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Perturbed Graphical Metric Spaces and Fixed Point Theory

Kamal Fallahi

ABSTRACT. Taking into account the recent view of fixed point the-
ory as expressed by Jalali and Samet [On Banach’s fixed point the-
orem in perturbed metric spaces, J. Appl. Anal. Comput. 14
(2) (2025), 992-1001], we first introduce a perturbed metric space
equipped with a graph and then present new concepts and notions
related to this space. Next, we prove some fixed point theorems re-
lated to this new space. Several consequences and an example are
also presented to demonstrate the effectiveness of the main results.
Following the idea of this article, one can continue this new way
to obtain fixed points of the mappings that do not satisfy classic
contractions in such spaces endowed with a graph or a partial order.

1. INTRODUCTION

Finding the fixed point of a mapping has been an interesting topic for
many years, but it became famous in 1922 when Banach [2] stated his fa-
mous principle, known as the Banach contraction mapping. Afterwards,
many researchers have discussed the existence of uniqueness of fixed
point of different contraction mappings in various metric spaces, which
form the metric version of the fixed point theory (see[l, 7-9, L1, 13-16]
and references therein). The method used in previous works is based
the measure of the distance between two points, which can have errors
due to different reasons. Although these errors are normally small and
little, their accumulation can cause problems and as a result, they will
be important. To solve this problem, many numerical works and finding
the smallest error are done by researchers working on applied issues.
For pure topics, recently, Jleli and Samet [[12] have defined an attractive
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notion named perturbed metric spaces and then established an inter-
esting generalization of Banach’s fixed point theorem. Throughout this
article, let A, N, and R be an arbitrary nonempty set, the set of positive
integers and real numbers, respectively.

Definition 1.1 ([12]). Presume that W,S : A x A — [0, +00) are two
arbitrary mappings. Then W is called a perturbed metric on A with
respect to & when

W-8§:Ax A—|0,+0)
(Cl, b) — W(Cl, b) - S(Cl, b)
is a metric on A; that is, the following are held:
(1) W —=S)(a,b) >
(2) W )(a,b)—Olffa—b,
(3) W —=38)(a,b) = (W —S5)(b,a);
(4) W —=38)(a,b) < (W —38)(a,c) + (W = S)(c,b)
for all a,b,c € A. In this case, S, d = W — S, and (A,W,S) are
a perturbed mapping, an exact metric, and a perturbed metric space,
respectively.

Example 1.2 ([12]). Assume C([0,1]) is the set of all w : [0,1] — [0,1]
such that u is continuous on [0, 1] and define the mapping W : C(][0, 1]) x
C([0,1]) — [0, +00) by

1
W(u,v) = /O [u(t) = v(t)|dt + (s(0) — v(0))*

for u,v € C([0,1]). Then W is a perturbed metric on C([0,1]) in respect
of the perturbed mapping S : C([0,1]) x C([0,1]) — [0,+o00) given by
S(u,v) = (u(0) —v(0))? for u,v € €([0,1]). In thls case, the mappmg
d : C([0,1])xC([0,1]) — [0, 400) considered by d(u, v) fo lu(t)—v(t)|dt
for u,v € C(]0, 1]), is the exact metric. It should be mentioned that Wis
symmetric and W(u,v) = 0 iff u = v, but W is not a metric on C([0, 1]).
It is enough to take constant functions u; = 0, ug = 1 and ug = 1.
Then we have W(u1,u2) = 3, W(ug,u3) = 2 and W(ul,u;g) = 2 which
imply that W(ui,ug) > W(u1,u2) + W(ua,us). Therefore, the triangle
inequality doesn’t hold for W.

More examples for this metric are introduced by Jleli and Samet.
Also, it should be noted that a perturbed metric on W does not neces-
sarily need to be a metric on A. Now, we give some new examples as
follows:

Example 1.3. Assume B(.A) is the set of all real bounded functions on
A. Take ap € A and define the mapping W : B(A) x B(A) — [0, +00)
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by
W(f.9) = sup|f(a) = g(a)| + (f(a0)g(ao))?

for f,g € B(A). Then W is a perturbed metric on B(A) regarding the
perturbed mapping S : B(A) x B(A) — [0,400) given by S(f,g) =
(f(a0)g(ap))? for f,g € B(A). In this case, the exact metric is the
mapping d : B(A) x B(A) — [0,4+00) defined by d(f,g) = sup |f(a) —

g(a)| for f,g € B(A). Clearly, W is symmetric, W(f,g) = 0 1f and only
if f = g and either f(ag) = 0 or g(ag) = 0. However, W is not a metric
on C([0,1]). It is sufficient to take the constant functions f =2, g =3
and h = 1. Then we have W(f,g) = 37, W(f,h) =5 and W(h,g) = 1,
which deduce that W(f,g) > W(f,h) + W(h,g). This shows that the
triangle inequality is not valid for this W.

Example 1.4. Let n € N, M, (R) be a set of all square n x n matrices
of real numbers and (1,0,...,0) € R™. For A, B € M, (R), define the
mapping W : M,,(R) x M,,(R) — [0, +00) by

W(A,B) = sup HAJ:T—B:/CTH—l—HAB(l,O,...,O)T{ ,
z€R™, [|z]|=1
where z” is a transpose of vector x. Then W is a perturbed metric

on M, (R) in respect of the perturbed mapping S : M, (R) x M, (R) —
[0, +00) introduced by S(4, B) = ||AB(1,0,...,0)T|| for A, B € M, (R).
It is evident that the mapping d : ML, (R) x M, (R) — [0, +00), considered
by

d(A, B) = sup {HAJJT — B:UTH cx e R ||z|| = 1}
for A, B € M, (R), is the exact metric. Also, notice that W is not a
metric on M, (R).

Jleli and Samet mentioned some elementary properties of perturbed
metric spaces and some topological concepts in such spaces as follows:

Proposition 1.5 ([12]). Assume W,S,P : A x A — [0,00) are three
mappings and a > 0.
(1) If (AW,S) and (AW, P) are two perturbed metric spaces,
then so (A,W, SJFTP) 1s.
(2) If (A, W, S) is a perturbed metric space, then so (A,aW,aS)
is.
Definition 1.6 ([12]). Suppose that (A, W,S) is a perturbed metric
space, {a;} is a sequence in A and F : W — W is a mapping.
(1) {a;} is a perturbed convergent (Cauchy) sequence in (A, W, S)
if {a;} is a convergent (Cauchy) sequence in (A, d) in which d
is the exact metric.



112 K. FALLAHI

(2) (A, W,S) is a complete perturbed metric space if (A,d) is a
complete metric space.

(3) F is a perturbed continuous mapping whenever F is continuous
in respect of d.

2. MAIN RESULTS

Following the idea of Jachymski [10] and Fallahi and Aghanians [6], we
define a perturbed metric space with a graph. In a given (not necessarily
simple) graph H, a link and a loop will be an edge of H with distinct
ends and identical ends, respectively. Two or more links of ‘H with the
same pairs of ends are parallel edges. Assume (A, W,S) is a perturbed
metric space and H is a directed graph in which vertex set V(H) = A
and edge set £(H) contains all loops (note that H may totally have
uncountably many vertices). Additionally, presume A has no parallel
edges. Then (A, W, S) is called a perturbed metric space equipped with
the graph #H. In addition, ! is the conversion of H, i.e. a directed
graph obtained from H by reversing the directions of the edges of 1, and
‘H is the undirected graph obtained from H by ignoring the directions of

the edges . It is clear that V (H™!) =V (ﬁ) =VH) =AEMHT) =

{(a,6) € Ax A: (b,a) € E(H)} and & (ﬁ) = E(H)UE(HY). Tn the
sequel, assume (A, W, S) is a perturbed metric space with the graph H

and F : A — A is a mapping. We start with some new definitions,
transforming into a perturbed metric.

Definition 2.1. The mapping F is said to be an orbitally perturbed
‘H-continuous mapping on A if Fia — b implies F(F"a) — Fb for
all a,b € A and all sequences {r;} of positive integers provided that
(Fria, Fritla) € E(H) for all i € N.

The next definition is allocated to convert a H-quasi-contraction ([,
Definition 1]) in metric spaces with a graph to perturbed metric spaces
endowed with a graph.

Definition 2.2. The mapping F is called a perturbed H-quasi-contraction
if
(Q1) F keeps the edges of H; that is, (a,b) € E(H) implies (Fa, Fb) €
E(H) for all a,b € A;
(Q2) there is a « € [0,1) provided that
W(Fa, Fb) < amax {W(a,b), W (a, Fa) ,W(b, Fb), W(a, Fb), W(b, Fa)}
for all a,b € A with (a,b) € E(H).
Note that a in (Q2) is named a quasi-contractive constant of F. Also,
next proposition is an immediate consequence of Definition and gives
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a simple procedure to construct new perturbed H-quasi-contractions
from older ones.

Proposition 2.3. Presume that (A,W,S) is a perturbed metric space
endowed with H and F : A — A is a mapping.
o If F keeps the edges of H, F keeps the edges of H™' and H.
o If Qo for the graph H is held by F, then it is held for both the
graphs H™' and H by F.
o If F is a H-quasi-contraction with o € [0,1), then F is a H'-
quasi-contraction and a ﬁ—quasi—contmction with a.

Proof. The proof of this is similar to what Fallahi and Aghanians [,
2016] have done. O

The following notions will also be required in the sequel. N
Take Cr the set of all points a € A so that (F™a, F"a) is an edge of H
for all m,n € NU {0}, i.e.

cf:{aeA:(fma,f"a)es(ﬁ), m,n:o,1,...}.

For a € A and n € NU {0}, the n-th orbit of a under F is O(a;n) =
{a,Fa,...,F"a}. Let B be a subset of A. The diameter of B in A is
diam(B) = sup {W(a,b) : a,b € B}.

To prove the existence of a fixed point for a perturbed H-quasi-
contraction in a perturbed metric space equipped with H, we need next
lemmas.

Lemma 2.4. Assume (A,W,S) is a perturbed metric space with the
graph H and F : A — A is a perturbed H-quasi-contraction. Then, for
each a € Cr and each n € N, there exists a | € N no more than n so
that diam (O(a;i)) = W(a, Fla).

Proof. Let a € Cr and i € N be given. If diam(O(a;7)) = 0, then O(a; 1)
is singleton. Specifically, a is a fixed point for F and W(F"a, F™a) =0
forall n,m = 0,...,i. Thus, the statement holds for any positive integer
[ no more than n. Otherwise, as O(a; 1) is a finite set, there are distinct
nonnegative integers n and m no more that ¢ so that diam(O(a;7)) =
W(F™a, F™a). Since F satisfies (Q2) for the graph H, if both the inte-

gers n and m are positive, since (f”_la, Fm_la) e <ﬁ), then
(2.1)
W (F"a,F™a) =W (FF" 'a, FF" 'a)
< amax {W (F" ta, 7" ta) , W (F" a, F™a),
W (F™ e, Fa) W (F* la, F™a) W (F™ a, Fa) }
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< adiam (O(a;1)) .
Therefore,
diam (O(a;1)) = W(F"a, F"a) < adiam (O(a; 1)),

which is a contradiction. Hence, either n or m must be zero and the
proof in complete. O

Lemma 2.5. Presume (A,W,S) is a perturbed metric space with the
graph H and F : A — A is a perturbed H-quasi-contraction. Then
{F'a} is a perturbed Cauchy sequence in (A, W,S) for all a € Cr.

Proof. Let a € Cr. If i,j € N and j > i > 2, it follows from F/~'a € Cr
and puttingn =j—i+1and m=11in (@) that

22) W (FeF =W (FEF 0 R
< adiam (O (.Fi_la;j —i+1)),

where a_€ [0,1) is a quasi-contractive constant of F. Moreover, by
Lemma P.4, there is £ € N no more than j — ¢ + 1 so that

(23)  diem (O(Fasj —i+1) =W (F e, A Ta).

Now, it follows from F'~2a € Cr for i > 2 and so putting n = 1 and
m=~Fk+1in (@) that

(2.4) 4% (P"la, F ’“*i‘la) =W (ffHa, fk“]-"i‘Qa)
< adiam (O (fi72a;j —i+ 2)) ,

Putting n = 1 and m = k in Lemma @ and taking the exact metric
d=W — S, we conclude from (@) that

diam (O(a;i)) = W (a, ]—"’“a)
—d (a, ]-"’“a) +S (a,fka)
< d(a,Fa)+d (}'a, ]-"ka> +S (a, F’“a)
— W (a, Fa) — S (a, Fa) + W (fa, F’%t)
- §(Fa,Fa) + 8 (aFa)
< W (a,Fa) + W (fa, ]-"’%1) 48 (a, ]-"ka>

< W (a,Fa)+ adiam (O(a;i)) + S (a, ]-"ka) ,
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which implies that
. . 1 k
(2.5) diam (O(a;1)) < —— (W(a, Fa)+S (a,}' a)> .

T l-a
Finally, combining (@)—(@) and using (@), we obtain
(2.6) d(Fa,F'a) =W (Fa,F'a) — S (Fa,F'a)
<W (]—"ja, f’ia)
< adiam (O (.Fiila;j — i+ 1))
=aW (]—"i’la, ]-"Hi’la)
< odiam (O (.Fian;j -1+ 2))

< a'diam (O(a;7))
o

<

e

(W(a,}'a) +S (a,]—'%)) .

Thus, we obtain

d(Fa,F'a) < a

(W(a,}"a) +S (a, Fka)) .

11—«

Letting j,7 — 0o, we have d (Fja, }'ia) — 0. Hence, {F%a} is a Cauchy
sequence in (A, d); that is, {F’a} is a perturbed Cauchy sequence in the
perturbed metric space (A, W, S). O

Now, we are able to state main theorem of this paper, which is the
existence of fixed points for perturbed H-quasi-contraction mappings in
complete perturbed metric spaces with a graph.

Theorem 2.6. Assume (A, W,S) is a complete perturbed metric space
equipped with the graph H, and F : A — A is a perturbed H-quasi-
contraction and also, an orbitally perturbed H-continuous mapping on
A. Then the restriction of F to Cr has a fized point. Specifically, if
F is a perturbed H-quasi-contraction, F possesses a fixed point in A iff

Cr % 0.

Proof. If Cx = (), then there is nothing to prove. Hence, let Cx # () and
a € Cx. Then it follows from (F/a, F'a) € E(G) for all j,i € NU {0}
that Fa € Cz. Thus, Cr is F-invariant, i.e. F(Cr) C Cx. Moreover,
by Lemma R.5, {F?a} is a perturbed Cauchy sequence in the complete
perturbed metric space (A, W,S). Hence, there is a* € A (depending on
a) provided that F'a — a*. We show that a* is a fixed point for F. To

do this, note first that from a € Cx, we obtain (F'a, Fitla) € £ (ﬁ) for
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all n € NU{0}. Since F is orbitally perturbed H-continuous on A, then
Fla — a* implies that F**la = F(Fla) — Fa*. Using the uniqueness
of the limit, we get Fa* = a*. Finally, since Cr contains all fixed points
of F, it follows that a* € Cx. In conclusion, F |¢,: Cr — Cr possesses
a fixed point. O

Example 2.7. Presume that A = {R1,R2,R3, R4} in which Ry =
(42.0,0), Rz = (0,%2,0), Ry = (0,0,2) and Ry = (2,32, %) in
R3. Using Euclidean norm in R3, we get |R; — R;|| = 1 for i # j. Now,
take the mapping F : A — S by

FR1=TRa, FRa = Rs, FR3 =Ry, FR4 =Ry,
and consider the mapping S : A x A — [0,4+00) by

[0,
S(R1,R2) =SR2, R1) =17, S(R1,R3) = S(R3,R1)
S(R1,R4) = S(R4, R1) =5, S(R2,R3) = S(R2, R3)
S(R2,R4) = S(R4,R2) = 13, S(R3,R4) = S(R4, R3)
S(Ri,Ri) =0,i=1,2,3,4.

Also, define W : A x A — [0,400) by W(Ri,Rj) = [|Ri — Rj| +

S(Ri,R;) for i,j € {1,2,3,4}. Clearly (A, W,S) is a perturbed metric

space. In this case, the exact metric is the discrete metric d : A x

A — [0, +00) introduced by d(R;, R;) = ||R: — R;|| fori,j € {1,2,3,4}.

Observe that

o1 ity

d(Ri, Rj) { 0 ifi=j.
By simple calculations, we get W(R2,R3) =1+ S(R2,R3) =7,
W(R2,R4) = 1+S(R2,R4) = 14, and W(R3,R4) = 1+S(R3,R4) =5
which deduce that
W(R2,R4) > W(R2, R3) + W(R3,R4).
So W is not metric on 4. Further, for elements R and R3 and any
a €1[0,1), we get
W(FR1,FR3) = || FR1 — FR3|| + S(FR1, FR3)

=[R2 = Rull + S(R2, Ra4)

=14

> 7

= |R1 — Rs| + S(R1,R3),

6,
6,
9,

and
W(FR1,FR3) = ||FR1 — FR3|| + S(FR1, FR3)
= ||R2 — Ral| + S(R2, R4)
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=14 > 8«
— aymax { |R1 — Rsll + S(R1,R3), |R1 — FRi||
+ 8(R1,FR1),||Rs — FRs|| + S(R3, FR3),
|R1 — FRs|| + S(R1, FR3), |R3 — FR1| + S(Rs, le)}

= amax {W(R1,R3), W(R1,FR1), W(R3, FR3),
W(R1, FR3), W(R3,FR1)}.

So F and does not satisfy Definition @ (Q2) and Theorem 3.1 [11]
in the usual version. Now, consider the graph H* by V(H*) = A
and E(H*) = {(Ri,Ri) : Ri € A} U {(R1,R2),(R2,R1)} and assume
(AW, S) is equipped with the graph H*. It is evident F is orbitally
perturbed H-continuous on A. For each R; € A for i = 1,2,3,4 and
constant a = %, we get

W(]:RZ,]:RZ) =0 S o max {W(RZ,RZ),W(RZ,IRZ)} .
Also,

W(FR1, FRy) = |FR1 — FRa|| + S(FR2, FR3)
=7
< amax {W(R1,R2), W(R1, FR1), W(Ra, FR3),
W(R1, FR2),W(Ra, FR1)} .

Hence, all hypotheses of Theorem @ is held and F possesses a fixed

point in A. Clearly, Ry = (@, g, @) is only fixed point of F.

Several corollaries can be deduced from Theorem @ by choosing
proper contractions. First, suppose F : A — A is a perturbed Banach
‘H-contraction in sense of Jachymski [[10, Definition 2.1] in a perturbed
metric space. Then we have the following corollary.

Corollary 2.8. Assume (A, W,S) is a complete perturbed metric space
equipped with the graph H and F : A — A is an orbitally perturbed
H-continuous on A and also, a perturbed Banach H-contraction, i.e.

o F preserves the edges of H;
o there exists a a € [0,1) so that W(Fa, Fb) < aW(a,b) for each

a,b € A with (a,b) € E(H).
Then the restriction of F to Cr has a fixed point. Specifically, if F is a
perturbed Banach H-contraction mapping, F possesses a fized point in

A iff Cr # 0.
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Proof. Let (a,b) € £E(H). Then

W(Fa, Fb)
< aW(a,b)
< amax {W(a,b),W (a, Fa) , W(b, Fb), W(a, Fb), W(b, Fa)} .

Therefore, (Q2) is held for F and as a result, F is a perturbed H-quasi-
contraction. Applying Theorem @, the assertion will be obtained. [

Next, presume F : A — A is a perturbed Kannan H-contraction
mapping in the sense of Bojor [3, Definition 4], in a perturbed metric
space. Then we obtain the following corollary.

Corollary 2.9. Assume (A, W,S) is a complete perturbed metric space
equipped with the graph H, and F : A — A is an orbitally perturbed H-
continuous on A and also, a perturbed Kannan H-contraction mapping,
i.e.
o F preserves the edges of H,
e thereisa € [0,1) so that W(Fa, Fb) < a[W (a, Fa)+W(b, Fb)]
for each a,b € A with (a,b) € E(H).

Then the restriction of F to Cr has a fized point. Specifically, if F is a
perturbed Kannan H-contraction mapping, F possesses a fixed point in

A iff Cr # 0.
Proof. If (a,b) € E(H), then
W(Fa, Fb)
< aW (a, Fa) + W(b, Fb)]
< 2amax {W (a, Fa) , W(b, Fb)}
< 2amax {W(a,b),W (a, Fa) ,W(b, Fb), W(a, Fb), W(b, Fa)}
Thus, (Qy) is held for F, and F will be a perturbed H-quasi-contraction.

Now, using Theorem @, we conclude that the restriction of F to Cr
possesses a fixed point. d

Now, suppose F : A — Ais a perturbed Cirié¢-Reich-Rus H-contraction
mapping in the sense of Bojor [4, Definition 7] in a perturbed metric
space. Hence we get the following corollary.

Corollary 2.10. Assume (A,W,S) is a complete perturbed metric space
equipped with the graph H, and F : A — A is an orbitally perturbed H-
continuous on A and also, a perturbed Cirié-Reich-Rus H-contraction
mapping, i.e.

o F preserves the edges of H,
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o there is a ¥,(,n >0 with 9 +(+n <1 so that
W(Fa, Fb) < IW (a, Fa) + (W (a, Fa) + AV (b, Fb)
for all a,b € A with (a,b) € E(H).

Then the restriction of F to Cx has a fixed point. Specifically, if F is a
perturbed Cirié-Reich-Rus H-contraction mapping, F possesses a fized
point in A iff Cr # (.

Proof. Let (a,b) € E(H). Then

W(Fa, Fb) <IW (a, Fa) + (W (a, Fa) + AV (b, Fb)
< (W4 ¢+ n)max {W(a,b), W (a, Fa) , W(b, Fb),
W(a, Fb), W(b, Fa)}.
Hence, (Qs) is held for F and so F is a perturbed Cirié-Reich-Rus -

contraction. Applying Theorem R.6, the restriction of F to Cr possesses
a fixed point. d

Finally, presume F : A — A is a perturbed A-generalized contraction
mapping in the sense of Ciri¢ [5, Definition 2.1] in a perturbed metric
space. Then we get next corollary.

Corollary 2.11. Assume (A, W,S) is a complete perturbed metric space
equipped with the graph H, and F : A — A is an orbitally perturbed H-
continuous on A and also, a perturbed \-generalized contraction map-
ping, i.e.

o F keeps the edges of H,

e there are four functions v,0,9,§ : A x A — [0, 00) with

sup {y(a,b) +d(a, b) + ¥(a,b) + 2¢(a,b) :a,be Ax A} =A< 1
so that
W(Fa, Fb) < v(a,b)W(a,b) + (a, )W (a, Fa) + I(a, b)W(b, Fb)
+&(a,b) W(a, Fb) + W(b, Fa))
for all a,b € A with (a,b) € E(H).
Then the restriction of F to Cr has a fixed point. Specifically, if F is a
perturbed \-generalized contraction mapping, F possesses a fized point
in A iff Cr # 0.
Proof. Let (a,b) € £(H). Then
W(Fa, Fb) < v(a,b)W(a,b) 4+ d(a, b)W (a, Fa) + I(a, b)W(b, Fb)
+&(a,b) W(a, Fb) + W(b, Fa))
< (y(a,b) + (a, b) + Y¥(a, b) + 2¢(a, b))
max {W(a,b), W (a, Fa), W(b, Fb), W(a, Fb), W(b, Fa)}
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< Amax {W(a,b), W (a, Fa), W(b, Fb), W(a, Fb), W(b, Fa)}

Therefore, (Q2)is held for F and so F is a perturbed A-generalized con-
traction mapping. Hence, by Theorem P.6, the restriction of F to Cr
possesses a fixed point. O

Some consequences of the main theorem can also be obtained by
choosing particular graphs. Take (A, C) a partially ordered set and de-
fine the graph H; by V(H1) = Aand E(H1) = {(a,b) e Ax A:aC b}.
It is evident that £(?1) contains all loops. Consider (A, W..S) with H;.
The following is the partially ordered version of Theorem P.6.

Corollary 2.12. Assume (A, W,S) is a complete perturbed metric space
with the partial order C, and F : A — A is a perturbed ordered quasi-
contraction and is orbitally perturbed ordered-continuous on A. Then
the restriction of F to Cr has a fixed point. Specifically, if F is perturbed
ordered quasi-contraction, F possesses a fized point in A iff Cx # 0.

For the next consequence, take (A,C) a partially ordered set, and
define graph Hs by V(Hz) = A and E(H2) = {(a,b) e Ax A:aC
borb C a}. Setting H = Hz in Theorem , we obtain another
perturbed H-quasi-contraction in complete perturbed partially ordered
metric space.

Corollary 2.13. Assume (A, W, S) is a complete perturbed metric space
with the partial order C, and F : A — A is a perturbed Ha-quasi-
contraction and orbitally perturbed ordered-continuous on A. Then the
restriction of F to Cr has a fixed point. Specifically, if F is perturbed
ordered quasi-contraction, F possesses a fized point in A iff Cx # (.
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