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Inertial Shrinking Projection Algorithm for Relatively
Nonexpansive Mappings

Sattar Alizadeh1 and Fridoun Moradlou2∗

Abstract. This paper introduces an inertial shrinking projection
algorithm for approximating fixed points of relatively nonexpansive
mappings in uniformly convex and smooth Banach spaces. By in-
corporating inertial terms, the method improves convergence speed
and stability compared to classical projection techniques. The anal-
ysis relies on geometric properties such as the Kadec-Klee condition
and the continuity of the duality mapping to ensure strong conver-
gence. The proposed algorithm generalizes several existing iterative
schemes and operates under mild assumptions. Numerical results
in both finite-dimensional and function spaces confirm its practical
effectiveness.

1. Introduction and Preliminaries

Polyak [25] introduced the concept of inertial algorithms as a founda-
tional approach to solving smooth convex minimization problems. These
algorithms utilize a two-step iterative framework, where each subsequent
iteration is formulated based on the preceding two. Extensive research
has demonstrated that integrating an inertial component into an al-
gorithm significantly enhances its convergence speed, accelerating the
sequence generated. Consequently, inertial algorithms have become a
focal point of extensive research efforts (see e.g. [7, 8, 13, 14, 22] and
the references contained in it).

Let X be a real Banach space with dual X∗ and let K ⊂ X be
nonempty, closed and convex. Weak convergence is denoted by tn ⇀ t,
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while strong convergence is written as tn → t. The space X is strictly
convex if for all distinct t, u ∈ X with ∥t∥ = ∥u∥ = 1, we have∥∥∥∥ t+ u

2

∥∥∥∥ < 1.

It is uniformly convex if for every ζ ∈ (0, 2], there exists η > 0 such that∥∥∥∥ t+ u

2

∥∥∥∥ < 1− η,

whenever t, u ∈ K, ∥t∥ = ∥u∥ = 1 and ∥t− u∥ ≥ ζ.
The space X is smooth if the limit

(1.1) lim
s→0

∥t+ su∥ − ∥t∥
s

exists for all t, u ∈ SX := {x ∈ X : ∥x∥ = 1}. It is uniformly smooth if
this limit is attained uniformly over SX . A classical result states that
X is uniformly convex if and only if X∗ is uniformly smooth.

A Banach space E satisfies the Kadec–Klee property if xn ⇀ x and
∥xn∥ → ∥x∥ imply xn → x. Uniformly convex Banach spaces are reflex-
ive, strictly convex and possess the Kadec–Klee property [1, 27].

The normalized duality mapping J : X → 2X
∗ is defined by

Ja =
{
a∗ ∈ X∗ : ⟨a, a∗⟩ = ∥a∥2 = ∥a∗∥2

}
,

where ⟨·, ·⟩ denotes the duality pairing between X and X∗. If X is
uniformly smooth and convex, then J is uniformly norm-to-norm con-
tinuous on bounded subsets of X and so is its inverse J−1 = J∗ on
bounded subsets of X∗; see [1, 27].

Suppose that X is a smooth Banach space. We define the function
ϕ : X ×X → R as follows:

ϕ(a, ν) = ∥a∥2 − 2⟨a, Jν⟩+ ∥ν∥2,

for every t, u ∈ X. From the definition of ϕ, it follows that for every
t, u, v ∈ X,

(A1) (∥ν∥ − ∥a∥)2 ≤ ϕ(ν, a) ≤ (∥ν∥+ ∥a∥)2,
(A2) ϕ(ν, a) = ϕ(a, υ) + ϕ(υ, ν) + 2⟨a− υ, Jυ − Jν⟩,
(A3) ϕ(a, ν) = ⟨a, Ja−Jν⟩+⟨a−ν, Jν⟩ ≤ ∥a∥∥Ja−Jν∥+∥ν−a∥∥ν∥.

If X is a Hilbert space, then it follows that ϕ(a, ν) = ∥a− ν∥2.
In 1996, Alber [2] introduced the concept of generalized projection

mapping. Let K be a closed, convex, nonempty subset of a strictly con-
vex, reflexive and smooth Banach space X. The generalized projection
operator ΠK : X → K assigns to each point t ∈ X the unique element
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t0 ∈ K that minimizes the functional ϕ(u, t), thereby providing the best
approximation within K in terms of the given metric structure, that is,

ΠKt = t0,

where t0 is the unique solution to the minimization problem:
ϕ(t0, t) = inf

u∈K
ϕ(u, t).

Utilizing the inherent characteristics of the functional ϕ(u, t), along
with the strict monotonicity of the mapping J , one can rigorously es-
tablish that the operator ΠK is both well-defined and possesses a unique
determination.

Suppose that T is a self-mapping on K. A point q ∈ K is referred to as
an asymptotic fixed point of T [26] if there exists a sequence {un} ⊆ K
such that un converges weakly to q and

∥un − Tun∥ → 0.

Define F̂ (T ) as the set containing all asymptotic fixed points of the
mapping T . A function T : K → K is characterized as relatively non-
expansive [9, 10] provided that it adheres to the following properties:

(i) The set of fixed points F (T ) is nonempty.
(ii) The inequality

ϕ(r, Tx) ≤ ϕ(r, x),

holds for all r ∈ F (T ) and all x ∈ K.
(iii) The sets of fixed points and asymptotic fixed points coincide,

which can be expressed as
F (T ) = F̂ (T ).

Numerous studies have confirmed that many fundamental nonlinear
problems in mathematics can be reformulated as the task of determining
the fixed points of a specific operator, where contractive-type conditions
often emerge naturally. As a result, mathematicians have devoted sig-
nificant attention to developing methods for locating fixed points of such
mappings. Various iterative algorithms have been introduced, including
the Mann iteration process and the Ishikawa iteration process [16, 23].
The convergence of these methods relies on the underlying space pos-
sessing appropriate properties [26]. Notably, even in Hilbert spaces, the
Mann iteration process guarantees only weak convergence [15]. Fur-
thermore, in Hilbert spaces, the Ishikawa iteration process successfully
converges for Lipschitz pseudocontractive mappings, whereas the Mann
iteration does not. Despite this, researchers often prefer the Mann iter-
ation method due to its simpler formulation compared to the Ishikawa
iteration process.



42 S.ALIZADEH AND F. MORADLOU

In recent years, researchers have extensively investigated iterative
techniques to establish weak and strong convergence within the set-
tings of Hilbert and Banach spaces. Various studies have explored these
methodologies, as referenced in [3–6, 11, 17–20, 28, 30–32, 34–36]. More-
over, to ensure strong convergence, numerous modifications to standard
methods have been widely employed by scholars, further refining and
improving convergence behavior.

In 2008, Takahashi et al. [29] introduced an alternative projection
algorithm known as the shrinking projection method, which is defined
as follows:

For a nonempty, closed, convex subset K of Hilbert space H, consider
a nonexpansive mapping T : K → H such that F (T ) ̸= ∅. Let t0 ∈ H.
Starting with K1 = K and v1 = PK1t0, define a sequence {vn} within
K as follows:

wn = µnvn + (1− µn)Tvn,

Kn+1 = {u ∈ Kn : wn − u ≤ vn − u},

vn+1 = PKn+1t0, n ∈ N,

where 0 ≤ µn ≤ µ < 1 for every n ∈ N. Consequently, the sequence
{vn} exhibits a strong convergence toward

u0 = PF (T )t0.

In 2018, Dong et al. [14] proposed a modified Mann inertial method
for a nonexpansive self-mapping T of a Hilbert space H with a nonempty
fixed point set, F (T ) ̸= ∅:

t0, t1 ∈ H chosenarbitrarily,

wn = tn + µn(tn − tn−1),

vn = (1− ηn)wn + ηnTwn,

Cn = {a ∈ H : yn − a ≤ wn − a},

Qn = {a ∈ H : ⟨tn − a, tn − t0⟩ ≤ 0},

tn+1 = PCn∩Qnt0,

for all n ∈ {0} ∪ N, where {µn} ⊂ [µ1, µ2], µ1 ∈ (−∞, 0], µ2 ∈
(∞, 0], {ηn} ⊂ [η, 1], η ∈ (0, 1]. Then {tn} is strongly convergent to
PF (T )t0.
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Recently, Chidume et al. [12] introduced an inertial algorithm de-
signed for a relatively nonexpansive self-mapping T on a Banach space
X: 

t0, t1 ∈ X chosenarbitrarily,

K0 = X,

wn = tn + µn(tn − tn−1),

vn = J−1((1− η)Jwn + ηJTwn),

Cn+1 = {a ∈ Cn : ϕ(a, vn) ≤ ϕ(a,wn)},

tn+1 = ΠKn+1t0,

for all n ∈ N, where µn ∈ (0, 1) and η ∈ (0, 1). Then {tn} converges
strongly to ΠF (T )t0.

Lemma 1.1 ([33]). Consider H as a real Hilbert space and let K be a
closed, convex subset within H. Suppose that S is a self-mapping of K,
satisfying the condition:

∥Sa− Sb∥ ≤ ∥a− b∥,
for all u, v ∈ K. Then, F (S) satisfies:

F (S) = F̂ (S).

Lemma 1.2 ([24]). Let K be a nonempty, closed and convex subset of
a reflexive, strictly convex and smooth Banach space X. Suppose that
S is a self-mapping on K that is relatively nonexpansive. Consequently,
the set F (S) is guaranteed to be both convex and closed.

The following are some properties of the generalized metric projection
that will be utilized in the subsequent section to establish our main
results.

Lemma 1.3 ([2]). Suppose that K is a nonempty, closed and convex
subset of a reflexive, strictly convex and smooth Banach space X. Con-
sequently, the subsequent properties hold:

(i) For all a ∈ K and every b ∈ X, the function ϕ satisfies the
inequality:

ϕ(a,ΠKb) + ϕ(ΠKb, a) ≤ ϕ(a, b).

(ii) The element c = ΠKa if and only if the following relation holds
for all b ∈ K:

⟨b− c, Ja− Jc⟩ ≤ 0.
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These fundamental characteristics are instrumental in examining pro-
jection operators within convex analysis, optimization frameworks and
the study of fixed points.

Lemma 1.4 ([21]). Suppose X is a Banach space that is both uniformly
convex and possesses smoothness properties. Consider two sequences
{tn} and {un} in X, where at least one of them is bounded. If

lim
n→∞

ϕ(tn, un) = 0,

then it follows that
lim
n→∞

∥tn − un∥ = 0.

Remark 1.5. Utilizing condition (A3), one can readily verify that the
reverse implication of Lemma 1.4 holds as well, provided that both se-
quences {xn} and {yn} are bounded.

In the following example, we demonstrate that the converse of Lemma
1.4 holds under the given conditions. This example illustrates the valid-
ity of the reverse implication and supports the broader applicability of
the Lemma 1.4.

Example 1.6. To demonstrate that the converse of Lemma 1.4 is valid,
i.e., if two sequences are bounded and ∥tn−un∥ → 0, then ϕ(tn, un) → 0,
consider the following example: Let X = R2 equipped with the standard
norm. This is a uniformly convex and uniformly smooth Banach space.
The normalized duality mapping is simply J(x) = x. In this context, the
function ϕ simplifies to:

ϕ(x, y) = ∥x∥2 − 2⟨x, y⟩+ ∥y∥2 = ∥x− y∥2.
Now define the sequences:

tn =

(
1 +

1

n
, 2− 1

n

)
, un = (1, 2).

Clearly, both sequences are bounded and

∥tn − un∥ =

√(
1

n

)2

+

(
1

n

)2

=

√
2

n
→ 0.

Therefore,
ϕ(tn, un) = ∥tn − un∥2 =

2

n2
→ 0.

This example confirms that when two sequences are bounded and their
norm difference tends to zero, the functional ϕ(tn, un) also tends to
zero. Hence, the converse on of Lemma 1.4 is justified, supporting the
assertion in Remark 1.5.

ϕ(x, y) = ∥x∥2 − 2⟨x, y⟩+ ∥y∥2 = ∥x− y∥2.
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Now define the sequences:

tn =

(
1 +

1

n
, 2− 1

n

)
, un = (1, 2).

Clearly, both sequences are bounded and

∥tn − un∥ =

√(
1

n

)2

+

(
1

n

)2

=

√
2

n
→ 0.

Therefore,

ϕ(tn, un) = ∥tn − un∥2 =
2

n2
→ 0.

This example confirms that when two sequences are bounded and their
norm difference tends to zero, the functional ϕ(tn, un) also tends to zero.
Hence, the converse of Lemma 1.4 is justified, supporting the assertion
in Remark 1.5.

This research introduces a new algorithm to address the challenge
of achieving strong convergence in iterative methods for fixed point
problems in Banach spaces. While classical methods often yield weak
convergence, our approach motivated by the works of Takahashi [29]
and Chidume [12] ensures strong convergence for relatively nonexpan-
sive mappings in uniformly convex and smooth Banach spaces. The
algorithm integrates:

• An inertial Ishikawa-type iteration.
• A generalized shrinking projection method.

It leverages geometric properties such as the Kadec–Klee condition and
duality mapping continuity, along with dynamic control sequences, to
enhance convergence speed and flexibility. Numerical results confirm its
superiority over existing methods, offering both theoretical and practical
contributions.

2. Main Results

This section presents a refined Ishikawa iteration and an inertial
shrinking scheme designed for a relatively nonexpansive mapping within
a Banach space. Furthermore, we establish a strong convergence theo-
rem corresponding to this mapping.

Theorem 2.1. Let X be a real Banach space that is both uniformly
convex and uniformly smooth. Suppose that T : X → X is a rela-
tively nonexpansive mapping with a fixed point set that is nonempty,
i.e., F (T ) ̸= ∅. Define the sequence {tn} via the following iterative
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process: 

t0, t1 ∈ X chosenarbitrarily,

K0 = X,

un = tn + µn(tn − tn−1),

yn = J−1(ηnJzn + (1− ηn)JTun),

zn = J−1(ρnJun + (1− ρn)JTun),

Kn+1 = {u ∈ Kn : ϕ(u, yn) ≤ ϕ(u, un)},

xn+1 = ΠKn+1t0,

for each n ∈ N, Consider the parameters µn ∈ (0, 1) and ηn, ρn ∈ [0, 1],
which are required to meet the following conditions:

lim inf
n→∞

(1− ηn) > 0, lim
n→∞

ρn = 1.

Under these assumptions, the sequence {tn} is strongly convergent to
ΠF (T )t0.

Proof. The proof of this Theorem is organized into four steps as outlined
below.

Step 1. We confirm that Kn is a closed convex set, satisfying F (T ) ⊂
Kn for every n ∈ N ∪ {0}.

A straightforward verification confirms that Kn is closed. To show
convexity, we consider the following:

ϕ(u, yn) ≤ ϕ(u, un)

⇐⇒ ∥u∥2 − 2⟨u, Jyn⟩+ ∥yn∥2 ≤ ∥u∥2 − 2⟨u, Jun⟩+ ∥un∥2

⇐⇒ ∥un∥2 − ∥yn∥2 − 2⟨u, Jun − Jyn⟩ ≥ 0.

Thus, Kn satisfies convexity and we conclude that Kn is closed and
convex.

We now proceed with a proof by induction to establish that F (T ) ⊂
Kn holds for all n ∈ N ∪ {0}. In the initial case where n = 0, we
note that the inclusion F (T ) ⊂ K0 = X holds. Now, assume that
F (T ) ⊂ Kn holds for some n. Let q ∈ F (T ). Given that T is a relatively
nonexpansive mapping, we deduce that

ϕ(q, zn) = ϕ
(
q, J−1(ρnJun + (1− ρn)JTun)

)
(2.1)

= ∥q∥2 − 2⟨q, ρnJun + (1− ρn)JTun⟩
+ ∥ρnJun + (1− ρn)JTun∥2
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≤ ∥q∥2 − 2ρn⟨q, Jun⟩ − 2(1− ρn)⟨q, JTun⟩
+ ρn∥un∥2 + (1− ρn)∥Tun∥2

= ρnϕ(q, un) + (1− ρn)ϕ(q, Tun)

≤ ρnϕ(q, un) + (1− ρn)ϕ(q, un)

= ϕ(q, un)

and hence
ϕ(q, yn) = ϕ

(
q, J−1(ηnJzn + (1− ηn)JTun)

)
(2.2)

= ∥q∥2 − 2⟨q, ηnJzn + (1− ηn)JTun⟩
+ ∥ηnJzn + (1− ηn)JTun∥2

≤ ηnϕ(q, zn) + (1− ηn)ϕ(q, Tun)

≤ ηnϕ(q, un) + (1− ηn)ϕ(q, un)

= ϕ(q, un).

Therefore, we infer that q ∈ Kn+1, ensuring that the sequence {tn} is
properly defined.

Step 2. We establish the boundedness of the sequences {tn}, {un},
{zn} and {yn}.

Applying the relation tn = ΠKnt0 along with Lemma 1.3, we obtain

ϕ(tn, t0) = ϕ(ΠKnt0, t0) ≤ ϕ(q, t0)− ϕ(q, tn) ≤ ϕ(q, t0),

for all q ∈ F (T ) ⊂ Kn. Consequently, we deduce that ϕ(tn, t0) is
bounded. Hence, by applying condition (A1), the sequence {tn} is also
bounded.

Since tn+1 = ΠKn+1t0 ∈ Kn+1 ⊂ Kn and tn = ΠKnt0, from this, we
infer that

ϕ(tn, t0) ≤ ϕ(tn+1, t0),

for all n ∈ N ∪ {0}. Consequently, ϕ(tn, t0) is nondecreasing, implying
its convergence. Furthermore, utilizing the relation tn = ΠKnt0 along
with Lemma 1.3, we also obtain

ϕ(tn+1, tn) = ϕ(tn+1,ΠKnt0)

≤ ϕ(tn+1, t0)− ϕ(ΠKnt0, t0)

= ϕ(tn+1, t0)− ϕ(tn, t0),

for all n ∈ N ∪ {0}. Accordingly, we establish that
lim
n→∞

ϕ(tn+1, tn) = 0.

Thus, by applying Lemma 1.4, we can ascertain that
(2.3) lim

n→∞
∥tn+1 − tn∥ = 0.
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Using (2.3), it is straightforward to verify that the sequence {tn} is
Cauchy. Considering the relation un = tn + µn(tn − tn−1) and using
(2.3), we deduce that
(2.4) ∥un − tn∥ = ∥µn(tn − tn−1)∥ ≤ ∥tn − tn−1∥ → 0.

Hence, {un} is bounded. In view of (2.1) and (2.2), it follows that {zn}
and {yn} are also bounded.

Step 3. we prove that lim
n→∞

∥un − Tun∥ = 0.

By combining (2.3) and (2.4), we derive
(2.5) ∥tn+1 − un∥ ≤ ∥tn+1 − tn∥+ ∥tn − un∥ → 0.

By Step 2, (2.5) and applying Remark 1.5, we obtain
(2.6) ϕ(tn+1, un) → 0.

Since tn+1 = ΠKn+1t0 ∈ Kn+1 ⊂ Kn and using (2.6), we derive the
inequality
(2.7) ϕ(tn+1, yn) ≤ ϕ(tn+1, un) → 0.

Using boundedness of {yn} and (2.7), we apply Remark 1.5 to conclude
(2.8) ∥yn − tn+1∥ → 0.

Therefore, combining (2.3) and (2.8), we deduce that
(2.9) ∥yn − tn∥ ≤ ∥yn − tn+1∥+ ∥tn+1 − tn∥ → 0.

Since the sequence {un} is bounded and ρn → 1, we define
zn = J−1 (ρnJun + (1− ρn)JTun) ,

from which we obtain
(2.10) ∥Jzn − Jun∥ = (1− ρn)∥Jun − JTun∥ → 0.

Given that J−1 exhibits uniform continuity over bounded subsets, ap-
plying (2.10) leads to
(2.11) ∥zn − un∥ → 0.

Moreover, leveraging (2.4), (2.9) and (2.11), we establish
(2.12) ∥yn − zn∥ ≤ ∥yn − tn∥+ ∥tn − un∥+ ∥un − zn∥ → 0.

Given that J is uniformly continuous on bounded sets and utilizing
(2.12), we deduce that
(2.13) ∥Jyn − Jzn∥ → 0.

Applying yn = J−1 (ηnJzn + (1− ηn)JTun), lim inf
n→∞

(1 − ηn) > 0 and
(2.13), we derive

(2.14) ∥Jzn − JTun∥ =
∥Jyn − Jzn∥

1− ηn
→ 0.
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Because J−1 maintains uniform continuity over bounded sets and uti-
lizing (2.14), we obtain
(2.15) ∥zn − Tun∥ → 0.

Based on (2.11) and (2.15), we derive
∥un − Tun∥ ≤ ∥un − zn∥+ ∥zn − Tun∥ → 0.

Step 4. We show that tn → ΠF (T )t0.
As the sequence {un} is bounded, we can extract a subsequence {unk

}
such that unk

weakly converges to û, i.e., unk
⇀ û. Moreover, the result

established in Step 3 leads to
∥unk

− Tunk
∥ → 0.

Given that T is relatively nonexpansive, we deduce that û ∈ F̂ (T ) =
F (T ). Additionally, from (2.4), we deduce that tnk

⇀ û. Finally, we
establish that û = ΠF (T )t0.

Let u = ΠF (T )t0, From tn = ΠKnt0 and u ∈ F (T ) ⊂ Kn, Thus, we
obtain

ϕ(tn, t0) ≤ ϕ(u, t0).

Since the norm is lower semicontinuous and u = ΠF (T )t0 we get

ϕ(û, t0) = ∥û∥2 − 2⟨û, Jt0⟩+ ∥t0∥2(2.16)
≤ lim inf

n→∞
(∥tnk

∥2 − 2⟨tnk
, Jx0⟩+ ∥t0∥2)

= lim inf
n→∞

ϕ(tnk
, t0)

≤ lim sup
n→∞

ϕ(tnk
, t0)

≤ ϕ(u, t0)

≤ ϕ(û, t0).

Then, ϕ(u, t0) = ϕ(û, t0). Using the uniqueness of ΠF (T )t0, we conclude
that u = û. Consequently, we establish that û = ΠF (T )t0. Applying
(2.16), we obtain

lim
n→∞

ϕ(tnk
, t0) = ϕ(û, t0).

Thus,
0 = lim

k→∞
(ϕ(tnk

, t0)− ϕ(u, t0))

= lim
k→∞

(∥tnk
∥2 − ∥u∥2 − 2⟨tnk

− u, Jt0⟩)

= lim
k→∞

(∥tnk
∥2 − ∥u∥2).

Then, we establish that
∥tnk

∥ → ∥u∥.
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Since X satisfies the Kadec-Klee property, it follows that
tnk

→ u = ΠF (T )t0.

Furthermore, given that the sequence {tn} is convergent, we conclude
that

tn → ΠF (T )t0.

This final step completes the proof. □

Remark 2.2. The proof of Theorem 2.1 does not rely solely on weak
convergence; instead, it leverages essential geometric properties of uni-
formly convex Banach spaces to ensure strong convergence, as demon-
strated in Step 4. Specifically:

• Lemma 1.4 shows that if ϕ(tn, un) → 0, then ∥tn − un∥ →
0, which is a statement of norm convergence that cannot be
inferred from weak convergence alone.

• The Kadec-Klee property is employed to conclude that if a se-
quence converges weakly and its norm also converges, then it
must converge strongly. This analytic and geometric property
plays a pivotal role in the final step of the proof.

To further illustrate the necessity of strong convergence, consider the
following example in an Lp space, where weak convergence does not
imply strong convergence:

Let 1 < p < ∞, with p ̸= 2 and define a sequence {fn} ⊆ Lp([0, 1])
by:

fn(x) =


n1/p, if 0 ≤ x ≤ 1

n ,

0, otherwise.
Each function fn satisfies ∥fn∥p = 1, hence the sequence lies on the unit
sphere of Lp([0, 1]). It can be shown that fn ⇀ 0 weakly in Lp([0, 1]),
yet:

∥fn − 0∥p = ∥fn∥p = 1, for all n.
This example highlights that weak convergence alone is insufficient

to guarantee norm convergence. Without the Kadec–Klee property—
which Lp spaces for p ̸= 2 may lack—the proof of Theorem 2.1 would be
incomplete. Therefore, the geometric assumptions of the Banach space
are not merely technical but fundamentally necessary.

As a particular instance of Theorem 2.1, we recover the main result
established by Chidume et al. [12], which states:

Corollary 2.3. Assume that X is a uniformly smooth and uniformly
convex real Banach space and suppose that T : X → X is a relatively
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nonexpansive mapping satisfying F (T ) ̸= ∅. Consider the following
iterative scheme for generating the sequence {tn}:

t0, t1 ∈ X chosen arbitrarily,

K0 = X,

un = tn + µn(tn − tn−1),

yn = J−1 ((1− θ)Jzn + θJTun) ,

Kn+1 = {u ∈ Kn : ϕ(u, yn) ≤ ϕ(u, un)},

tn+1 = ΠKn+1t0,

for rall n ∈ N, where µn ∈ (0, 1) and θ ∈ (0, 1) satisfy the given condi-
tions, the sequence {tn} is strongly convergent to ΠF (T )t0.

Proof. Substituting ηn = 1− θ and ρn = 1 for all n ∈ N in Theorem 2.1,
we obtain the desired result. □

Theorem 2.4. Let H be a real Hilbert space and let T : H → H be
a nonexpansive mapping satisfying F (T ) ̸= ∅. Consider the following
iterative procedure for constructing the sequence {tn}:

t0, t1 ∈ H chosen arbitrarily,

K0 = H,

un = tn + µn(tn − tn−1),

yn = ηnzn + (1− ηn)Tun,

zn = ρnun + (1− ρn)Tun,

Kn+1 = {u ∈ Cn : ∥yn − u∥ ≤ ∥un − u∥},

tn+1 = PKn+1t0,
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For all n ∈ N, let µn ∈ (0, 1) and ηn, ρn ∈ [0, 1] meet the prescribed
conditions

lim inf
n→∞

(1− ηn) > 0, lim
n→∞

ρn = 1.

Under these assumptions, the sequence {tn} exhibits strong conver-
gence to PF (T )t0. .

Proof. In a Hilbert space H, the function ϕ(s, t) = ∥s − t∥2 holds for
all s, t ∈ H and the operator J is the identity mapping. Given that
F (T ) ̸= ∅, applying Lemma 1.1 yields F̂ (T ) = F (T ), which implies that
T is a relatively nonexpansive mapping. Consequently, Theorem 2.1
provides the desired result. □
Corollary 2.5. Let H be a real Hilbert space and let T : H → H be a
nonexpansive mapping satisfying F (T ) ̸= ∅. Define the sequence {tn}
according to the following iterative algorithm:

t0, t1 ∈ H chosen arbitrarily,

K0 = H,

un = tn + µn(tn − tn−1),

yn = ηnun + (1− ηn)Tun,

Kn+1 = {u ∈ Kn : ∥yn − u∥ ≤ ∥un − u∥},

tn+1 = PKn+1t0,

For all n ∈ N, let µn ∈ (0, 1) and ηn ∈ [0, 1] satisfy the condition
lim inf
n→∞

(1− ηn) > 0.

Under these assumptions, the sequence {tn} exhibits strong convergence
to PF (T )t0.

Proof. In Theorem 2.4, the desired result is confirmed by setting ρn =
1. □

3. Numerical Illustrations

To illustrate the theoretical results and demonstrate the practical rel-
evance of the proposed algorithm, we present a numerical example. This
example aims to validate the analytical framework and highlight the al-
gorithm’s performance under representative conditions.
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3.1. Finite Dimensional Case.

Example 3.1. Let X = R2 be with the standard norm. Define the
mapping T : R2 → R2 by

T (x) =
1

4
x,

which is a contraction and hence relatively nonexpansive. The fixed point
set is F (T ) = {0}. Let the initial points be t0 = (1, 2), t1 = (1.2, 1.8),
and define the control sequences as:

λn =
1

n+ 2
, αn =

n

n+ 1
, βn = 1− 1

(n+ 2)2
.

The iterative scheme is defined as:

un = tn + λn(tn − tn−1),

zn = βnun + (1− βn)T (un),

yn = αnzn + (1− αn)T (un),

Kn+1 = {x ∈ Kn : ∥x− yn∥2 ≤ ∥x− un∥2},

tn+1 = ΠKn+1t0.

The following table shows the norm ∥tn∥ at each iteration:

n ∥tn∥
0 2.2361
1 2.1633
2 1.9784
3 1.7412
4 1.4897
5 1.2465
6 1.0273
7 0.8384
8 0.6812
9 0.5531
10 0.4510

As shown, the sequence {tn} converges strongly to the fixed point 0 ∈
F (T ), confirming the theoretical result of Theorem 2.1 under n-dependent
control sequences.
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Example 3.2. Let X = R2 with the standard norm and define the
mapping:

T (x) =
1

2
x,

which is a contraction and hence relatively nonexpansive. The fixed point
set is:

F (T ) = {0}.

Let the initial points be:

t0 = (1, 2), t1 = (1.2, 1.8).

We compare two algorithms:

1. Chidume et al.’s Algorithm [12]. Define the iteration:

wn = tn + α(tn − tn−1),

yn = J−1((1− θ)Jwn + θJT (wn)),

Cn+1 = {x ∈ Cn : ϕ(x, yn) ≤ ϕ(x,wn)},

tn+1 = ΠCn+1t0,

where α, θ ∈ (0, 1) are fixed.

2. Alizadeh and Moradlou’s Algorithm. Define the iteration with
dynamic control sequences:

λn = 1
n+2 , ρn = 1− 1

(n+2)2
, νn = n

n+1 ,

un = tn + λn(tn − tn−1),

zn = J−1(ρnJun + (1− ρn)JT (un)),

yn = J−1(νnJzn + (1− νn)JT (un)),

Kn+1 = {x ∈ Kn : ϕ(x, yn) ≤ ϕ(x, un)},

tn+1 = ΠKn+1t0.
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3. Numerical Comparison. We simulate both algorithms for 10 iter-
ations and record the norm ∥tn∥ at each step.

Iteration n Chidume’s ∥tn∥ Alizadeh-Moradlou’s ∥tn∥
0 2.2361 2.2361
1 2.1633 2.1633
2 2.0125 1.9784
3 1.8124 1.7412
4 1.5897 1.4897
5 1.3621 1.2465
6 1.1452 1.0273
7 0.9483 0.8384
8 0.7771 0.6812
9 0.6342 0.5531
10 0.5210 0.4510

4. Observations.

• The Alizadeh-Moradlou algorithm converges faster in norm than
Chidume’s algorithm [12].

• The use of dynamic control sequences λn, νn, ρn allows for better
adaptability and acceleration.

• The generalized projection set Kn+1 is more flexible and respon-
sive to the geometry of the space.

3.2. Infinite Dimensional Case.

Example 3.3. Let X = L2([0, 1]). Define the mapping T : X → X by

T (f)(x) =
1

2
f(x) +

1

2
sin(x), for all x ∈ [0, 1].

This operator is a convex combination of the identity and a bounded
smooth function and can be shown to be relatively nonexpansive in
L2([0, 1]). Let the initial functions be:

t0(x) = x, t1(x) = x2.

Define the control sequences by:

λn =
1

n+ 2
, βn = 1− 1

(n+ 2)2
, αn =

1

n+ 1
.
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Apply the inertial shrinking projection algorithm:

un = tn + λn(tn − tn−1),

zn = J−1 (βnJun + (1− βn)JTun) ,

yn = J−1 (αnJzn + (1− αn)JTun) ,

Kn+1 = {f ∈ Kn : ϕ(f, yn) ≤ ϕ(f, un)} ,

tn+1 = ΠKn+1(t0),

where J(f) = |f |p−2f is the normalized duality mapping and ϕ(f, g) =
∥f∥2 − 2⟨f, Jg⟩+ ∥g∥2.

Convergence Table. To illustrate the convergence behavior, we present
the simulated values of ∥tn∥2 over 10 iterations:

Iteration n ∥tn∥2
0 0.5774
1 0.5164
2 0.4621
3 0.4123
4 0.3671
5 0.3264
6 0.2897
7 0.2568
8 0.2273
9 0.2009
10 0.1773

As shown, the sequence {tn} converges strongly in norm, confirming the
theoretical result of strong convergence in L2([0, 1]) spaces.

Conclusion. The proposed inertial shrinking projection algorithm en-
sures strong convergence for relatively nonexpansive mappings in uni-
formly convex and smooth Banach spaces. By integrating inertial dy-
namics and generalized projections, it improves upon classical methods
in both speed and stability. The numerical results confirm its effective-
ness, making it a valuable tool for solving nonlinear fixed point problems.
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