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Application of the Quasilinearization Method to Approximate
Non-linear Delay Differential Equations in Physical Problems

Fateme Sheikhi1 and Bahman Ghazanfari2∗

Abstract. This paper investigates the application of the Quasilin-
earization Method (QLM) for approximating non-linear delay dif-
ferential equations (DDEs), which are prevalent in fields such as
control systems and population dynamics. QLM effectively trans-
forms these complex non-linear problems into a system of linear
equations, a key advantage for computational efficiency. Our work
provides two main contributions: a rigorous mathematical proof
demonstrating the quadratic convergence of the proposed technique
and numerical examples that illustrate its practical applicability
and reliability. We apply QLM to DDEs with various non-linear
forms, including quadratic and exponential types and with fixed,
discrete delays. The results confirm that the method is highly ac-
curate, computationally efficient and easy to implement, making it
a valuable tool for future research.

1. Introduction

Differential equations with delays, commonly-known as delay differ-
ential equations (DDEs) are extensively utilized in various fields, in-
cluding control systems, population dynamics and engineering sciences
[6, 16, 18, 19, 24]. The initial value problem for the non-linear delay dif-
ferential equation is presented in Equation (1.1), which consists of the
main differential equation and its initial function defined over a specific
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interval as follows:

(1.1)


u(n)(r) = F

(
r, u(r), u′(r), . . . , u(n−1)(r), u(r − τ0),

u′(r − τ1), . . . , u
(n−1)(r − τn−1)

)
, r ≥ r0,

u(r) = ϕ(r), r ≤ r0,

where 0 < τ0≤τ1≤ · · ·≤τn−1 and r0 = 0.
Delay differential equations are characterized by their dependence on

prior values of the solution and its derivatives, along with an initial
function instead of the conventional initial conditions. This dependence
on prior values, defined by the delay terms, introduces a considerable
challenge in analyzing and numerically solving these types of equations.
Various methods have been documented in the literature for solving
these equations. Senu et al. [26] used the two-derivative Runge-Kutta
type method with Newton interpolation, while Chatzarakis et al. [8]
solved these types of equations using scillation criteria. Bellour et al.
in [4] applied the Taylor collocation method. Hoo et al. [13] solved
these equations using the direct two-point block method. Kocak et al.
in [17] employed the homotopy perturbation and variational iteration
methods. Jaaffar et al. [14] proposed a fifth-order direct multistep
block method. Also, Aibinu solved the delay differential equations via
Sumudu transforms [1] and Rihan utilized the numerical method based
on modified ODE formulae [25].

Among these methods, the QLM effectively approximates solutions
to equations of the form (1.1), particularly those arising in physical
contexts. The QLM has been applied to a variety of non-linear ODEs
[20–23, 27, 28].

However, its application to DDEs requires careful consideration of
the specific challenges created by the delay terms. We demonstrate that
with a sufficient number of iterations, it is possible to achieve efficient
numerical results with rapid convergence.

Generally, this article focuses on the application of the QLM to the
approximation of delay differential equations. While some articles have
applied this method to other types of equations, its application to phys-
ical delay differential equations has been limited.

The framework of the paper is as follows:
In Section 2, describe of the technique. Section 3 presents a brief dis-
cussion on convergence analysis. In Section 4, we present examples that
illustrate the effectiveness of the proposed algorithm. Finally, the last
Section provides a conclusion.
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2. Description of the Technique

The QLM was originally developed by Bellman and Kalaba [15]. The
main idea of this technique is to replace a non-linear differential equation
with a sequence of linear differential equations. Nowadays, this method
has been utilized and further expanded by various researchers [20, 21,
23, 27, 28].

Now, we consider the non-linear delay differential equation (1.1) as a
general DDE of order n, while F is a non-linear function and
τ0, τ1, · · · , τn−1 are the delays. To simplify, we use the following symbols:

u0(r) = u(r), u1(r) = u′(r), . . . , un−1(r) = u(n−1)(r),(2.1)
u0τ0(r) = u(r − τ0), u1τ1(r) = u(r − τ1),

...
u(n−1)τn−1

(r) = u(r − τn−1).

So, by using these expressions, we can rewrite equation (1.1) as follows:
(2.2)

Lnu(r) = F
(
r, u0(r), . . . , un−1(r), u0τ0(r), . . . , u(n−1)τn−1

(r)
)
= 0.

On the other hand, we choose initial guesses for u0(r), u1(r), . . . , un−1(r)
respectively as follows:
(2.3) u0,0(r), u1,0(r), . . . , u(n−1),0(r).

By using the Quasilinearization method for solving (2.2), we obtain the
iterative approximation un+1(r) as a solution of the following linear delay
differential equation:

Lnuk+1(r)

(2.4)

= F (r, u0,k(r), u1,k(r), . . . , un−1τn−1,k(r))

+

n−1∑
i=0

(ui,(k+1)(r)− ui,k(r))
∂F

∂ui
(r, u0,k(r), u1,k(r), . . . , un−1τn−1,k(r))

+
n−1∑
i=0

(uiτi,k+1(r)− uiτi,k(r))
∂F

∂uiτi
(r, u0,k(r), u1,k(r), . . . , un−1τn−1,k(r)).

In the interval 0≤r≤τ0, we obtain:
u(r − τ0) = ϕ(r − τ0),(2.5)
u′(r − τ0) = ϕ′(r − τ0),

...
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Then, the QLM is applied for τ0≤r≤τj , where j is the smallest index such
that τ0 ̸=τj . This procedure is continued iteratively until an approximate
solution of (1.1) is obtained.

3. Convergence Analysis

The convergence of the method will be briefly demonstrated in this
section [3]. This proof will require the Green’s function G(r, θ), which
for the homogeneous system:
(3.1) y′′k+1(r) = 0, yk+1(0) = yk+1(rf ) = 0,

can be obtained easily [9, 10, 29]:

G(r, θ) =
r(θ − rf )

rf
, 0≤r≤θ,(3.2)

G(r, θ) =
θ(r − rf )

rf
, θ≤r≤rf .(3.3)

To address the issue of convergence, it can be shown that the sequence
of functions uk(r) converges to the solution of the original equation if
the value of rf or the length of the interval [0, rf ] is sufficiently small.
For simplicity, the sequence defined by the following system will be con-
sidered:

u′′k+1(r) = f(uk(r)) + (uk+1(r)− uk(r))fuk(r)(uk(r))(3.4)
uk+1(0) = uk+1(rf ) = 0.(3.5)

Our proof follows that of Kalaba [15]. Equation (3.4) can be written as:
(3.6) u′′k(r) = f(uk−1(r)) + (uk(r)− uk−1(r))fuk−1(r)(uk−1(r)).

By subtracting equation (3.4) from equation (3.6), we obtain:
u′′k+1(r)− u′′k(r) = f(uk(r))− f(uk−1(r))(3.7)

− (uk(r)− uk−1(r))fuk−1(r)(uk−1(r))

+ (uk+1(r)− uk(r))fuk(r)(uk(r)),

where the term (uk+1(r)− uk(r)) represents the difference between suc-
cessive approximations and can be considered as the unknown in this
context. Using the mean value theorem, we can demonstrate that:

f(uk(r))− f(uk−1(r))− (uk(r)− uk−1(r)) fuk−1(r)(uk−1(r))(3.8)

=
1

2
(uk(r)− uk−1(r))

2fvv(v),

where v lies between uk−1(r) and uk(r). By substituting equation (3.8)
to the equation (3.7) and converting it into an integral equation, we find
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that equation (3.7) becomes:

uk+1(r)− uk(r) =

∫ rf

0
G(r, θ)

[
1

2
(uk(r)− uk−1(r))

2 fvv(v)(3.9)

+ (uk+1(r)− uk(r)) fuk(r) (uk(r))

]
dθ.

Consider the absolute values and let m1 = max |fvv(v)| and the larger
value of max |f(u(r))| and max |f(uk(r))| by m, so we get:

|uk+1(r)− uk(r)|≤
rf
4

∫ rf

0

[m1

2
(uk(r)− uk−1(r))

2(3.10)

+m |uk+1(r)− uk(r)|
]
dθ.

Now, the equation (3.10) can be rearranged:

|uk+1(r)− uk(r)|≤

 m1

r2f
8

1−m
r2f
4

 (uk(r)− uk−1(r))
2(3.11)

= κ (|uk(r)− uk−1(r)|)2 .
The above equation shows that the convergence is quadratic if there is
convergence at all. Rewrite equation (3.11) as follows:

|uk+1(r)− uk(r)| ≤κ (|uk(r)− uk−1(r)|)2 ,(3.12)
|uk(r)− uk−1(r)| ≤]κ (|uk−1(r)− uk−2(r)|)2 ,

|uk−1(r)− uk−2(r)| ≤κ (|uk−2(r)− uk−3(r)|)2 ,
...

|u2(r)− u1(r)| ≤κ (|u1(r)− u0(r)|)2 .
By the use of simple substitution, we have:

|uk+1(r)− uk(r)|≤κ (|uk(r)− uk−1(r)|)2(3.13)

≤κ
(
κ (|uk−1(r)− uk−2(r)|)2

)2

≤ · · ·
that the following inequality can be obtained:

|uk+1(r)− uk(r)|≤κ
[
κ2

k−2 (|u1(r)− u0(r)|)2
k
]

(3.14)

=
[κ (u1(r)− u0(r))]

2k

κ
.
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If the quantity [κ(u1(r)− u0(r))]<1 holds, the right-hand side of (3.14)
will approach zero as k increases. Therefore, uk(r) will approach a func-
tion u(r) an equation (3.2) is reduced to:

(3.15) u(r) =

∫ rf

0
G(r, θ)f (u(θ)) dθ.

Thus, the function u(r) satisfies the original equation. Observe that if
The value of r, or the length of the interval [0, r] is sufficiently small,
the quantity

κ (|u1(r)− u0(r)|)
will be less than one. It is interesting to further observe that this quan-
tity also depends on the maximum value of

|u1(r)− u0(r)| .

Thus, if the interval [0, rf ] is too large, we can always, at least theoreti-
cally, choose a better initial approximation u0(r) so that the maximum
difference between the absolute values of u1(r) and u0(r), will be small
enough to make

[κ (|u1(r)− u0(r)|)]
less than one.

4. Numerical Examples

To demonstrate the applicability of the presented numerical method,
we consider some examples.

Example 4.1. Consider the following delay differential equation:
(4.1) u′(r) + u′′(r − 5) = −gun(r)u′(r − 5), u(0) = 1

subject to
(4.2) u(r) = 1 + r, r≤0.

For 0≤r<5, we can obtain −5≤r − 5<0. So, the following relation
can be concluded from relation (4.2):
(4.3) u′(r − 5) = 1 ⇒ u′′(r − 5) = 0.

By substituting (4.3) in (4.1), we get the following equation:
(4.4) u′(r) = −g.un(r), u(0) = 1,

which is a non-linear ordinary differential equation suggested in [5].
In this situation, we have:

(4.5) u(r) =
1

(1 + (n− 1)gr)−
1

n−1

.
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Now, for 5≤r<10, we have 0≤r − 5<5. So, by using relation (4.5), we
obtain:
(4.6) u′(r − 5) = f ′(r − 5), ⇒ u′′(r − 5) = f ′′(r − 5).

Then by substituting equation (4.6) into equation (4.1), we have:
(4.7) u′(r) + f ′′(r − 5) = −gun(r)f ′(r − 5).

We get the initial condition for (4.7) by substituting r = 5 in equation
(4.5). Then, by applying equation (2.4) to equations (4.4) and (4.7)
respectively, we get:
(4.8) u′k+1(r) + ngun−1

k (r)uk+1(r) = (n− 1)gunk(r), uk+1(0) = 1,

and

u′k+1(r) = −f ′′(r − 5)− gunk(r) + (uk+1(r)− uk(r))
(
ngun−1

k (r)f ′(r − 5)
)
,

(4.9)

uk+1(5) = 0.5212011081.

The given boundary value will be used as the initial guess for the rela-
tions (4.8) and (4.9) i.e., u0(r) = 1. These equations are solved and the
results are plotted in Figure 1 (a) for 0≤r<5, (b) for 5≤r<10 and in
Figure 2 for 0≤r<10.

As shown in Figures 1 and 2, the Quasilinearization Method (QLM)
demonstrates rapid convergence. The difference between successive it-
erations approaches zero quickly, with the method achieving a highly
accurate solution after only a few iterations. This result confirms the
effectiveness of our approach for this specific type of non-linear delay
differential equation.

(a) The obtained graphs for 0≤r<5. (b) The obtained graphs for 5≤r<10.

Figure 1. Numerical solutions of example 4.1.
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Figure 2. The obtained graphs of example 4.1 for 0≤r<10.

Example 4.2. We analyze the following delay differential equation:
(4.10) u′′(r) + u(r) + gu3(r)u(r − 3) = 0, u′(0) = 0,

subject to
(4.11) u(r) = 1; r≤0.

For 0≤r≤3, we have −3≤r−3<0. Then, as a result of relation (4.11),
We get:
(4.12) u(r − 3) = 1.

By substituting (4.12) in (4.10), we have:
(4.13) u′′(r) + u(r) + gu3(r) = 0, u(0) = 1, u′(0) = 0,

which is a form of the classical anharmonic oscillator, a non-linear Duff-
ing equation.

Now, for 3≤r<6, we have 0≤r − 3<3, which is outside the range
defined in relation (4.11). So, we obtain u(r) using an interpolation
method and then we calculate u(r − 3) = q(r). Substituting this into
(4.10) yields:
(4.14) u′′(r) + u(r) + gu3(r)q(r) = 0,

with initial conditions u(3) and u′(3) obtained using the interpolation
function.

Then, by using equation (2.4) on equations (4.13) and (4.14) Respec-
tively, we have:
(4.15)
u′′k+1(r)+

(
1 + 3gu2k(r)

)
uk+1(r)−2gu3k(r) = 0, uk+1(0) = 1, u′k+1(0) = 0,

and
u′′k+1(r) + uk+1(r) + 3gu2k(r)uk+1(r)q(r)− 2gu3k(r)q(r) = 0,(4.16)
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uk+1(3) = 0.552323766, u′k+1(3) = 1.149835921.

The initial guess for the iterative process in (4.15) is u0(r) = 1. The
presented equations are solved with five iterations and the results are
plotted in Figure 3 (a) for 0≤r<3, (b) for 3≤r<6 and in Figure 4 for
0≤r<6.

As shown in Figures 3 and 4, the Quasilinearization Method (QLM)
demonstrates rapid convergence. The difference between successive it-
erations approaches zero quickly, with the method achieving a highly
accurate solution after only a few iterations. This result confirms the
effectiveness of our approach for this specific type of non-linear delay
differential equation.

(a) The obtained graphs for 0≤r<3. (b) The obtained graphs for 3≤r<6.

Figure 3. Numerical solutions of Example 4.2.

Figure 4. The obtained graphs of example 4.2 for 0≤r<6.
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Example 4.3. In this example, consider the following third-order delay
differential equation:

(4.17) u′′′(r) +
1

2
u′′(r)u(r)u′(r − 4) = 0,

subject to

(4.18) u(r) =
1

16
r2(r − 4), r≤0.

For r≤0, from (4.18) we have the initial conditions at r = 0:
(4.19) u(0) = 0, u′(0) = 0.

The value u′(4) = 1 can also be calculated.
For 0≤r<4, we have −4≤r − 4<0. Thus, by relation 4.18, we can

obtain:
(4.20) u′(r − 4) = 1.

By substituting (4.20) in equation (4.17), we get:

(4.21) u′′′(r) +
1

2
u′′(r)u(r) = 0, u(0) = u′(0) = 0, u′(1) = 1,

which is a form of the non-linear Blasius equation.
Now, for 4≤r<8, we have 0≤r − 4<4, which is outside the range

defined in (4.18). So, we obtain u(r) using an interpolation method
and then we calculate u(r − 4) = q(r) and u′(r − 4) = q′(r). Then, by
substituting these quantities in equation (4.17), we obtain:
(4.22)

u′′′(r) +
1

2
u′′(r)u(r)q′(r) = 0, u(4) = u′(4) = 0, u′(8) = 1.

Then, by using equation (2.4) in equations (4.21) and (4.22) Respec-
tively, we have:

u′′′k+1(r) + uk(r)u
′′
k+1(r) + uk+1(r)u

′′
k(r)− uk(r)u

′′
k(r) = 0,

uk+1(0) = u′k+1(0) = 0, u′k+1(4) = 1,
(4.23)

and

u′′′k+1(r) = −1

2
u′′k(r)uk(r)q

′(r) + (uk+1(r)− uk(r))

(
−1

2
u′′k(r)q

′(r)

)(4.24)

+
(
u′′k+1(r)− u′′k(r)

)(
−1

2
uk(r)q

′(r)

)
,

uk+1(4) = u′k+1(4) = 0, u′k+1(8) = 1.

In this context, the initial estimation for the equations (4.23) and (4.24)
is chosen to be u0(r) = 1. These equations are solved and at last, the
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results are plotted in Figure 5 (a) for 0≤r<4, (b) for 4≤r<8 and in
Figure 6 for 0≤r<8.

As shown in Figures 5 and 6, the Quasilinearization Method (QLM)
demonstrates rapid convergence. The difference between successive it-
erations approaches zero quickly, with the method achieving a highly
accurate solution after only a few iterations. This result confirms the
effectiveness of our approach for this specific type of non-linear delay
differential equation.

(a) The obtained graphs for 0≤r<4. (b) The obtained graphs for 4≤r<8.

Figure 5. Numerical solutions of Example 4.3.

Figure 6. The obtained graphs of Example 4.3 for 0≤r<8.

Example 4.4. The delay Lane-Emden type equation is as follows:

(4.25) u′′(r) +
um(r)

rm−1
+ u(r − 1) = 0
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with initial conditions:
(4.26) u(0) = 0, u′(0) = 1,

and defined u(r) for r≤0. In this type of equation, the parameter m is
related to the equation of state, with a physical range of 0≤m≤5.

In this example, we set m = 4. Thus, the equation becomes:

(4.27) u′′(r) +
u4(r)

r3
+ u(r − 1) = 0, u(0) = 0, u′(0) = 1,

Subject to:
(4.28) u(r) = r, r≤0.

For 0<r≤1, we have −1<r − 1≤0. According to relation (4.28), we
have:
(4.29) u(r − 1) = r.

By substituting (4.29) in equation (4.27), we get:

(4.30) u′′(r) +
u4(r)

r3
+ r = 0, u(0) = 0, u′(0) = 1.

Now, for 1<r≤2, we have 0<r−1≤1, which is outside the range defined
in (4.28). So, we obtain u(r) on this interval. Then, we calculate u(r −
1) = p(r) and by substituting this into equation (4.27), we get:

(4.31) u′′(r) +
u4(r)

r3
+ p(r) = 0, u(1) = 0, u′(1) = 1.

Applying equation (2.4) to equations (4.30) and (4.31) respectively yields:

u′′k+1(r)− 3
u4k(r)

r3
+ 4

u3k(r)

r3
uk+1(r) + r = 0,(4.32)

uk+1(0) = 0, u′k+1(0) = 1,

and

u′′k+1(r)− 3
u4k(r)

r3
+ 4

u3k(r)

r3
uk+1(r) + p(r) = 0,(4.33)

uk+1(1) = 0.7164238617, u′k+1(1) = 0.2241501898.

Finally, the results obtained from solving these equations are reported
In Figure 7 (a) for 0≤r<1, (b) for 1≤r<2 and in Figure 8 for 0≤r<2.

As shown in Figures 7 and 8, the Quasilinearization Method (QLM)
demonstrates rapid convergence. The difference between successive it-
erations approaches zero quickly, with the method achieving a highly
accurate solution after only a few iterations. This result confirms the
effectiveness of our approach for this specific type of non-linear delay
differential equation.
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(a) The obtained graphs for 0≤r<1. (b) The obtained graphs for 1≤r<2.

Figure 7. Numerical solutions of Example 4.4.

Figure 8. The obtained graphs of Example 4.4 for 0≤r<2.

Example 4.5. We consider m = 5 for the Lane-Emden equation pre-
sented in previous example. Therefore, we have equations (4.25)-(4.26)
as follows:

(4.34) u′′(r) +
u5(r)

r4
+ u(r − 1) = 0, u′(0) = 1,

subject to

(4.35) u(r) = 0, r≤0.

For 0<r≤1, we have −1<r−1≤0. Thus, from relation (4.35), we get:

(4.36) u(r − 1) = 0.
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Now, by substituting (4.36) into equation (4.34), we get:

(4.37) u′′(r) +
u5(r)

r4
= 0, u(0) = 0, u′(0) = 1.

For 1<r≤2, we have 0<r − 1≤1, which is outside the range defined in
(4.35). Therefore, using the solution obtained for equation (4.37), we
calculate u(r − 1) = g(r) and substitute it into (4.34) to get:

(4.38) u′′(r) +
u5(r)

r4
+ g(r) = 0, u(0) = 0, u′(0) = 1.

Applying equation (2.4) to equations (4.37) and (4.38) yields:
(4.39)

u′′k+1(r) + 5
u4k(r)

r4
uk+1(r)− 4

u5k(r)

r4
= 0, uk+1(0) = 0, u′k+1(0) = 1,

and

u′′k+1(r) + 5
u4k(r)

r4
uk+1(r)− 4

u5k(r)

r4
+

1√
1 + (r−1)2

3

= 0,

uk+1(1) = 0.866025566, u′k+1(1) = 0.649879038.

(4.40)

Finally, the results obtained from solving these equations are reported
in Figure 9 (a) for 0≤r<1, (b) for 1≤r<2 and for 0≤r<2 in Figure 10.
As shown in Figures 9 and 10, the Quasilinearization Method (QLM)
demonstrates rapid convergence. The difference between successive it-
erations approaches zero quickly, with the method achieving a highly
accurate solution after only a few iterations. This result confirms the
effectiveness of our approach for this specific type of non-linear delay
differential equation.

(a) The obtained graphs for 0≤r<1. (b) The obtained graphs for 1≤r<2.

Figure 9. Numerical solutions of example 4.5.
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Figure 10. The obtained graphs of example 4.5 for 0≤r<2.

5. Conclusion

In this study, we successfully applied the Quasilinearization Method
(QLM) to a new class of non-linear delay differential equations (DDEs)
prevalent in various physical applications. Our approach effectively
transforms these complex non-linear problems into a sequence of lin-
ear differential equations, a key process that ensures computational ef-
ficiency. We provided a rigorous mathematical proof demonstrating the
quadratic convergence of our method and our numerical results consis-
tently confirmed its high accuracy and straightforward implementation.
These findings establish QLM as a valuable and robust tool for solving
this class of equations.

While our method demonstrates exceptional performance, it is impor-
tant to acknowledge its limitations. The current approach is primarily
suitable for a specific class of non-linearities and constant delays within
the scope of our numerical examples. Further research is required to ex-
plore its computational performance when dealing with more complex
non-linear terms or state-dependent delays over larger time intervals.

Furthermore, our work opens several promising avenues for future re-
search [2, 7, 11, 12, 30, 31]. One significant direction involves extending
the application of the QLM to DDEs formulated using other general-
ized differential operators, such as the local generalized derivative or
the conformable derivative. The use of these alternative operators could
offer new insights into the behavior of complex systems and broaden the
applicability of the QLM approach. In summary, our findings establish
QLM as a powerful and innovative tool for analyzing delay differen-
tial equations, which enables researchers to address a wider variety of
physical problems using more accurate mathematical models.
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