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Fundamental System and Boundary Structure of Topological
Krasner Hypermodules

Azam Zare' and Bijan Davvaz®*

ABSTRACT. In this article, we first define hyperstructures known
as Krasner hypermodules. Then, the concept of topological Kras-
ner hypermodules is explored, examining their fundamental prop-
erties and the notion of continuous mappings that exist between
such topological hyperstructures. Next, the concept of Hausdorff
topology is introduced and its relation to Krasner hypermodules
is examined. The relationship between locally compact Krasner
hypermodules and the role of open neighborhoods in their topolog-
ical structure is then analyzed. Several theorems are presented and
proven to clarify these relationships. By applying relative topology
to subhypermodules, their associated properties are analyzed. In
other words, the aim is to use specific topologies to identify the
various substructural features of this type of hypermodule. Addi-
tionally, the quotient topology induced by the 6*-relation on the
Krasner hypermodule is investigated to understand how this rela-
tion affects the topological structure of the hypermodule. Finally, it
is shown that the topological Krasner hypermodule induced by 7y,
the finest and strongest topology on it, ultimately forms a module.

1. FOREWORD

In algebraic hyperstructure theory, a hyperoperation is a generalized
operation defined as + : H x H — P*(H), where P*(H) represents the
collection of all non-empty subsets of H. Unlike standard operations, a
hyperoperation locates a non-empty subset of H for both members of H.
For any subsets A, D € P*(H) and an element r € H, we define A+ D =
Uacagep(a+d) and p + A is symbol of {p} + A and A+ p is A+ {p}.
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2 A. ZARE AND B. DAVVAZ

A structure (H,+) is named a semihypergroup if the hyperoperation is
associative, i.e., for all p, ¢, t € H, we have, (p+¢q)+t=p+ (¢ +1¢). If
for any member p in semihypergroup H, p + H = H+ p = H, this means
that it is a hypergroup. This means adding any element to the whole set
does not change the set. A non-empty subset J C H is a subhypergroup
if for any k € J, it holds that k+ 7 =7 + k= J.

Definition 1.1 ([p, 11]). A hyperstructure that has the following con-
ditions is named a Krasner hyperring:
(1) (H,+) is a canonical hypergroup, i.e., “+” is a hyperoperation
on H so that,
(a) for each a, band cin H, a+ (b+¢) = (a+b) +c,
) foralla,be H,a+b=">b+a,
) there is 0 € H so that, 0 + a = a + 0 for every a € H,
) for all a € His only a o’ € H so that, 0 € a 4 o/,
e) when a € b+¢, then b € a—c¢ and ¢ € —b + a, for any
a,b,ce H.
(2) (H,-) is a semigroup with zero as a two-way absorbing element,
ie,0-a=a-0=0 for any a € H.
(3) The multiplication operation is denoted by “-” distributes over
the hyperoperation represented by “+ 7.

(b
(c
(d
(

A non-empty subset 7 of the hyperring H is said to be a subhyperring
of Hif (J,+,-) is itself a hyperring. The subhyperring 7 is a hyperideal
of Hif h-k € Jand k-h € J forall h € Hand k € J. The subhyperring
J is said to be normal hyperideal in H if and only if h+ 7 — h C J for
all h € H.

Definition 1.2. Let Q represent a hyperideal within a Krasner hy-
perring denoted as (#H,+,-). The quotient #/Q = {b+ Q :b € H} is
classified as a Krasner hyperring, specifically termed the quotient Kras-
ner hyperring formed by H and Q. The operations for this hyperring
are defined in the following manner: for any b,s € H,

(b+Q)@d(s+Q)={t+Q:tcb+s},
(b+Q)o(s+Q)=(b-s)+ Q.
Lemma 1.3 ([13]). Let ¢ : X1 — X3 be a map from topological space
X1 to Xa. The given statements are equivalent:
(1) q: X1 — Xy is continuous,
(2) for each open subset S of X2, ¢~1(S) is open in X1,

(3) for every t € X1 and each open subset S of Xo containing q(t),
there is an open subset W of X1 containing t so that (W) C S.

Remark 1.4. Consider H as a set so that 7 is a topology on it and
define
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Sy={SeP*H)|SCV,Ser}.
We put a topology on power set H which is produced by B = {Sy |V € 7}
[10].

By Lemma @, hyperoperation “+” from H x H to P*(H) is contin-
uous, if for every basis element Sy that V' € 7, the set

{Wl XW2:W1+W2€SV}
is open [15].

Definition 1.5 ([17]). Suppose that H is a Krasner hyperring with
topology 7 on it. Thus H is named a topological Krasner hyperring,
indicated by (H, 4+, -, 7), if according to the product topology on H x H
and the topology 7* on P*(H),

(1) (r1,r2) = r1 +r2 from H x H to P*(H),

(2) r — —r from H to H,

(3) (r1,r2) — r1-rg from H x H to H,
are continuous. Having these conditions, this topology on a topological
Krasner hyperring H is called a Krasner hyperring topology.

Example 1.6. Consider the Krasner hyperring (H,+, ), where H =
{0,1,2}, the hyperoperation “+” and the binary operation “-” defined
as follows :

+1 0 1 2 1012
0 ({0} | {1} {2} 0jo0[0]0
1] {ir {1y | 1[o[1][2
2 {2y [ H [{2} 21022
Let H be topological with 7 = {@, H, {0} ,{0,1},{0,2}}. Then (H, +,-,7)

is a topological Krasner hyperring.

Definition 1.7 ([17]). A non-empty subset C of a Krasner hyperring
n n

H is a complete part, if C'N Z rj # (), this implies that Z r; C C for
j=1 j=1
any natural number n and for all ry,rs,...,r, of H.

2. TorPoLOGICAL KRASNER HYPERMODULES
We begin with the following definition.

Definition 2.1. Suppose that (H,+,-) is a Krasner hyperring. The
canonical hypergroup (M, +) along with the map . : Hx M — M is
named a Krasner hypermodule over H if for each h,hi,ho € H and
m, mi, my € M the following conditions are true:

(1) h.(my + my) = h.my + h.ma,

(2) (h1 + hg).m = hy.m + hy.m,
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(3) (h1 . hz).m = hl . (hg.m),

(4) OH.m = OM.
Example 2.2. Consider the set R = {0, 1,2}, so that “+” is a hyper-
operation and “-” is an operation that are stated below:
+1 0 1 2 101112
0| {0} | {1} | {2} 0/0(0]0
{1} {1} | R 11012
2 {2} | R | {2} 210122

So H is a Krasner H-hypermodule.

Recently, applications of approximation spaces and rough sets have
been extensively explored in medical and data-driven contexts. For in-
stance, novel neighborhood-based rough set_approaches have been ap-
plied to the diagnosis of Covid-19 variants [[7], while tritopological and
primal approximation spaces have proven effective in medical data re-
duction and structural analysis [8, [14]. Moreover, the topological study
of covering soft rough sets [4]and predictive models for lung cancer [6]
highlight the interplay between algebraic structure and real-world prob-
lems. These works suggest potential application domains for topological
Krasner hypermodules.

Definition 2.3. If (M, +) and (Mg, +') are two hypermodules over a
Krasner hyperring H, then a function £ : M; — Mj is named an inclusion
homomorphism from M; into My, if for every r € H, b, 2 € My, £(b+2) C
E(b)+'&(2) and &(r.2) C r.&(z) and if £(b+2) = &£(b)+' &(2) and &(r.2) =

r.£(z) then ¢ is named a homomorphism or good homomorphism.

Assume that M is a Krasner hypermodule over H and N is a non-
empty subset of M. Hence, N is named a subhypermodule of M if \/
is itself a Krasner hypermodule over H. On the other hand, (N,+)
is canonical subhypergroup of (M,+) and for all h € H and n € N,
h.n € N. Assume that () # I is a subset of a Krasner hyperring H. It is
classified as a left hyperideal if and only if for any elements u,v € I and
every w € H, the set inclusion u — v C [ is satisfied and the product
w - u belongs to I. In a similar manner, consider a non-empty subset A
of an H-hypermodule M. This subset is recognized as a subhypermodule
precisely when, for any u, v € A/, the inclusion u—v C N holds and for
each w € H and u € NV, the element w - u is contained in /. Moreover,
a subhypermodule N of an H-hypermodule M is termed normal if and
only if, for every m € M, the condition m + N —m C N is satisfied.

Definition 2.4. Suppose that H is a topological Krasner hyperring and
M a Krasner H-hypermodule that furnished with topology 7, then M is
said a topological Krasner H-hypermodule if:
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(1) (my,mg2) = my + my from M x M to P*(M),
(2) m — —m from M to M,
(3) (hym) = h.m from H x M to M,

are continuous where M is specified topology 7T a topological space and
M x M the Cartesian product topology influenced by 7 and H x M
the Cartesian product topology determined by the topology of H and
7. Having these conditions, topology 7 on a Krasner hypermodule is a

Krasner hypermodule topology.
Example 2.5. Consider the Krasner hyperring (H,+,-), where H =

{0,1,2}, the hyperoperation “ + ” and the binary operation “-” are
defined as follows:
+1 0 1 2 )
0 {0} | {1} [ {2} 0
1]{1} {02} | {1} 1
2 [ {2} | {1} | {0} 200210
Let H be endowed with the topology 7 = {@,{1},{0,2} ,H}. Then
(H,+,-,7) is a topological Krasner hyperring.
Let M = {a,b,c,d,e, f,g,h,k} be a set with the hyperoperation as
follows:

OO O
[ N =
o O N

| a b c d f g h k
ala b c d e f g h k
b|b|{ac}|b e {d, f} e | h|{g,k}|h
c|c b a f e d k h g
d|d e f1{a,g} {b,h} {c,k} | d e f
elel|{d, f}|el|{bh}|{a,c,g,k}|{bh}|e|{d f}|e
T ¢ [d{ke| {0h] [{agt[J]| ¢ |d
glg h k d e f a b c
h|h|{g,k}|h| e {d, f} e b|{a,c}|b
k|k h g f e d c b a

Then (M, @) is a canonical hypergroup. Now, we define the external
product from H x M — M as follows:

Qla|blc|d|le|flg|hl|k
Olala|lalalal|la|ala]|a
llal|blc|d|e|flg|hl|k
2lalclalg|lk|lglalc]|a

Let M be topological with 7' = {@&,{d, e, f},{a,b,c, g, h,k} ,M}. There-
fore (M, @, ®) is a topological H-hypermodule.

The theory of topological Krasner hypermodules provides a compre-
hensive framework for the study of algebraic structures endowed with
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topological properties. These structures facilitate the investigation of
fundamental concepts such as commutativity, groups generated by sub-
sets, boundedness and connected subsets, with potential applications in
functional analysis, fuzzy systems, and generalized algebraic systems.
Future research directions include extending these concepts to broader
classes of topological spaces, examining interactions with other alge-
braic structures such as groups and hyperrings and developing homolog-
ical and categorical frameworks for topological Krasner hypermodules.
Such studies are expected to enhance the understanding of the interplay
between algebra and topology, thereby opening new avenues in both
theoretical and applied mathematics.

Here we examine the proof of the topological nature of the hypermod-
ule. So first we recall the Lemma related to the definition of continuity:

Lemma 2.6. Let (G,+,7) be a topological hypergroup. Then, the hy-
peroperation + : G X G — P*(G) is continuous if and only if for all
x,y € G and U € T so that x +y C U then there are V,W € 7 so that
z€e€VandyeW and V+W CU.

Now we examine the three conditions for the definition of a topological

hypermodule for the above example which are:

(1) (m1,mg2) = m; & my from M x M to P*(M),

(2) m — m’ from M to M (m’ is the inverse of the hyperopration

D),

(3) (h,m) > h®m from H x M to M,
are continuous where M is specified topology 7' a topological space and
M x M the Cartesian product topology influenced by 7/ and H x M the
Cartesian product topology determined by the topology of H and 7/. In
the example we have:

T ={2,{1},{0,2} ,H}, T ={@,{d,e, f},{a,b,c,g,h, k} , M},
then put:
U={de,f}, V ={a,b,c,g,h,k},S ={1}, W ={0,2},
then according to the definition the hyperoperation &:
UaoU=YV, UV =0, Vev=V

Then for every x € U = {d,e, f} there are y € U,z € V so that z =
y®z CU®V = U and for every x € V = {a,b,c,g,h,k}, we have
r=y®dzsothat y®z CUDU =VorydzC VeV =V. So
condition (1) holds.

Also for every m € M, we have a € m & m so that a is zero member
of M, then put m" = m. Then map m — m’ from M to M is equivalent
to map m — m from M to M is continuous. So condition (2) holds.
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We have according to the definition operation ®:
SeU=U, SV =V, WU ={a,c¢,g,k} CV, WV ={a,c} CV.

Thus
Ve e U ={d,e, [}, =12 SQQU=U
and for every x € V = {a,b,c,g,h,k} the following situations occur:

a=0®m, for every m € M that m € U or m € V, on the other hand
WUWeV CV.

a=1®ace SV =V,
0=20a=2Qc=2R9¢g=2Qkec WV CV,
b=1be SV =V,

c=1Rce SRV =V,
c=20b=20he WV CV,
g=1®ge SV =V,
g=20d=2QfeWeUCYV,
h=1®hecS®V =YV,
E=1keS@V =V,
k=2ecWxUCV.

So condition (3) holds.

Theorem 2.7. Let M be a topological H-hypermodule.

(1) For every a € M, r — r.a is continuous from H to M and for
each b € H, x — b.x is continuous from M to M. Also if b is
invertible, x — b.x is a homeomorphism.

(2) Assume that g is a function from a topological space T to M
that is continuous at t € T, this implies that for every a € H,
ag 15 continuous at t.

Proof. (1) Consider g as g(h,m) = h.m for all (h,m) € H x M,
from H x M to M. Also f; is a function from M to H x M
defined by fy(z) = (b,z). It is obvious that f, is continuous
for every topology on H and the Cartesian product topology
it defines on H x M. Finally the function go f, : * — b.x is
continuous. Also g o fy-1 is similarly continuous. Thus z — b.x
is a homeomorphism.

(2) Assume that h x g is the function from T to H x M defined by
(hx g)(t) = (h(t), g(t)) = (a, g(t)). As g and h are continuous
at t, sois h X g, then ag is simply the composite of that function
with multiplication. O
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Lemma 2.8. Consider (G,+) as a topological hypergroup and a € G.
The functions g — —g from G to G andg — g+a andg — a+g from G
to P*(G) are continuous. Also, for any open subset S of G, —S is open
and if S is a complete part of G, then a+ S is open.

Proof._To prove the this Lemma, we have taken ideas from sources [J]
and [18, Theorem 2.7]. O

Remark 2.9. Consider M as a Krasner H-hypermodule, then according
to the Definition @ and the properties of the distribution (1) and (2)
in this definition, the function » — r.a from H to M for every a € M and
the function z — b.z is from M to M for each b € H are homomorphism
on the underlying additive hypergroups (in Krasner hyperring H and
Krasner hypermodule M, (H, +) and (M, +) are commutative). Clearly,
if g: Hx M — M be function scalar multiplication of an H-hypermodule
M, then g(h,O) =0 = 9(07 h)a g(_hv m) = _g(h7 m) - g(h7 _m)v
9(—h, _m) = g(h‘v m)'
Theorem 2.10. Let H be a topological Krasner hyperring, M is an H-
hypermodule such that the open subsets of M are complete parts. If a
topology T on M satisfies (1) and (2) of Definition @, then T satisfies
(3) of Definition @, if and only if:

(1) (r,m) — r.m from H x M to M is continuous at (0,0),

(2) forallz € M, r — r.x from H to M is continuous at zero,

(3) for allr € H, y — r.y from M to M is continuous at zero.

Proof. (=): Considering the form of the theorem, we see that conditions
1) and (2) for defining topological Krasner hypermodule (Definition
ﬁ) are part of the assumptions of this theorem. Then, if condition
(3) of the definition also holds, M is a topological H-hypermodule. Thus
(r,m) — r.m is continuous at (0, 0) and by Theorem R.7 for every x € M,
r — r.x is continuous from H to M and for each r € H, y — r.y is
continuous from M to M and therefore, proofs (2) and (3) are obtained.

(«<): Now, assuming that parts (1), (2) and (3) of the theorem hold,
we must prove that (h,m) —_h.m from H x M to M is continuous. To
do this, review the Lemma P.6. Let Y be an open set containing rq.m;
in M. Then by Lemma , we have a neighborhood S of zero in M
so that ri.m1 +.5 = Y and we have a neighborhood V of zero in M
so that V +V +V C S. By part (1), (r,m) — r.m from H x M to
M is continuous at (0,0). So for every neighborhood V' of zero there
is a neighborhood Vi of zero in H and a neighborhood V5 of zero in
M such that V; x Vo C V, that is v.v' € V for each (v,v") € V; x Va.
By part (2), for all z € M, » — r.x from H to M is continuous at
zero. So for every neighborhood V' of zero there is a neighborhood Uj
of zero in H such that U;.x C V for every x € M, that is u;.m; € V
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for every uy € Uy. By part (3), for all » € H, y — r.y from M to M
is continuous at zero. So for every neighborhood V of zero there is a
neighborhood Us of zero in M such that r.Uy C V for every r € H,
that is r1.ug € V for every ug € Us. Consider S; = r; + (U3 NV}) and
Sy =my + (U2NV3). Then by Lemma R.§, S7 and Sy are neighborhoods
r1 and mq, respectively. Suppose that t; € S; and t9 S5. Then
t1—r1 C UiNVy and to—my C UsNV,. Therefore, by Remark R.9, we have
g(t1,t2) = g(ry,m1)+g(ti—ri,my)+g(ty—ri,ta—my) +g(ri, ta—mq) C
g(r1,m1)+V+V4+V Cg(ri,m)+S =r1.mi+S =Y. Thus, t;.t2 € Y.
That is, it was proved that there are neighborhoods S of 1 and S of
mq so that S x Sy CY. O

Theorem 2.11. The Cartesian product of a family of topological H-
hypermodules is a topological H-hypermodule.

Proof. See the proof of [18, Theorem 1.6]. O

Corollary 2.12. Assume that (7;)jer is a family of H-hypermodule
topologies on a H-hypermodule M, then sup {7;|j € I} is an H- hyper-
module topology.

Definition 2.13. In a topological space X, a fundamental system F for
p € X is a non-empty collection of open sets that all contain the point p
and for any open set W that contains p, there is at least one set V € F
so that V' C W. In other words, for every open set W containing p, you
can always find a set from the collection F that is contained within W
and still contains p.

Theorem 2.14. Let M be a Krasner H-hypermodule. If W is a fun-
damental system of neighborhood of zero for a Krasner H-hypermodule
topology on M, Then

(1) for all Q € W there is P € W so that P+ P C Q,

(2) for all Q € W there is P € W so that P C —Q,

(3) for all@Q € W there is a neighborhood O of zero in H and P € W
so that O.P C Q,

(4) for all Q@ € W and every m € M there is a neighborhood O of
zero in H so that O.m C Q,

(5) for all Q@ € W and every r € H there is P € W so that r.P C Q.

Also, if W is a filter base on M (A set W of subsets of M is a filter base
if and only if W # 0, ) ¢ W and the intersection of two members of
W contains a member of W) satisfying (1)-(5), then there is an unique
Krasner H-hypermodule topology on M for which W is a fundamental
system of neighborhood of zero.



10 A. ZARE AND B. DAVVAZ

Proof. The proofs of (1) and (2) is similar to [18, Theorem 3.1] and
(3)-(5) follows from Theorem . Conversely, conditions (3)-(5) re-
state Theorem , thus M is a topological Krasner hypermodule over
H. Therefore the theorem follows from conditions (1) and (2) by [L8,
Corollary 3.2]. O

Theorem 2.15. Let M be a Krasner H-hypermodule and I a hyperideal
of H. IfH is furnished with Krasner hyperring topology for which (Ik)k>1
is a fundamental system of neighborhood of zero, then M, furnished with
additive hypergroup topology for which (IkM)kzl is a fundamental system
of neighborhood of zero, is a topological Krasner hypermodule over H.

Proof. Clearly (I"M),, satisfies (3)-(5) of Theorem if H is fur-

nished with Krasner hyperring topology for which (I k) p>p 18 a funda-
mental system of neighborhood of zero. B O

3. BOUNDED AND LocCALLY BOUNDED KRASNER HYPERMODULES

Bounded and locally bounded Krasner hypermodules constitute a cen-
tral topic, which we introduce here. Also we define locally compact
Krasner hypermodules and check its relationship with locally bounded-
ness. We remind you that compactness itself refers to a property of a
space where, for any open cover of the space (a collection of open sets
whose union covers the entire space), there is a finite subcover (a finite
subset of the open sets that still cover the entire space).

Definition 3.1. Assume that T is a topological space. The space T is
Hausdorff if and only if for any two different points p and q in 7', there
are two open neighborhoods P and Q sothat pe P, qe Q, PNQ =
(the neighborhoods P and @ are disjoint).

Definition 3.2 ([L3]). A topological space X is named to be locally
compact if, for every point in the space, there is a compact neighborhood
around that point. This means that around each point p € X, you can
find a neighborhood that is compact.

Definition 3.3. A locally compact Krasner hypermodule is a Krasner
hypermodule that is also a locally compact topological space. In other
words, it has the structure of both a Krasner hypermodule (with its
hyperoperation and multiplication) and a locally compact space.

Definition 3.4. Consider M as a topological Krasner H-hypermodule.
A subset B of M is bounded if for any neighborhood U of zero in M
there is a neighborhood V of zero in H so that V.B C U.

Definition 3.5. A topological Krasner hypermodule M and its topology
are called bounded if M is a bounded set and are locally bounded if there
is a bounded neighborhood of zero.
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Every subset consisting of one element of a topological hypermodule
is bounded by (2) of Theorem 2.1%. More generally:

Theorem 3.6. If K is a compact subset in topological Krasner H-
hypermodule M, then K is bounded.

Proof. Let M be a topological Krasner hypermodule and consider a com-
pact subset K within M and an arbitrary neighborhood A of zero in M.
For all x member of M the mapping (b,z) — b.x from H x M to M
is continuous, which implies continuity at (0,a). Consequently, there
exists an open set W, containing a and an open set U, containing zero
so that U,W, C N. Furthermore, the collection {W, : a € K} forms an
open cover of K, so by compactness, there is a finite subset S C K so
that IC C (J,cs Wa. Defining U = () ,c5 Ua, we obtain an open neigh-
borhood of zero in M that satisfies UX C N. Similarly, we deduce that
KU C N, leading to the conclusion that K is bounded. U

Corollary 3.7. A (locally) compact Krasner hypermodule is (locally)
bounded.

Lemma 3.8. Assume that A and B are subsets of a topological Kras-
ner hyperring H and topological Krasner H-hypermodule M, respectively.
Then, A.B C A.B.

Proof. Given the third condition of the definition of topological Krasner
hyperrmodule, Definition @, its proof is straightforward. O

Theorem 3.9. Suppose that By and By are bounded subsets of a topo-
logical Krasner H-hypermodule M, then so are By, B1UBsy and B1+ Bs.

Proof. Assume that U is a closed neighborhood of 0 in M. Given that By
is bounded, using the definition of boundedness there is a neighborhood
V of 0 in H so that V.B; C U and as scalar multiplication is continuous
and according to the previous lemma, then V.B; C V.B; C V.B; C U =
U. Thus B is bounded. Consider W as a neighborhood of 0 so that
W+W C U and Vq, Vo be a neighborhood of 0 in H in which V,.B; C W
and Vo.By C W. This implies that (V1 ﬂVg)(Bl UBQ) - Vl(Bl UBQ) -
Vi.B; and (Vl N V2)(B]_ @] Bg) - VQ(Bl @] Bg) C V9.Bs. Then, (Vl N
V2)(B1UB3) CV1.B1UV2.Bo CW C W+ W C U. Now, According to
the first condition of the definition of Krasner hypermodule, Definition
Pl we have (Vi N Vo) (By + Bs) € (V1 N V3).By + (Vi N V3).By C
Vi.Bi1+Vo.Bo CW+W CU. O

Theorem 3.10. Suppose that g from a topological H-hypermodule M to
a topological H-hypermodule N is a continuous homomorphism and B is

a bounded subset of M, then g(B) is bounded subset of N.
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Proof. Suppose that U is an open set containing zero in A”. Thus g~!(U)
is an open set containing zero in M, so there is a neighborhood I of zero in
H so that I8 C g~'(U). Therefore Ig(B) = g(IB) C g (¢~ *(U)) CU. O

Theorem 3.11. Consider N as a subhypermodule of a topological H-
hypermodule M and B C N, then B is bounded subset of M if and only
if it is a subset of N that is bounded.

Proof. A subset B of M is bounded if for each neighborhood U of zero
in M there is a neighborhood V of zero in H so that V.B is a subset of
U. And according to the assumption this leads to that V.B C U NN
and conversely. Therefore the proof is obvious. O

Theorem 3.12. Let pr; be a canonical projection from Cartesian prod-
uct (Mj)jel to M;, where M; is a topological Krasner H-hypermodule.
Every subset B of Cartesian product (Mj)j€I s bounded if and only if
prj(B) is bounded of M; for all j € I.

Proof. Consider B as a bounded set. Then, by before theorem, the
result is obtained. Now we check the other side. Let K be the Cartesian
product of (K;);er, that IC; is a neighborhood of zero in M; for all j € I
and for a subset S of I that is finite, K£; = M; for every j € I\ S. By
assumption, pr;(B) is bounded, then for every j € S there is an open
set V; containing zero in H so that Vj.pr;j(B) C K;. This shows that

(NjesV3) BEK. O

Theorem 3.13. (1) Any subhypermodule of a (locally)bounded topo-
logical Krasner hypermodule H is (locally) bounded.

(2) Consider M as a (locally) bounded topological Krasner hyper-
module and T is a subhypermodule of M, then M/Z is (locally)
bounded.

(3) Assume that (Mj)jel is a family of topological Krasner hyper-
modules and M is their Cartesian product, then M is bounded if
and only if every M; is bounded and M is locally bounded if and
only if every M; is locally bounded and for almost all, except a
finite few j € I, M; is bounded.

Proof. The proofs of (1) and (2) are obtained from Theorem 3.1( and
(3) from Theorem . O

The condition given in the after theorem is the original definition of
a bounded set in real topological vector spaces.

Theorem 3.14. A necessary condition for a subset B of a topological
H-hypermodule M to be bounded is that for every sequence (ap)n>1 of
elements of B and each sequence (ry)n>1 of scalars, if limy_yoo 7y, = 0,
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then lim, oo Tn.a, = 0. If this condition exists and H is metrizable, B
1s bounded.

Proof. Consider U as an open set containing zero in M, we have an
open set W containing zero in H so that W.B C U. Let r, € W for
all n > m, then r,.a, € U for all n > m. Conversely, suppose that
H is metrizable and (W,,),>1 is a fundamental decreasing sequence of
neighborhood of zero in H. Suppose that B is not bounded. This implies
that there is a neighborhood U of zero in M so that for any n > 1 there
are , € W, and a,, € B so that r,.a,, ¢ U. Therefore lim,,_,o 7, = 0,
but (rp.an)n>1 does not converge to zero. O

Theorem 3.15. Assume that H is a topological Krasner hyperring with
identity, containing a subset A of invertible elements so that 0 member
of the closure of A. If U is a bounded neighborhood of zero in a unitary
topological Krasner H-hypermodule M, then the collection {a.U : a € A}
constitutes a fundamental system of neighborhoods of zero.

Proof. Let r € H*(H* shows the multiplicative group of its invertible
elements), so x — r.z is homeomorphism from M to M, thus r.U is a
neighborhood of zero. Since U is bounded, If V is each neighborhood of
zero in M, there is a neighborhood S of zero in H so that S.U C V and
there is a € AN S, thus a.U C V. That is, the Definition @is valid
for each neighborhood V' of zero. U

Theorem 3.16. Suppose that H is topological Krasner hyperring with
identity and if zero is adherent to H* | the only Hausdorff bounded unitary
Krasner H-hypermodule is the zero hypermodule.

Proof. Let M be a Hausdorff bounded unitary Krasner H-hypermodule,
thus {r.M : 7 € H*} has the conditions of the previous theorem. Also
r.M = M for every r € H*. It follow that M = (0). (Since M is
Hausdorff, this means that if 0 # u € M, there are open neighborhoods
Pand Vsothat 0 eV, ue P, PNV = (. On the other hand, there is
r € H*, so that .M = M C V, which is a contradiction). O

4. THE QUOTIENT HYPERMODULES AND #*-RELATION IN
ToOPOLOGICAL KRASNER HYPERMODULES

In the section we study topological quotient Krasner hypermodules
and define a fundamental relation on Krasner hypermodules and show
that by defining a finest topology we will have a module.

Definition 4.1 ([5]). Consider Krasner hyperring (H, +,-) and hyper-
ideal T of it. Hence, we define the following relation:

a=b(modl) <> acb+1
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for every a,b € H. The fact that it is an equivalence relation and the
set of all classes is H/I = {a+1:a € H}.

Theorem 4.2. Let I be a hyperideal of a Krasner hyperring (H,+,-).
Then, (H/I,®,®) is Krasner hyperring, called quotient Krasner hy-
perring of H by I, where (b+1) @ (s+1) = {t+1:t€b+s} and
(b+I)©(s+1I)=(b-s)+1 forb,s € H [p].

Remark 4.3 ([16]). Suppose that I is a hyperideal of a krasner hyper-
ring H that is normal, so b € s + I if and only if s — b N1 # (.

Definition 4.4 ([5]). Let H represent a Krasner hyperring and let I be a
normal hyperideal. In this context, we introduce the following relation:

r=s(mod 1) < r—snNI#0.
This relation is denoted by rI*s. The relation I* is an equivalence rela-
tion.

Assume that I is a normal hyperideal of H, hence I + 2 = I*(x) for all
xz € H. Consider the set [H : I*] = {I*(x)|x € H}, which is defined on it
the hyperoperation @ as

I(z1) @ "(22) = {I"(2)|z € " (1) + " (22)},
and the multiplication ® as
I*(xl) ® I*(.CUQ) = I*($1..%'2).
If I is a normal hyperideal of H, then (I+z1)+ (I+x2) = [+ x; + x4 for
every x1,29 € Hand [ + 21 =1+ x4 for all z9 € I+ z; [5]. So we show:
I(z1) @ U(a2) = {I"(2)|z € T'(21) + ' (22)}
={I+zlz€el4+z+14+20 =1+ + 22}
={I+zlz€l+hhex+a}
={I+hlh € x1 + 22} =1"(h), VYh € x1+ 2.

Thus [H : I*] is a krasner ring.

Remark 4.5. Consider I as a hyperideal of a topological Krasner hy-
perring (H,+,-,7) and ¢ : H — H/I, so that ¢(h) = h + I for each
h € H. We topologize the set H/I by announcing the map ¢ to be a
quotient, i.e., a subset B of H/I is open in H/I if and only if ¢—1(B) is
open in H.

Lemma 4.6. Let B be a topological Krasner hyperring(hypermodule) and
D be a normal hyperideal(subhypermodule) of B. If each open subset of
B is a complete part, natural mapping b — b + D of B onto B/D is
open.

Proof. To prove this lemma, we use [J, Lemma 4.4]. O
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Theorem 4.7. Let H be a topological Krasner hyperring and every open
subset of C is a complete part. Then, (H/C,®,®) is a topological Krasner
hyperring.

Proof. We prove that the hyperoperation & and operation ® and the
map h + C — —(h + C) are continuous. Consider r +C,s +C € H/C
and J is an_open subset of #/C so that r+C @ s+ C C J. According
to Lemma , we consider natural mapping p : H — H/C. Then,
r+s Cp 1(J). Since p~1(J) is open in H, there is open subset T and
Q of H including r and s, respectively, so that T+ Q C p~1(J). Thus
by Lemma @ implies that p(7) and p(Q) are open in H/C including
r + C and s + C, respectively, so that p(T) @ p(Q) C J. Thus, the
hyperoperation & is continuous. It is proved similarly, the operation ©®
is continuous.

To complete the proof, we consider J as an open subset of H/C so
that —(h+C) = ~h +C € J. Then, —h € p~'(J). Thus, there is an
open subset S in H so that —h € —S C p~1(J), so p(~h) = —h +C €
p(—S) C J and p(—S) is open in H/C. O

Corollary 4.8. If H is a topological Krasner hyperring and 1 a normal
hyperideal of H, then (H/I,®,®) is a topological Krasner ring.

Definition 4.9 ([16]). Assume that K is a subhypermodule of a Krasner
hypermodule M, then we define

m=m/(mod K) <> mem’ + K
for all m,m’ € M. This relation is denoted by mkK*m’/. The fact that

the relation is an equivalence relation.

Theorem 4.10. Let M be a Krasner H-hypermodule and 1 be a hyperideal
of H and K be a subhypermodule of M. Then, for all m,my,mo € M,
r € H, [M: K* is a [H: I*]-hypermodule so that

K (m1) @ K (mg) = {K*(2)|z € K*(m1) + K (ma2)} ,
I*(r) © K*(m) = K*(r.m)

and [M : K*] is an H-hypermodule so that
K (ma) ® K*(mg) = {K*(2)]x € £*(m1) + K*(m2)},
r© K (m) =K*(r.m),

Proof. The theorem is easily proved by examining the definition of Kras-
ner hyperrmodule. O

Remark 4.11. Consider K as a subhypermodule of a topological Kras-
ner hypermodule M so that it is normal and ¢ : M — M/, defined by
¢(r) =r + K for r € M. Considering ¢ as a quotient mapping, the set
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M/K is a topological space, i.e., a subset Z of M/K is open in M/K if
and only if ¢~!(Z) is open in M.

Theorem 4.12. Let M be a topological Krasner H-hypermodule and I be
a hyperideal of H and K be a subhypermodule of M. This implies that,
[M : K*] is a topological Krasner [H : I*]-hypermodule.

Proof. We show that the hyperoperation @& and operation ® and the
map m + K — —(m + K) are continuous. To check continuity, we need
to recall Lemma E, which will be used in the proof. We consider nat-
ural mappings p from M onto M/K and p’ from H onto H/I. Consider
r+ K,s+ K € M/K and J which is a member of the topology de-
fined on M/K so that r + K ®&s+ K C J. Then, r +s C p~}(J) =
{tlp(t) =t + K € J}. Since p~1(J) is open in M, by Lemma @, there
is open subset 7 and Q of M including r and s, respectively, so that
T+ Q C p~(J). We claim that p(T) and p(Q) are open subsets in
M/K including r + K and s + K, respectively, so that p(7) @ p(Q) C J,
which shows, the hyperoperation @ is continuous. The validity of this
claim follows from the definition of @ in the previous theorem, since we
have:

p(T&pQ=T+K®Q+K

€T ,yeQ

= |J {e+Klae@+K)+@y+K)}.

€T ,yeQ

Soif z+K € p(T)®p(Q), we have z+K € (z+K)+(y+K) = (z+y)+K C
J because, t+y CT+QC p 1(J)and so p(x+y) = (z+y)+ K C J.
Consider m+ /K € M/K, r+1 € H/T and W is an open subset of M /K so
that r +1Om + K C W, so r.m + K C W. Then, r.m C p~1(W). Since
p~1(W) is open in M, by Lemma R.G, there is open subset Q of M and
T of H including m and 7, respectively, so that 7.Q C p~t(W). This
yields that, p(Q) is open in M/K including m + K and p/(7T) is open in
H/T including r + I, so that p'(7) ® p(Q) C W. Thus, the operation ®
is continuous.

Next, we want to prove the map m + K — —(m + K) from M/K
to M/K is continuous, so we assume m + K € M/K and J an open
subset of M/ so that —(m+K) = —m+K € J. Then, —m € p~1(7).
Since p~1(J) is open subset in M including —m, according to the second
condition of the Definition .4, there exists open subset S of M including
m so that —S C p~1(J) and so p(—S) C J such that p(S) is open subset
in M/K including m + K. O
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Theorem 4.13. Let M be a Krasner H-hypermodule. If K is a normal
subhypermodule of M and 1 is a normal hyperideal of H, then [M : K*]
is a [H : I*]-module.

Proof. For proof, see the similar theorem in [16]. O

Theorem 4.14. Let M be a topological Krasner H-hypermodule and
every open subset of H and M are complete part. If 1 be a normal

hyperideal of H and K be a normal subhypermodule of M, then [M : K*]
is a topological [H : T*]-module.

Proof. For proof, we use Theorems , . O

Definition 4.15 ([3]). Assume that H is a Krasner hyperring and M
is a hypermodule over H. We define the relation : afb <= dn €
N,3(mq,...,my) € M",3(k1,...,kn) € N*, Jo € S, and I(x;1, ..., ax,;)

€ Hki,EIcrij € Sg,.,doi €Sy, (i =1,...,n) so that a € Zm;, m; =m

1=1

ng kij n
or m; € Z (szJIC) m; and b € Zm;(i) where m’a(i) = Mgy if

j=1 \ k=1 i=1

15

ng

ki
m}; =m; and m;(i) = D, iymqy if mj = Z (H :cijk> m; with
j=1 \ k=1

n; kij
D; = Z Aii(5) A = H Tijoi; (k)-
= k=1

The relation 6 has reflective and symmetrical properties. Consider
0* as the transitive closure of the relation 6. As a result, this relation
naturally establishes a strongly regular relation [2] on both (M, +) and
M as an H-hypermodule (proof in [3, Lemma 2.2]). A strongly regular
relation has the property that the equivalence classes partition the set
in such a way that the structure of the operation remains well-defined
across these classes. Furthermore, the quotient M/6* forms an Abelian
group that is an H/a*-module, where H/a* is a commutative ring (proof
in [3, Theorem 2.3]). Notably, #* represents the minimal equivalence
relation so that the (Abelian) quotient M/6* forms an H/a*-module (a
similar argument is presented in [3, Theorem 2.4]). In this construction,
the operations @ and ® on M/#* are defined in the conventional way:

0*(x) ® 6*(t) = 0" (a) for every a € 6*(x) + 0" (t),
a*(r) @ 0*(t) = 6%(b) for every b € a™(r) - 0 (t).
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Definition 4.16 ([3, 19]). Let M be an H-hypermodule and C is a non-
empty subset of M. We consider C as a #-part of M if for any n € N
and o € S,, and for all {m},...,m/}

Zm%ﬂC%@ = Zm;(i)gC.
i=1 i=1

Also C is named to be a complete part of M, if ¢ is the identity ( m/ is
the notation that has been defined in Definition E.lS).

Theorem 4.17. Let M be a topological Krasner H-hypermodule so that
any open subset of H is a O-part. Then, (M/0*,&,©®) is a topological
H/a*-module.

Theorem 4.18. Let (M, +) be a topological Krasner hypermodule with
topology 7 and W € T so that W is a 0-part. Since (M, +) is canonical
hypergroup, it follows that W = |J, ey 0% (v).

Proof. Obviously, W C |, 0*(v). Suppose that z € W and y € 6*(x).
Then, In € N, 3 (mf,...,m}) € M", 3(k1,...,k,) € N*, Jo € §,, and
Iz, w,) € HY, oy € Ski; » Joi € Sy, (i = 1,...,n) so that

n n; kij n
T € Zm;,m; = m; or m; € Z H%‘jk m; and y € Zm;(i)
=1 =1 \ k=1 i1

where m;(i) = Mgy if m; = m; and m;(i) = Doiyme) if mj =
ni [ kij
Z (H xijk) m; with
j=1 \ k=1
n; kij
D; = ZAzal(j)a Aij H Tijo;(k)-
j=1 k=1

n
According to the property of the set W, it follows that Zm;(i) cw

=1

and also y € Zm;(i), thus y € W and it follows 6*(x) C W. This
i=1
means that, W = {J,cy 0*(v). O

Lemma 4.19. Suppose that (M, +) is a Krasner hypermodule and 0* is
the fundamental relation on M. Then, B = {0*(z) | z € M} is a base for
a topology on M and any open subset of M is a 0-part.

Proof. Since M = |, 0"(2), it follows that B is a base for a topology
on M. It is easy to see that any open subset of M is a 6-part. O
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In the continuation, we show the topology in the previous lemma by
9.

Theorem 4.20. Consider (M, +) as a Krasner hypermodule. If 6* is
the fundamental relation on M, this implies that Ty is the finest topology
on M so that M a topological Krasner hypermodule and any open subset
of M is a 0-part.

Proof. Consider mi, my € M so that my + mo C S for some open subset
S of M. So by Theorem , we know S = J,cq 0" (u). Thus, there is
u € S so that my+my C 6*(u). Asaresult, 0*(m1)®0*(mg) C 0*(u) C S
and 0*(m1) and 6*(my) are open subsets of M including m; and mo,
respectively. Thus, the hyperoperation “+ ” is continuous. Let r € H
and m € M so that r.m € S for some subset S of M that is open. Thus,
there is u € S so that r.m € 0*(u). Thus, 6*(r) ©®6*(m) € 6*(u) C S and
0*(r) and 6*(m) are subsets of M including r and m, respectively, so that
are open. Thus, the scalar product “.” is continuous. Now, consider T
as a topology on M so that every open subset of (M, 7) is a #-part and
(M, +,.,7) is a topological Krasner hypermodule. Let a € S and S € 7.

Then, by Theorem , we have S = |J,,cq 0" (u). Thus, 8*(a) € S and
0*(a) is subset of (M, 7p) that is open. In this way, the desired result is
achieved. O

By using the previous theorem, assume that (M, +) is a Krasner hy-
permodule and 6* is the fundamental relation on M. This shows that,
Tp is considered as the collection of all possible unions of sets 6*(u) for
subsets S of M and any element u of S, along with the empty set, is a
topology on M and (M, +, -, 79) is a topological Krasner hypermodule.

Theorem 4.21. Let (M,+,79) be a topological Krasner hypermodule
and Ty space(a topological space is a Ty space if for any two distinct
points, at least one of them has a neighborhood that does not include the
other). Then, M is a module.

Proof. We prove that |mj+ma| = 1 for all mi, mgo € M. Suppose for the
contradiction that a,b € m; +mg and a # b. Since M is Tp, it implies
that there is an open subset S of M including exactly one of a or b. Let
a € S and b ¢ S. Then, by Theorem , a € 0*(u) for some u € S.
Also by Definition [1.15, 6*(b) = 6*(a). Thus, b € 8*(b) = 6*(a) = 6*(u).
As a result, b € S and it is a contradiction. So |m; + ma| = 1. Thus, M
is a module. |

5. CONCLUSION

This article deals with one of the theories of hyperstructures, namely
Krasner topological hypermodules. Then, their properties are mainly
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studied in submodules. Topological hypermodules can play an impor-
tant role in the study of topological spaces and their properties. One of
the important subsets is bounded sets, whose definition is expressed in
this type of hyperstructure. In the following, the necessary conditions
for sets with special properties to be bounded in Krasner hypermodules
are presented. Finally, the properties of bounded subhypermodules are
studied, and also by defining a fundamental relation on hypermodules,
we obtain the conditions under which a topological hypermodule can
be transformed into a module by constructing a finest topology. As we
continue we can to continue the study of bounded sets in Krasner topo-
logical hypermodules and take a look at how closed and bounded sets
function in this structure. It will also be interesting to study compact
sets and how connected and compact sets are related.

Topological Krasner hypermodules are valuable tools in fuzzy algebra
due to their unique structural and topological properties. They provide
a precise framework for modeling fuzzy systems. By combining with
fuzzy algebra, these hypermodules help build richer algebraic systems
that can represent different fuzzy states. Furthermore, they help define
and study of operations on fuzzy sets and contribute to the development
of fuzzy set theory.
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