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Analysis On Simpson’s Type Inequalities Through
Generalized Convexity with Applications

Arslan Munir'* and Artion Kashuri?

ABSTRACT. Fractional operators and integral inequalities have be-
come a focal point of research due to their applications in mathe-
matics, physics, engineering, and applied sciences. This paper in-
troduces a new identity for the Caputo-Fabrizio fractional integral
operators. Employing the Peano kernel method, we derive Simp-
son’s type inequalities for (s, m)-convex functions through twice-
differentiable functions, accompanied by graphical illustrations to
analyze their behavior. Several new corollaries are established, with
insightful remarks enhancing their interpretation. Additionally, ap-
plications to special means, g-digamma functions, modified Bessel
function, Simpson’s formula, matrix inequality, and midpoint for-
mula are explored, underscoring the utility and adaptability of these
results across various mathematical and applied domains.

1. INTRODUCTION

Convex functions and integral inequalities remain an active and fer-
tile area of research, with ongoing efforts to deepen our understanding
and uncover new applications across various disciplines. Convex func-
tions have played a crucial role in investigating various types of inequal-
ities, including the Hermite-Hadamard type, Simpson’s type, Hermite-
Hadamard-Mercer type, Ostrowski type, and many others. Mathemati-
cians have been actively establishing new refinements of the Hermite-
Hadamard type inequality for different classes of convex functions and

2020 Mathematics Subject Classification. 34A08, 26A51, 26D07, 26D10, 26D15.
Key words and phrases. Simpson’s type inequalities, (s, m)-convex function,
Caputo-Fabrizio fractional integral operators, Power-mean inequality, Special means,
Modified Bessel function, error bounds, g-digamma functions, Matrix inequality.
Received: 2025-02-01, Accepted:2025-09-09.
* Corresponding author.
61


http://scma.maragheh.ac.ir

62 A. MUNIR AND A. KASHURI

mappings. Some notable examples include refinements for harmon-
ically convex functions [26], quasi-convex functions [, convex func-
tions [30], m~-convex functions [19], s-convex functions of Raina type [6],
and Riemann-Liouville operators [23]. Additionally, operators like k-
Riemann-Liouville [22], Caputo-Fabrizio [14, 21], generalized Atangana-
Baleanu operator [3] have been employed to establish refined versions of
the Hermite-Hadamard inequality and other related inequalities.

In addition fractional calculus has indeed garnered increasing inter-
est in recent years, owing to its efficacy in tackling a diverse array of
real-world problems spanning various physical and engineering domains.
The exploration of fractional-order integral and derivative functions
across both real and complex domains, along with their applications,
has emerged as a focal point within the realm of fractional calculus.
References such as [4, 7, B, [L1, 17] likely provide valuable insights and
applications of fractional calculus, contributing to the growing body of
knowledge in this field. Fractional integral operators play a crucial role
in this regard, serving as powerful tools for demonstrating well-known
integral inequalities. As mathematicians delve deeper into fractional cal-
culus, they continue to explore innovative theories and methodologies,
paving the way for novel applications and advancements in mathematics
and its applications. However, in all of this years, Thomas Simpson es-
tablished fundamental methods for numerical integration and estimate
of definite integrals that are now known as Simpson’s law. (1710-1761).
But J. Kepler utilized an identical approximation over a century before,
which is because it is often referred to as Kepler’s law. Estimates based
just on a three-step quadratic kernel are often referred to as Newton-
type results as Simpson’s method utilizes the three-point Newton-Cotes
quadrature rule. Let F : [®,] — R be a continuous function on a finite
interval [®, Q] where ®,Q € R and ® < Q. Then the following Simpson’s
quadrature formula holds:

(1) Simpson’s quadrature formula (Simpson’s 1/3):
. Q-0 P+
/ F(Z)dz%ﬁ|:F((I))+4F<2>+F(Q):|.
P

(2) Simpson’s second formula or Newton-Cotes quadrature formula
(Simpson’s 3/8):

[:F(z)dwggq) [F(¢)+3F <2¢2+Q) +3r <q’+229) +F(Q)]

Theorem 1.1 ([10]). Let F : [®,Q] — R be a four times continuously
differentiable function on (®,9Q) and HF(4)HOO = SUP,¢(3,0) ‘F(4)‘ < 00,
then following inequality holds:
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‘F(cb)gf(m +§F(@;Q> _Qiq)gf(z)dz

< i [ o= o

The exploration of Simpson’s type inequality in various mappings has
indeed garnered attention from several authors in recent years. Several
authors focusing on the results of Simpson’s and Newton’s type inequal-
ities to derive convex mappings highlights the utility of convexity theory
in solving a broad spectrum of mathematical problems. In particular,
Dragomir et al. [10] introduced the most recent Simpson’s inequalities
and their applications in quadrature formulas. Additionally, Alomari
et al. [2] established some of Simpson’s type inequalities for s-convex
functions. Sarikaya et al. [25] then identified the significance of the
dependence of the variance of the Simpson’s type inequality on convex-
ity. For harmonic convex, and p-harmonic convex maps the authors
established Newton’s type inequality in [5]. A novel generalized, convex
Newton-type inequality for functions with the local fractional derivative
was described by Iftikhar et al. [13].

Theorem 1.2 ([16]). Let F : [®,9] — R be a differentiable function

whose derivative is continuous on (®,Q) and F' € L1 [®,Q] (the set of

all Lebesgue integrable functions on a finite interval [®,9]), then the

following inequality holds:

‘[F((I))+F(Q)+2F(<I>+Q>] 1 @
6 3 2 Q-0

where [[F'], = [ |F' (2)] d=.
Additionally, [10] provided the Simpson’s type inequality that is given
below.

Q-
F(2)dz| < THF/HV

Theorem 1.3. Let F : [®,Q] — R be an absolutely continuous function
n (®,Q) whose derivative belongs to Ly, [P, ], where % —l—% =1 and
q > 1, then the following inequality holds:

F(R)+F() 2 [(d+Q 1 @
6 +3F< 2 >_Q—<I>AF(ZW

1
1 + 21 1
- Q- |[F']] .
<5 (sirm) @21
Definition 1.4 ([15]). A function F : I C R — R is called convex on I,
if

IA

FX+1-1)Q) <YTF(®)+(1-")F (),
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for all ®,Q € I and T € [0,1].

Hudzik in [12], introduced and investigated the concept of s-convexity.

Definition 1.5. A function f : I C [0,00) — R is said to be s-convex
in the second sense on I, if

FOXe+(1-"1)Q) <TF(2)+(1-1)°F (),
holds for all ®,Q € I and Y € [0, 1], for some fixed s € (0,1].

Definition 1.6 ([20]). A function f : I C [0,00) — R is said to be
(s, m)-convex in the second sense on I, if

F(XY®+m(1—"1)Q) <TF (®)+m(1—T)F (Q),

holds for all ,Q € I and T € [0,1], for some fixed s € (0,1], and
m € (0,1].

Definition 1.7 ([18]). Suppose that F € Ly [®,Q]. The left and right-
sided Riemann-Liouville fractional integrals of order p > 0 are defined
by:

1P F(T) = F?p) 1:(2 -1 L) dY, z>®,
15 F(T) = F(lp) /Q(T _ P E(T)dY, < Q.

where I (p) is the gamma function and I3, F (T) = I5_F (T) = F (T).

Definition 1.8 ([9]). Let F € H' (®,9Q) (Sobolev space), 0 < & < ,
for all p € [0,1], where 8 (p) > 0 is a normalizer function satisfying
B(0) = B(1) = 1, then the left and right Caputo-Fabrizio fractional
integrals are defined by:

CFpopY () = L= Pr iy P [ s
(37 I°F) (2) ﬂ(p)F()+ﬂ(p)AF(T)dT, > P,

Cr 1p _ 1=y P “
(“TIGF) (2) ﬁ(p)F(z)+ﬁ(P)/z F(r)dY, 2z<Q.

In this article, the primary objective is to establish a new integral
identity utilizing the Caputo-Fabrizio fractional integral operators. This
identity will serve as a foundational tool for generalizing the novel Simp-
son’s type inequality through (s, m)-convex functions. Furthermore,
some applications will be explores in different directions.
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2. MAIN RESULTS

In this section, we use Peano kernel to present the Simpson’s type inte-
gral identity for twice differential functions, which is required to prove
our main results.

Lemma 2.1. Let [m®,Q] C I C [0,+00) and F : I CR — R be a twice
differentiable function on I° (the interior set of I), where ®,Q € I with
O < Qandme (0,1]. If F” € L1 [m®,Q] for all k € (m®,Q), then the
following equality holds:

) () ()4 (I ) ()] — e B (b

- é [F(m(l)) AR <mq)2+ Q> + F(Q)}

= (Q — m®)? /1 KT F"(TQ+m(1—")®)dY,
0

where

=
DO

],

1]

i

KT = FT(3Y - 1), Te|
Cli(r-1ET-2), Te(

N[ =

Proof. Let us consider

I =(Q—md)? 1 K(T)F"(TQ+m(1 —T1)®)dY

-,

+ /; é (T —1)(3Y = 2) F"(YQ+m(1 — 1)) dY

NI

1
G YT - 1) F"(YQ+m(l—"1)®)dY

= (Q —m®)*(I; + Iy).

Integration by parts, we have

1

(2.1) 11:/02

/ BY2-1)F"(rQ+m(l —1)®)dY
0

TEY - DF" (T2 +m(1l—Y)®)dY

o= |

(3Y2—T)F/(YQ+m(l—")d)|?
Q—md

_1
6
0
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1 2 ,

_ 1 o m® 4 )
©24(Q — m®) 2

1

) /2(6“1” —DF'(CQ+m(1—")®)dY

©6(Q —m®) J,
B 1 o m®+Q\ 1 r m® + Q
©24(Q2 — m®) 2 3(2 —m®)? 2
mP+0
e —1 [ rwau
6(2 — mP)>? (Q—m®)3 ), .o

Similarly, we get

LN
(22) I — / £ (0= )@Y = 2F (Y + m(1 — T)B) dT

1

- Q—md )

2

1 [(STQ 5T +2) F/(YQ+m(l — 1))
6

1
Q—md

-1 [ m®+Q 1 m®d + Q
_24(Q—mc1>)F< 2 )_3(Q—m(1>)2F< 2 )
1 1 Q@
“s@—maep! W @y /nw Fw) du.

Adding the equalities (Ell) and (@) and multiplying (Q — m®)?, we
obtain

/j(mr ~)FU(TQ + m(1 - T)®) dT

(2.3)  (Q—m®)?(I; + I)

Q-—m® ,/m®+Q 1 (m®+Q 1
Y F( 2 )_3F< 2 >_6F(m¢)

mP+Q

1 2 Q—m® ,/md+Q
+Q—m(1>/ F(u)du— 51 F< 5 )

1 [md+Q 1 1 @
"3 < > 6 T o me /mq;m F(u)du
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1 Q
e — du.
+Q—m<1>/mq>F(u) Y

Adding both sides 3(%:23) F (k) with the equality (@), we obtain

(Q— m®2(L + I) + M

. 1m¢/ F () du+ > (Q (I))F(k:)
= Lrme) - §F<mq)2+ Q) @)
B(p) p

k 1—p
o~ md) [mp) | s DA
T RN s

+ /k F () du + F(k:)}

Blp) Blp)
=~ F (m®) - §F<mq’2+ Q) —2r(©)

+ Blp) CLIPF) (k) + (“T I5F) (k)] -

22— md) [

Thus, we have
(Q — md) / K(Y ” (YQ+m(l—-")P)dY

= gy Lo F) (B) + (T IG) ()] = o ()

1 [F(mq>) +4F<m®+9> +F(Q)] .

6 2
The proof of Lemma @ is completed. O

Theorem 2.2. Suppose that all the assumptions of Lemma @ are
satisfied. If |F"| is (s,m)-convex function on [®,9], for some fized s €
(0,1] and m € (0,1], then the following inequality holds:

6(p) p 2(1 _ p)
) (T8 ()4 (T I5r) ()] = = s ()

- é [F(mcb) +AF (mq); Q) + F(Q)]
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Q—md

<
o 6

(25 (m (@) +[F"(@)])] -

where
L 1
Z3 = / T(3Y — 1) T°dY + [ (T —1)(3Y —2)| Y3dY
0 =
% 2
+m/ T3 —1)| (1 —T)%dY
0

1
—l—m[ (T — 1)(3T — 2)| (1 — T)%dY

1 1 1 1
{(5+3)35+2 B 25+2(s + 3) n 2542(s5 + 2) - 35+2(s + 2)

N 3 1 5 251 1

25+3(5_|_3) 35+2(8—{—3) 3s+1(5+ 1) 25+1(3_|_ 1)

2s+2 1 2s+3 1
+5 - -3 -
35+2($ + 2) 25+2(8 + 2) 3s+3(8 + 3) 25+3(8 + 3)
1 25+3 1 28+2
5 _

TN 3613 T3 G1a) <s—|—1 38+2(s+1>>

1 2s+1 3 x 2513 3
) — —
<s+1 35+1(s+1)> * 3st3(s+3)  25F3(s+3)

9542 1 9s+1 1
_5(3s+2(5+2) - 23+2(5+2)> + <3s+1(5+ 1) n 251 (s + 1))
1 (28+2(s+2) +1  3F2(s+2)

3s+2<3+3)<3+2) 9s+3 95+2

1 1
T 133 3 (s 4 2)> ‘

Proof. By using the Lemma El], since |F"| is (s, m)-convex, we have

L) 00+ (1 1) ()~ D
- é [F(mcp) +ar <m¢2+ Q) + F(Q)}

< (2 —m®)? /1 |K(0)||F"(TQ+m(1 = T)®)|dT
0



FRACTIONAL SIMPSON’S-TYPE INEQUALITIES. .. 69

—m®)2? 1/2
< (96‘1’) [/0 IT(3Y = 1)] (T |F"(Q)] +m(1 = X)*|F"(®)]) dY

1

+/ (X = 1)BYT —2)| (X5 |[F"(Q)| + m(1 —1)*|F"(®)]) dY
1/2

2 g @)+ @)

This completes the proof. O

Corollary 2.3. If we choose m = s =1 in Theorem @, then we have

1§ 1) () + (1) () - 2=

p(2 — @) p(2— @)
—é [F((I)) +ar <®;Q> + F(Q)} ‘
< L @)+ @),

Corollary 2.4. If we choose F (®) = F (2£2) = F (Q) in Corollary
@, then we get

g <<1> > Q) - (é(f)q)) (" 178) () + (T 151 ) (R)] ~ MF(M

_ (@@
- 162

@)+ [ @]

Remark 2.5. If we choose p =1 and 3 (0) = (1) = 1 in Corollary @,
then we get

é[F(®)+4F<¢;Q> +F(Q)] —ﬁ QF(Z)dz

(Q— )2
< 7
— 162
Remark @ was proved by Sarikaya et al. in [24, Corollary 2.3].

@)+ @] -

Theorem 2.6. Assume that all the assumptions of Lemma @ are
satisfied. If |F"|? is (s,m)-convex function on [®,Q] for some fized

€ (0,1], and m € (0,1] with ¢ > 1, then the following inequality
holds:

L SR )+ (O 1) ()] -

2(=p)
o —ma) ¥
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Z7/10 [ Right hand-side Inequality
Ll Left hand-side Inequality

FiGURE 1. Graphical representation of the error bound
for Corollary R.4, let f (z) = 22,®,Q € [0,1] and p = 1
and 3 (0) = B (1) = 1, where the left side of the inequality
is depicted in Sky blue and the right side in yellow.

FIGURE 2. Graphical representation of the error bound
for Corollary R.3, let f (z) = 22,®,Q € [1,2] and p = 1
and 3 (0) = B (1) = 1, where the left side of the inequality
is depicted in Sky blue and the right side in yellow.

1 [F(m@) +AF (mq) * Q) + F(Q)] ‘

6 2

(Q — m®)? (%) " (Zs+ Zo) [m |1"(@®)]" + "))

1 1
Zs = / P(3T — 1)| T + m/ P3T — 1) (1 = T)*dT
0 0
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3—8—2 . 2—5—2 4 3—5—2 N 2—5—2 +3. 2—5—3 o 3—5—2
s+ 2 s+ 3

N 2s+3 . 3—5—2 —-3. 2—8—3 N 5. 2—5—2 —-5. 25+2
m
s+3 s+2

25+2 . 3—5—1 _ 2—5—1 }]
+ )
s+1

and

Zoe= [T 0@ 2T e [0 1T 210 Ty

23+3 . 37572 —-3. 27573 5. 2*372 —-5. 28+2
s+3 * s+ 2

28+2 i 37571 _ 27371 }
_l’_
s+1
37572 _ 27572 + 37372 27572 +3. 27373 _ 37572
+m + .
s+ 2 s+3

Proof. By using the Lemma @, with the help of power-mean inequality
and (s, m)-convexity of |[F”|?, we have

B(p) Ccr c 2(1—p)

_ 17 k ke k)| — ——

—é [F(m@) + 4F<m<I>2—|— Q) + F(Q)] ‘

= (Q— m®)? /I]K(T)HF“(TQ +m(l—_)®)|dY
0

1
< (Q = md)? {/02 ‘éT(?)T - 1)“F”(TQ +m(1 = T)®)| dY

& [ b - 0T 2| [T+ m(1 - 1)) ax
2

1—1
q

1
< (Q — mD)? 2lLpsy — 1ldr
0 6
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Q|-

1
9 (/o2ér<3r D[ (@) + m(1 — TV (@)]) dT)

+ (/lljg(r ~1)(3T — 2)‘d“f>1_q
2

X (/1 )%<T —HET - 2)\ (ToF()]7 +m(1 = T)°|F"(2)]7) dT) ]

Q=

_1
= (2= m®)” (555) 7 (Zs+ Zo) [mlF"(®)|" + [F" ()]
This completes the proof. O

Corollary 2.7. If we choose m =1 in Theorem @, then we have

B(p) 2(1—p)

Q- D) [§" 178 (k) +" IgF (k)] — (O — D)

F (k)

o+ Q

1
~ % [F(¢)+4F (2> —l—F(Q)} ‘
1\ e 1
<(Q-2) (162> (Zs + Zo) [|F"(@)]" + [F" (@[] =
Corollary 2.8. If we choose F (®) = F (22) = F (Q) in Corollary

@, then we get

F (‘I)—;Q) B p(é(f)@ [SFIF (k) +CT 158 (k)] - KMHH

1
< (Q—)? <1> (Zs + Zs) [|F"(®)|" + |[F" ()]

Q=

162

Remark 2.9. If we choose ¢ = 1 in Theorem @, then Theorem @
reduces to Theorem PR.9.

Corollary 2.10. If we choose s = m = 1 in Theorem @, then we
obtain

B(p)
p(Q2— @)

- é [F(@) +AF (‘I)‘;Q> + F(Q)] ‘

2(1-p)

[&" 1P () +7 I ()] = e —g5 (k)
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< (2= @) [50]7"(@)[7 + 133 "(@) | 13317 (@) + 50| ()] 7
=16 326 326 '

1.0 Kl Right hand-side Inequality
Ll Left hand-side Inequality

FIGURE 3. Graphical representation of the error bound
for Corollary R.7, let F (z) = 23,®,Q € [0,1] and p = 1
and 3 (0) = B (1) = 1, where the left side of the inequality
is depicted in Sky blue and the right side in yellow.

7720 I Right hand-side Inequality
Ll Left hand-side Inequality

FIGURE 4. Graphical representation of the error bound
for Corollary R.§, let f (z) = 23, ®,Q € [1,2] and p = 1
and 5 (0) = B (1) = 1, where the left side of the inequality
is depicted in sky blue and the right side in yellow.

Remark 2.11. If we choose p = 1 and §(0) = (1) = 1 in Theorem
, then we get

’% [r(@) Tar (#) " F(Q)] -5 /. ")
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(9 = ®)% [59]1(®)[" + 133 |7 "(Q)" | 13317 (®)]" + 59| ()" .
- 162 326 326 ’
Remark was proved by Sarikaya et al. in [24, Remark 2.7].

Theorem 2.12. Under the assumptions of Lemma @, if |F"|? is con-
cave function on [®,Q] and g > 1, then the following inequality holds:

s LRI )+ TG ()]~ P ()
-1 [F(m(b) ar (m@; Q) T F(Q)] ‘
(Q — m®)? » [ 133m® + 59Q y ((59m® + 1330
=T e {F ( 192 )‘JF‘F ( 192 >‘}
Proof. By using the Lemma El], we have
24) | PO (a7 0+ 1 ()] — P )
_ % [F(m@) +AF (mq); Q) + F(Q)] ‘

< (2 — m®)? /1 |K(O)[[F" (T +m(1 = T)®)| dY
0
11{(31( — 1)’ |F”(TQ 4+ m(1 = T)®)| dY

=(Q- mcb)?{ /0 5
—(T—=1)(37 — 2)‘ |F"(TQ 4+ m(1 = T)®)| dT}.

/11
+

1

2

6

By Jensen integral inequality, we obtain

1
1
~T(37 — 1)‘ |F" (YQ+m(1—T)®)|dY

(2.5) /0 -
< (/

1
W (f(f [YGT )| (10 + m(1 -~ T)9) dT)
J& [§YBY —1)|dY
1 ,,(133m@+599>‘
162 192

1
2|1

ST6BY - 1)’ dT>
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and

1(1‘ - 1)(37 — 2)‘ F"(YQ+m(1—"1)®)|dY

(2.6) f :
<(/

f1 [H(Y = 1)(3Y —2)| (YQ+m(1 — T)®)dY
x |F"
f |5(T —1)(3Y —2)|dY
1 F,,<59m<I>+133Q>"

é(r — )3T — 2)’ dT)

-

T 162 192
Using the inequalities (@) and (@) in (@), we have
p(gff% [ I°F (k) + IgF (k)] - MF(M

_ é [F(m@) A (mq); Q) + F(Q)} |

- (Q—m®)2 [| , (133m® + 590 e 59m® + 1330
- 162 192 192 ’
This completes the proof. O

Corollary 2.13. If we choose m = 1 in Theorem , then we get

2(1—p)

D)ot g (k) 4T 141 (k)] pe—ma

p(2— )

- é [F(CD) +AF (T) + F(Q)} ‘

(Q—D)2 |, (133D + 590 , (59% + 133Q
< oo T 2TET N
r 192 +|F 192

- 162
3. APPLICATIONS

3.1. Special Means: First, we recall the following special means for
different positive real numbers ¢ and €2 where & < :

(a) The Arithmetic mean:

d 4+ Q)

A(D,Q) = 5
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(b) The Harmonic mean:

2
H(®,Q):= ,
T
(¢) The Logarithmic mean:
o, if D=,
L(®,9) := { L9 g 20 00> 0.

(d) The Generalized Logarithmic mean:
1
Qr—&-l _ q)r—i-l T
Z\ {-1,0}.
(r—l—l)(Q—@)} o TEZALO)

Using above special means and our main results, we get the following
inequalities.

L, (®,Q):= [

Proposition 3.1. Let ,Q e R, 0 < ® < Q, n € N and n > 2. Then,
we have

‘éA(@”, ") + gA”(cb, Q) - L(, Q)‘
< n(n —1)(Q — )2
- 162

Proof. The assertion follows from Corollary @ for F(z2) =2", p=1

and 5(0) =p6(1) =1.

Proposition 3.2. Let ?,Q e R, 0 < ® < Q and g > 1. Then, we have

[q)n—2 + Qn—2] )

1

‘3H‘1(<I>, Q) + %A(@, Q) - LY@, Q)‘
Q-2 [/50 /2\7 133/ 2\%¢

< L= (=) +== (=

=162 192 \ &3 192 \ Q3

L(133(2)", 59 (2\")s

192 \ @3 192 \ Q3
Proof. The assertion follows from Corollary for F(z) =1 p=1
and 5(0) =p6(1) =1. O

3.2. g-Digamma Function: Let 0 < ¢ < 1, the ¢-digamma(psi) func-
tion ¢, is the g-analogue of the digamma function ¢ defined as [2§]:

0 qk:-‘,-z
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kz

—ln(l—q)—i-lnqzli .
k=1 q

For ¢ > 1 and z > 0, the ¢-digamma function ¢, is defined as:

o (k+2)
Uo7 1 — g—(k+2)
=0 = 4

1 & qkz]
z——-— .

_ K
2 k:ll q

0q=—In(g—1)+1Ing

=—In(¢—1)+1Ing

Proposition 3.3. Let ,Q e R, 0 < ® < Q and 0 < g < 1. Then, we

have
_ 2
< @O (o)) + @)

Proof. By utilizing the definition of the g-digamma function ¢, it be-
comes apparent that the ¢-trigamma function z — <p; (z) is completely
monotonic on the interval (0,00). This property ensures that the func-
tion. This property ensures that the function go;ﬂ(z) is again completely
monotonic on the interval (0, 00) for each ¢ € (0,1) and as a result, it is
convex (refer to [29], p.167). Furthermore, applying Remark allows
us to deduce that the inequality (B.1)) holds true for ¢ € (0,1). O

Presently, another application of inequality (EI), we can give the ac-
companying inequalities for the ¢g-trigamma and g-polygamma functions
and the simple of Harmonic numbers H,, characterized by

n k
q
an = Z W, n € N.
k=1
So, from inequality (@) and using the equation
Pq (n + 1) = Pq (1) - 10g (q) ana
we obtain the following result.

Corollary 3.4. Letn € N, 0 < g < 1, then we have

log(q)an
n

'é b0 +4¢ (5 +1) +¢yn+1)] +
< T Ll ] + [+ 1))
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3.3. Modified Bessel Function: Let 0 > —1. The second kind of
modified Bessel function K, [28] is defined as:

Tl (2) =15 (2)

2 sinom '

Let the function ¥, (z) : R — [1,00) defined by

U, (2)=2T(0+1)2 7K, (2) .

Ky (2) =

Proposition 3.5. Let 0 > —1 and 0 < & < 2, then we have

Q
'é wo@+ar, (0 s w@)] - o [
CH\2
< OOy (@) + vt @

- 162

Proof. The assertion can be obtained immediately by using the Corollary

toF (2) =¥,(2)and p=1, B(0) =5(1) =1. O

Proposition 3.6. Let 0 > —1 and 0 < & < 2, then we have

P+ 1 @
’\I/(,< 5 >_Q—<I>[1> U,(2)dz
B2
O e (@)] + |2 )]

Proof. The assertion can be obtained immediately by Corollary @ to
F(2) =W, () and p=1, B(0) = B(1) = 1. O

<

3.4. Simpson’s Formula: Let d is the partition of the interval [®, ],
d: P =20 <21 < 20< < zZp_1 < zp =, then the Simpson’s
formula is given by:
n—1
F(zi) +4F (2 + hi) + F (2i41)
S d) =
(Fod)=) 5

(Ziv1 — 2i),
=0

where
Q
| r@d=se e
(3]
and Es (F ,d) is the approximation error.

Proposition 3.7. Under the assumptions of Lemma @, for every di-
vision d of [®,Q)] the following inequality holds:
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Proof. Applying the Corollary @ on the subinterval [z, zj+1], of the
division d and taking p =1, 5(0) = §(1) = 1, we have

i+1 — Zi itz s
A [F(zi) 4 (222“) + F(zz-ﬂ)] —/ F(2)dz

(zit1— 2z

162
Summing over ¢ from 0 to n — 1 the above inequality and applying the
triangle inequality, we have

)2
< HF”(ZZ‘)’ + |F”(Zi+1)H .

9] 1 n—1
’S(F7d) _/{; F 1 2 Z Zz—i—l ‘F” Zz “i‘ ‘F Z’H—I)H
=0
This completes the proof. Il

Proposition 3.8. Under the assumptions of Lemma @, for every di-
vision d of [®,Q] the following inequality holds:

|ES(F)d)‘
n—1
1 9 n [ 133241 + 592 n o 99zi+1 + 133%;
< — i+1 — % _— _— .
= 162 & (241 — ) HF ( 192 +\F 192

Proof. The proof is similar to the Proposition @, using the Theorem
Choosingp:mzl,ﬁ(O):ﬁ(l)zl. O

Proposition 3.9. Let P is the partition of the interval [®,9)], P: ® =
20 < 21 < 29 < -0 < zpo1 < zp = §, then the Midpoint’s formula is

n—1
defined by: M (F,P):= > F (%) (zi41 — 2i), where
i=0

/QF(z)dz::M(F,P)‘i‘E(FaP)
@

and E (F, P) is the approzimation error.
Proposition 3.10. Under the assumptions of Lemma @, for every
division P of [®,Q)] the following inequality holds:

n—1

B P < 15 3 (e — 20 [Pl + 1P Gan)]]
=1

Proof. By using the Corollary @ on the subinterval [z, zi11], i =
0,1,2,...,n — 1 of division P choosing p = 1, 5(0) = (1) = 1, we

have
e Zi+1
‘F (*7’22“) (21 — 21) —/ F(2)dz
z
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. _ 3
< G5 (1| )]

Summing over ¢ from 0 to n — 1 the above inequality and applying the
triangle inequality, we have

’M(F,P) - /+ [ (2)dz| <

i

n—1
103 2 e == [0+ e

This completes the proof. O

3.5. Matrix Inequality: Example: In [27] Sababheh proved that the
function ¢ () = ||A’XB'? + A0 X BY|| for A, B € M, and X € M,
is convex for all # € [0, 1]. Then by using the Corollary for &, O,k €
[0,1] with p > 0 and m = 1, we have

D4+ <I>+Q <I>+Q <I>+Q

HA*XB -2 -0y e

iy 1 |

4 CFIp HAk:XBl—k +A1—kXBkm

2(1 — ky gk 1=k v nk
o = 1|
(Q (I) Lol 1—® 1-P [}
< 7162 [|A*X B + A"*XB?||

+||A%X B2 + A2 X BY|].

4. CONCLUSIONS

The recent developments in the field of inequalities have indeed been
focused on discovering new bounds and generalized versions of well-
known inequalities, often by utilizing various fractional integral oper-
ators. In this article, we established the new identity for Caputo-
Fabrizio fractional integral operators. Employing this new identity some
generalizations of Simpson’s type inequality for (s, m)-convex functions
are obtained. Moreover, we also included some applications to special
means, ¢-digamma functions, modified Bessel function, Simpson’s and
midpont’s formula, and matrix inequality. In the future, this work can
be extended by using different convexity classes with modified Caputo-
Fabrizio and modified AB-fractional operators.



FRACTIONAL SIMPSON’S-TYPE INEQUALITIES. .. 81

DECLARATIONS

Availability of Data and Materia. No data were used to support
this study.

Competing Interests. The authors declare that they have no com-
peting interests.

Funding. Not Applicable.

Authors’ Contributions. All authors contributed equally to the writ-
ing of this paper. All authors read and approved the final manuscript.

Acknowledgments. The authors wish to thank the editors and re-
viewers for their valuable comments and suggestions for the betterment
of this article.

REFERENCES

1. M. Alomari, M. Darus and U.S. Kirmaci, Refinements of
Hadamard-type inequalities for quasi-convex functions with applica-
tions to trapezoidal formula and to special means, Comput. Math.
Appl., 59 (1) (2010), pp. 225-232.

2. M. Alomari, M. Darus and S.S. Dragomir, New inequalities of Simp-
son’s type for s-convex functions with applications, RGMIA Res.
Rep. Coll., 12 (4) (2009), pp. 1-18.

3. N. Almutairi, S. Saber and H. Ahmad, The fractal-fractional
Atangana-Baleanu operator for pneumonia disease: stability, sta-
tistical and numerical analyses, AIMS Math., 8 (12) (2023), pp.
29382-29410.

4. N.A. Algahtani, S. Qaisar, A. Munir, M. Naeem and H. Budak,
Error bounds for fractional integral inequalities with applications,
Fractal Fract., 8 (4) (2024), pp. 1-16.

5. M.U. Awan, M.A. Noor, M.V. Mihai and K.I. Noor, Inequalities
via harmonic convex functions: conformable fractional calculus ap-
proach, J. Math. Inequal., 12 (1) (2018), pp. 143-153.

6. S.I. Butt, M. Nadeem, M. Tariq and A. Aslam, New integral type
inequalities via Raina-convex functions and its applications, Com-
mun. Fac. Sci. Univ. Ankara, Ser. A1, Math. Statist., 70 (2) (2021),
pp. 1011-1035.

7. H. Budak, On Fejér type inequalities for conver mappings utilizing
fractional integrals of a function with respect to another function,
Results Math., 74 (2019), pp. 1-15.



82

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

A. MUNIR AND A. KASHURI

H. Budak, F. Ertugral, M.A. Ali, C.C. Biligik, M.Z. Sarikaya and
K. Nonlaopon, On generalizations of trapezoid and Bullen type
inequalities based on generalized fractional integrals, AIMS Math.,
8 (1) (2023), pp. 1833-1847.

M. Caputo and M. Fabrizio, On the singular kernels for frac-
tional derivatives. Some applications to partial differential equa-
tions, Progr. Fract. Differ. Appl., 7 (2) (2021), pp. 1-4.

S.S. Dragomir, R.P. Agarwal and P.Cerone, On Simpson’s inequal-
ity and applications, J. Inequal. Appl., 5 (2000), pp. 533-579.

M. Girbiiz, A.O. Akdemir, S. Rashid and E. Set, Hermite-
Hadamard inequality for fractional integrals of Caputo-Fabrizio type
and related inequalities, J. Inequal. Appl., 2020 (2020), pp. 1-10.
H. Hudgzik and L. Maligranda, Some remarks on s-convex functions,
Aequationes Math., 48 (1994), pp. 100-111.

S. Iftikhar, P. Kumam and S. Erden, Newton’s-type integral in-
equalities via local fractional integrals, Fractals, 28(03) (2020),
2050037.

M.U.D. Junjua, A. Qayyum, A. Munir, H. Budak, M.M. Saleem
and S.S. Supadi, A4 study of some new Hermite-Hadamard inequal-
ities via specific convex functions with applications, Mathematics,
12 (3) (2024), pp. 1-14.

J.L.W.V. Jensen, Sur les fonctions convexes et les inégalités entre
les valeurs moyennes, Acta Math., 30 (1) (1906), pp. 175-193.
U.S. Kirmaci, Inequalities for differentiable mappings and applica-
tions to special means of real numbers and to midpoint formula,
Appl. Math. Comput., 147 (1) (2004), pp. 137-146.

I. Mumcu, E. Set, A.O. Akdemir and F. Jarad, New extensions of
Hermite-Hadamard inequalities via generalized proportional frac-
tional integral, Numer. Meth. Partial Differ. Equat., 40 (2) (2024),
Article 22767.

K.S. Miller and B. Ross, An introduction to the fractional calculus
and fractional differential equations, Academic Press, Boston, MA,
(1993).

M.E. Ozdemir, M. Avcr and E. Set, On some inequalities of
Hermite-Hadamard type via m-convexity, Appl. Math. Lett., 23
(9) (2010), pp. 1065-1070.

J. Park, Generalization of Ostrowski-type inequalities for differen-
tiable real (s,m)-conver mappings, Far East J. Math. Sci., 49 (2)
(2011), pp. 157-171.

S. Qaisar, A. Munir, M. Naeem and H. Budak, Some Caputo-
Fabrizio fractional integral inequalities with applications, Filomat,
38 (16) (2024), pp. 5905-5923.



22.

23.

24.

25.

26.

27.

28.

29.

30.

FRACTIONAL SIMPSON’S-TYPE INEQUALITIES. .. 83

S.K. Sahoo, H. Ahmad, M. Tariq, B. Kodamasingh, H. Aydi
and M.D.L. Sen, Hermite-Hadamard type inequalities involving k-
fractional operator for (h,m)-convexr functions, Symmetry, 13 (9)
(2021), pp. 1-18.

M.Z. Sarikaya, E. Set, H. Yaldiz and N. Basak, Hermite-
Hadamard’s inequalities for fractional integrals and related frac-
tional inequalities, Math. Comput. Model., 57 (9-10) (2013), pp.
2403-2407.

M.Z. Sarikaya, E. Set and M.E. Ozdemir, On new inequalities of
Simpson’s type for functions whose second derivatives absolute val-
ues are conver, J. Appl. Math. Stat. Inform., 9 (1) (2013), pp.
37-45.

M.Z. Sarikaya, E. Set and M.E. Ozdemir, On new inequalities of
Simpson’s type for s-convex functions, Comput. Math. Appl., 60
(8) (2010), pp. 2191-2199.

L. Iscan, Hermite-Hadamard type inequalities for harmonically con-
vex functions, Hacett. J. Math. Statist., 43 (6) (2014), pp. 935-942.
M. Sababheh, Convexity and matriz means, Linear Algebra Appl.,
506 (2016), pp. 588-602.

G.N. Watson, A treatise on the theory of Bessel functions, Cam-
bridge University Press, Cambridge, UK, (1955).

D.V. Widder, The Laplace Transform, Princeton University Press,
Princeton, NJ, USA, (1941).

B.Y. Xiand F. Qi, Some integral inequalities of Hermite-Hadamard
type for convex functions with applications to means, J. Funct.
Spaces, 1 (2012), pp. 1-14.

'ScHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF SCIENCE AND TECHNOL-
0GY OF CHINA, HEFEI 230026 PEOPLE’S REPUBLIC OF CHINA.
Email address: munirarsl1an999@gmail.com

2DEPARTMENT OF MATHEMATICAL ENGINEERING, POLYTECHNIC UNIVERSITY OF
TIRANA, 1001 TIRANA, ALBANIA.
Email address: a.kashuri@fimif.edu.al



	1. Introduction
	2. Main Results
	3. Applications
	3.1. Special Means:
	3.2. q-Digamma Function:
	3.3.  Modified Bessel Function:
	3.4. Simpson's Formula:
	3.5. Matrix Inequality:

	4. Conclusions
	Declarations
	References

