
={Lf =, Lf =D
< IZIPIA® A+ 2L 12 + 112
= (Il + D?|| Tl
Since f = L7'Lf, so
AP < IETHPILANE, ICLF A < ILTHIL)
Then
ITee — Togl? < || (LELH I+ 1LE £ |+ 1 LH T+ 14 )
< LA+ 20 L7 HILAP + LI AP
= (I + D)2 TFel*.
Setting N = a(||L|| + 1)? = B(||L7|| + 1)?, for some a, 8 € R, we have
ITre = Taw|? < Nmin {|Trel?, | Tael*} -
Conversely, by surjectivity of Tr and T, the mapping
L:U—U
Tap — Try,

is well-defined for each ¢ € L?(, A). It is easy to see that L is ad-
jointable and invertible. Applying Theorem {.2, it is enough to show
that F' = LG. We have

| #) (P).g) dnte) = < i w(w)F(w)du(w),g>

— <L/ng(w)G(w)dM(W),g>
_/Qgp(w) (LG(w), g) du(w),

then

<907 {<F(OJ) - LG(w)ag>}w€Q> = Oa
for each g € U and ¢ € L?(Q, A). Hence F(w) = LG(w), for all w € Q,
and consequently F' and G are similar. O

As a result, we state the equivalent conditions under which a contin-
uous frame is Riesz-type under the influence of a Riesz-type frame.

Corollary 4.4. Let F,G : Q — U be two continuous frames for U with
pre-frame operators Tr and I, respectively. If F is a Riesz-type frame,
then the followings are equivalent.
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(i) G is a Riesz-type frame,

(ii) F and G are similar,

iii)
)

(iif) R(Tg) = R(T¢),

(iv there exists a constant N > 0 such that
T — Tapl® < N.min {||Tre|?, | Towl*}
for each p € L*(, A).

Let F be a continuous frame for U. Duo to Theorem , we can
obtain a family of continuous frames similar to F'. In the next theorem,
we examine the relationship of the duals of F' with the duals of its similar
continuous frames.

Theorem 4.5. Let F': QQ — U be a continuous frame for U with the pre-
frame operator Tp. Assume that L € End’(U) is an invertible operator.
Then each dual of LF is similar to a dual of F' and vice versa.

Proof. Suppose that G : Q@ — U is a dual of LF with the pre-frame
operator T, If Tpp is the pre-frame operator of LF', then Ty p = LTF
and T} = TiL*. Also,
f=Torle f
= L(TrT¢) f,

for each f € U. Hence LTrT/, = Iy. Since L is invertible, so TrT5L =
Iy and TrT}., = Iy. It follows that L*G is a dual of F' that is similar
to G.

Conversely, Assume that G; :  — U is a dual of F with the pre-
frame operator Tz,. Then TFTE}1 = Iy and LTFTc*;lL_1 = Iy, so
TLFT(L*)AG = Iy. Hence (L71)*Gy is a dual of LF which is simi-
lar to the dual continuous frame G of F. O

Based on proof of Theorem @, duals of similar continuous frames are
characterized as follows.

Corollary 4.6. Let F' : Q — U be a continuous frame for U and
L € End(U) is an invertible operator. Then the following statements
hold.
(1) If F1 : Q — U is a dual of F, then (L™Y)*Fy is a dual of LF,
(if) If F» : Q@ — U is a dual of LF, then L*F, is a dual of F.

By spectral mapping theorem, every real power of the frame operator
is invertible and positive. Then the following remark holds.

Remark 4.7. Let F,G : Q2 — U be two continuous frames for U with
continuous frame operators Sg and Sg, respectively. Then we can con-
struct a similar continuous frame to one of them. Put K := SgSf,, for
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a,B € R. Then KF is similar to both F and G. Also,

Skr=KSpK*
= SESpSrSpSG
— Sastige.
Setting a« = —f = 3 in previous remark for arbitrary continuous

frames F, G, and by Theorem @, the next corollary shows that we can
form a continuous frame similar to F' such that its continuous frame
operator is same as Sg.

Corollary 4.8. Let F,G : Q@ — U be two continuous frames for U
with continuous frame operators Sp and Sg, respectively. Then R :=
1 —1

SESFTF is a continuous frame similar to F with Sg = Sg. Also, if Fi
1 -1
is a dual of F', then SES7 Fy is a dual of R.

10.

11.

REFERENCES

. S.T. Ali, J.-P. Antoine and J.-P. Gazeau, Continuous frames in

Hilbert space, Ann. Phys., 222 (1993), pp. 1-37.

. A. Alijani, Similar generalized frames, Sahand Commun. Math.

Anal., 10 (1) (2018), pp. 17-28.

A. Alijani and M. Dehghan, *-Frames in Hilbert C*-modules, Sci.
Bull., Politeh. Univ. Buchar., Ser. A, 73 (2011).

L. Arambaic, On frames for countably generated Hilbert C*-
modules, Proc. Amer. Math. Soc., 135 (2007), pp. 479-478.

. P. Balazs, J.-P. Antoine and A. Grybos, Wighted and controlled

frames, Int. J. Wavelets, Multiresolut. Inf. Process., 8(1) (2010),
pp. 109-132.

H. Blocsli, H.F. Hlawatsch and H.G. Fichtinger, Frame-Theoretic
analysis of oversampled filter bank, IEEE Trans. Signal Process. 46
(12) (1998), pp. 3256-3268.

P. G. Casazza and G. Kutyniok, Frames of subspaces, Contemp.
Math., 345 (2004), pp. 87-113.

O. Christensen, An introduction to frames and Riesz bases,
Birkhauser, Boston, 2016.

O. Christensen, Frames and Bases, An Introductory Course,
Boston, Birkhauser, 2008.

N. Dunford and J.T. Schwartz, Linear Operators, 1. General The-
ory, vol. 7 of Pure and Applied Mathematics, Interscience, New
York, NY, USA, 1958.

I. Daubechies, A. Grassman and Y. Meyer, Painless nonothogonal
expanisions, J. Math. Phys., 27 (1986), pp. 1271-1283.



348

12

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

H. GHASEMI AND T.L. SHATERI

R.G. Douglas, On majorization, factorization and range inclusion
of operators on Hilbert space, Proc. Amer. Math. Soc. 17 (2) (1966),
pp. 413-415.

R.J. Duffin and A.C. Schaeffer, A class of nonharmonic Fourier
series, Trans. Amer. Math. Soc., 72 (1952), pp. 341-366.
Y.C.Eldar, Sampling with arbitrary sampling and reconstruction
spaces and oblique dual frame vectors, J. Fourier. Anal. Appl., 9
(1) (2003), pp. 77-96.

X. Fang, J. Yu and H. Yao, Solutions to operator equations on
Hilbert C*-modules, Linear Algebra Appl., 431 (11) (2009), pp.
2142-2153.

P.J.S. G. Ferreira, Mathematics for multimedia signal processing II:
Discrete finite frames and signal reconstruction, Signal processing
for multimedia, Byrnes, J.S. (ed.) IOS Press, Amsterdam, 1999,
pp. 35-54.

M. Frank and D.R. Larson, Frames in Hilbert C*-modules and C*-
algebras, J. Oper. Theory, 48 (2002), pp. 273-314.

H. Ghasemi and T.L. Shateri, Continuous *-controlled frames in
Hilbert C*-modules, Casp. J. Math. Sci., 11(2) (2022), pp. 448-460.
W. Jing, Frames in Hilbert C*-modules, Ph.D. Thesis, University
of Central Florida Orlando, Florida, 2006.

G. Kaiser, A Friendly Guide to Wavelets, Birkha”user, Boston,
1994.

E.C. Lance, Hilbert C*—Modules: A Toolkit for Operator Algebraist,
144 pages, vol. 210 of London Mathematical Society Lecture Note
Series, Cambridge University Press, Cambridge, UK, 1995.

H. Labriguil and S. Kabbaj, Controlled integral frames for Hilbert
C*-modules, Kragujevac J. Math., 47 (6) (2023), pp. 877-890.

V. M. Manuilov and E. V. Troitsky, Hilbert C*-Modules: Transla-
tions of mathematical monographs, Am. Math. Soc., 2005.

N.E. Wegge-Olsen, K-theory and C*-algebras: a friendly approach,
Oxford University Press, 1993.

A. Najati and A. Rahimi, Generalized frames in Hilbert spaces,
Bull. Iran Math. Soc., 35 (2009), pp. 97-1009.

M. Rashidi-Kouchi and A. Nazari, Continuous g-frame in Hilbert
C*-modules, Abst. Appl. Anal., 2011 (2011), pp. 1-20.

M. Rashidi-Kouchi and A. Nazari, Equivalent continuous g-frame
in Hilbert C*-modules, Bull. Math. Anal. Appl., 4 (4) (2012), pp.
91-98.

T.L. Shateri, *x-Controlled frames in Hilbert C*-modules, Int. J.
Wavelets Multiresolut. Inf. Process., 19 (3) (2021).



ON CONTINUOUS FRAMES IN HILBERT C*-MODULES 349

29. T. Strohmer and R. Heath Grassmanian frames with applications
to coding and communications, Appl. Comput. Harmon. Anal. 14
(2003), pp. 257-275.

30. W. Sun, G-frames and g-Riesz bases, J. Math. Anal. Appl., 322 (1)
(2006), pp. 437-452.

31. Q. Xu, L. Sheng, Positive semi-definite matrices of adjointable
operators on Hilbert C*-modules, Linear Algebra Appl., 428 (4)
(2008), pp. 992-1000.

32. K. Yosida, Functional Analysis, vol. 123, Springer-Verlag Berlin
Heidelberg, Springer, Berlin, Germany, 6th edition, 1980.

! DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCES, HAKIM SABZEVARI
UNIVERSITY, SABZEVAR, P.O. Box 397, IRAN.
Email address: h.ghasemi@hsu.ac.ir

2 DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCES, HAKIM SABZEVARI
UNIVERSITY, SABZEVAR, P.O. Box 397, IRAN.
Email address: t.shateri@hsu.ac.ir



	1. Introduction And Preliminaries
	2. Continuous Frames in Hilbert C*-Modules
	3. Duals continuous frames in Hilbert C-modules
	4. Similar Continuous Frames in Hilbert C-Modules
	References

