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Abstract. This paper introduces and explores the concept of sta-
tistical derivatives within the framework of deferred Nörlund summa-
bility, complemented by illustrative examples. Leveraging this ap-
proach, we establish a new Korovkin-type theorem for a specific
class of algebraic test functions, namely 1, x and x2, within the
Banach space C[0, 1]. Our findings serve as a significant general-
ization of several classical and statistical Korovkin-type results in
approximation theory. Furthermore, we examine the rate of con-
vergence associated with statistical derivatives under deferred Nör-
lund summability, providing insights into the effectiveness of this
summability method. To validate our theoretical results, we present
numerical examples alongside graphical visualizations created using
MATLAB, offering a clearer perspective on the convergence behav-
ior of the proposed operators.

1. Introduction

In mathematical analysis, fundamental concepts such as limits, conti-
nuity and derivatives have been extensively studied for centuries, form-
ing the core principles of calculus and advanced analysis [31]. Over time,
these foundational ideas have been expanded and refined to address
more complex mathematical problems, leading to the development of
new tools and techniques. One such advancement is the study of Cesàro
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limits, a generalization in summability theory that has contributed sig-
nificantly to understanding the convergence behavior of sequences and
series [13]. Building upon these developments, researchers have explored
various summability methods, deepening our comprehension of function
behavior and extending classical results in analysis [24]. In particular,
the work of Connor and Grosse-Erdmann [9] has provided significant
contributions by investigating Cesàro continuity, along with statistical
limits and statistical continuity. These studies have played a crucial
role in broadening the theoretical framework of summability, offering
new perspectives on function and sequence convergence. The reader
may also consult the recent monographs [4, 5], along with the refer-
ences cited therein, which focus on spaces of double sequences generated
through the domain of specific four-dimensional triangular matrices and
related areas. Additionally, further insights into newly introduced dou-
ble sequence spaces can be found in the research articles [45–47].

Despite these advancements, certain aspects of summability theory
remain underdeveloped. In particular, the notions of the deferred Nör-
lund derivative and the statistical deferred Nörlund derivative have not
been extensively examined. These concepts provide a refined approach
to summability by introducing a more intricate mechanism for analyzing
function convergence, especially in the context of statistical and Nörlund
summability. Exploring these ideas can lead to a deeper understanding
of the approximation properties of functions and operators.

Approximation theory plays a fundamental role in mathematical anal-
ysis, particularly in understanding how well certain operators can ap-
proximate functions within a given function space. One of the most
significant results in this field is Korovkin’s theorem, which provides
conditions under which a sequence of positive linear operators converges
uniformly to a function. Over the years, many researchers have extended
Korovkin-type theorems using different types of summability methods to
improve convergence properties. In this direction, statistical summabil-
ity methods have gained considerable attention due to their effectiveness
in dealing with non-traditional convergence sequences.

This paper aims to bridge this gap by formally introducing the de-
ferred Nörlund derivative and the statistical deferred Nörlund deriva-
tive within the framework of deferred Nörlund summability technique.
We present illustrative examples that demonstrate their effectiveness in
approximating functions. Using this methodology, we establish a new
Korovkin-type theorem applicable to a specific class of algebraic test
functions, namely 1, x and x2 within the Banach space [0, 1]. Our re-
sults significantly generalize existing Korovkin-type theorems, providing
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a broader perspective on function approximation. Additionally, we ana-
lyze the convergence rate of statistical derivatives within the framework
of deferred Nörlund summability technique. To support our theoretical
findings, we include numerical examples along with MATLAB-generated
graphical illustrations, offering a visual representation of the conver-
gence behavior of the proposed operators.

2. Preliminaries

Let
∑∞

k=0 ak be a given series and (sk) be the sequence of its partial
sums. Let (pk) be a sequence of real numbers and Pk =

∑k
i=0 pi. We

suppose that Pk ̸= 0 for all k. The series
∑

ak is said to be summable
(N, pk) to s when limk→∞ tk exists and its is equal to s, where

tk =
1

Pk

k∑
i=0

pk−isi.

Here, the sequence (tk) is called the kth (N, pk) mean or k th Nörlund
mean.

Let us recall the deferred Nörlund mean (see, Agnew [1], Srivastava
et al. [42]) of a sequence. Let (αk) and (βk) be the sequences in Z0+

with
αk < βk, k ∈ N, lim

k→∞
βk = ∞,

leading to the deferred Nörlund DN(αk, βk)-mean of the following form

DN(αk, βk) =
1

Pk

βk∑
i=αk+1

pβk−isi.

In the special case with pk =
(
k+α−1

k

)
= Aα−1

k , α > 0, the deferred
Nörlund mean reduces to the deferred Cesàro mean of order α, (C,α)
(see [13]).

The condition for the regularity of summability (N, pk) is pk
Pk

→ 0 and∑k
i=0 |pi| = O(|Pk|) as k → ∞.
If (pk) is a positive sequence and pk = 1

k+1 , then it is also easy to
see that, the deferred Nörlund mean (see [42]) reduces to the deferred
Cesàro mean of order 1 (see [17].

In recent years, statistical convergence has gained significant promi-
nence within modern mathematical discussions, often being favored over
traditional point-wise convergence. This shift is largely due to the foun-
dational work of two eminent mathematicians, Fast [11] and Steinhaus
[44], whose research has notably expanded the framework and applicabil-
ity of convergence theory. Today, statistical convergence is extensively
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utilized across a wide spectrum of disciplines in both pure and applied
mathematics, as well as in analytical statistics. Its relevance is par-
ticularly evident in fields such as Number Theory, Probability Theory,
Machine Learning, Soft Computing and Measure Theory. For a deeper
understanding, readers are encouraged to refer to [14, 15].

Next, the natural density of a subset S of natural numbers measures
how “large” the set is in terms of its proportion among the first k natural
numbers as k grows indefinitely. Formally, the natural density of S is
defined as the limit (if it exists)

d(S) = lim
k→∞

|{i ≦ k : k ∈ S}|
k

,

where |{i ≦ k : k ∈ S}| represents the number of elements of S that are
less than or equal to k.

In the context of statistical convergence (see [11, 44]), a sequence (ak)
is said to be statistically convergent to ℓ if the set of indices

Sϵ = {k ∈ N : |ak − ℓ| ≧ ϵ}

has natural density zero for every ϵ > 0. This means that the propor-
tion of terms in the sequence that deviate significantly from ℓ becomes
negligible in the long run, even if such deviations occur infinitely of-
ten. Thus, statistical convergence provides a more flexible notion of
convergence, allowing occasional large deviations as long as they form
an asymptotically small fraction of the sequence.

We now recall the definition of deferred Nörlund statistically conver-
gence criterion for real sequences.

Definition 2.1 ([42]). Let (αk) and (βk) be the sequences in Z0+. A
sequence (ak) is said to be deferred Nörlund statistically convergent to
a finite number ℓ if, for every ϵ > 0

Fϵ = {i : i ≦ Pk and pβk−i |ai − ℓ| ≧ ϵ}

ensures zero asymptotic density (see [17]), that is, for every ϵ > 0

δ
(
Fϵ

)
=

|Fϵ|
Pk

= 0, as k → ∞.

We write

statDN lim
k→∞

ak = ℓ.

During the latter half of the twentieth century, statistical convergence
became a topic of significant interest among mathematicians. One of the
early contributors, Šalát [34], examined the boundedness criteria related
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to statistical convergence and analyzed the behavior of real-number se-
quences under this framework. Around the same time, Fast [11] in-
troduced a precise definition of statistical Cauchy sequences and de-
rived fundamental results using summability techniques. Building upon
these foundational studies, Maddox [23] extended the concept to locally
convex spaces, providing crucial insights into statistical convergence in
broader mathematical structures. As research in this domain continued
to evolve, further advancements were made by Mursaleen and Belen [12],
who explored lacunary statistical summability for real sequences. Their
work introduced new methodologies that refined existing summability
techniques, contributing to a deeper understanding of statistical approx-
imation. These investigations collectively laid the groundwork for mod-
ern summability theory, inspiring further research into statistical limits,
function approximation and their applications in mathematical analysis.
The concept of statistical Cesàro summability was first introduced by
Móricz [27], who laid the foundation for its theoretical development and
practical applications. Building upon this, Mohiuddine et al. [26] made
significant contributions by establishing Korovkin-type theorems within
the framework of statistical Cesàro summability, further enhancing its
role in approximation theory. The study of statistical convergence via
weighted summability means gained prominence through the work of
Karakaya and Chishti [20], who played a key role in formalizing and
popularizing this approach. Subsequently, Mursaleen et al. [28] re-
fined these ideas by proving essential limit theorems, strengthening the
theoretical underpinnings of statistical summability. In more recent re-
search, Baliarsingh [3] introduced and explored a statistically deferred
A-convergence framework for uncertain sequences. His work contributed
various inclusion theorems, offering new perspectives on convergence
analysis and expanding the applicability of statistical summability in
mathematical analysis. In 2021, Saini et al. [33] explored equi-statistical
convergence in relation to deferred Cesàro and deferred Euler summa-
bility product means, establishing new Korovkin-type theorems in this
framework. Later, they revisited the topic in Saini et al. [32], extending
their findings to applications involving deferred Riesz statistical conver-
gence for complex uncertain sequences. Further advancements in the
field were made by Sharma et al. [35], who demonstrated statistical
deferred Cesàro convergence for fuzzy-number-valued sequences of or-
der (ξ, ω) showcasing its practical applications. Around the same time,
Srivastava et al. [42] investigated equi-statistical convergence using the
deferred Nörlund means, broadening the scope of statistical summability
techniques. Subsequently, Parida et al. [30] established Korovkin-type
theorems for sequences exhibiting equi-statistical convergence through



224 S. C. MAHAPATRA, B. B. JENA, S. K. PAIKRAY AND M. MURSALEEN

deferred Cesàro means, reinforcing the connection between statistical
summability and function approximation. More recently, Srivastava et
al. [36] introduced an innovative approach by analyzing equi-statistical
convergence using the power-series technique, proving specific approxi-
mation results that further expand the theoretical landscape of statisti-
cal summability.

3. Deferred Nörlund Derivative Mean

For a function g : R → R and a positive sequence (ak) satisfying
limk→∞ ak = 0, there exists two primary formulas to define the deriva-
tive of g at a point a0 as follows:

g′(a0) = lim
k→∞

g(a0 + ak)− g(a0)

ak

g′(a0) = lim
k→∞

g(a0 + ak)− g(a0 − ak)

2ak
.

The first formula represents Newton’s difference quotient, which mea-
sures the slope of a secant line passing through the function’s graph.
This approach forms the foundation of classical differentiation by ap-
proximating the instantaneous rate of change. The second formula,
known as the symmetric difference quotient, calculates the slope of a
chord connecting two points on the graph of g symmetrically around a0.
This method often provides a more accurate numerical approximation
of the derivative, especially in computational applications.

Adopting a similar approach, we proceed to define the deferred Nör-
lund derivative.

Definition 3.1. Let (αk) and (βk) be the sequences in Z0+ and let
(pk) be a sequence of non-negative numbers with Pk =

∑βk
i=αk+1 pi. A

function g : R → R possesses a deferred Nörlund derivative (DND)
ℓ ∈ R at a point a0 ∈ R if, for a0 > 0 and limk→∞ ak = 0, the following
condition holds:

lim
k→∞

1

Pk

βk∑
i=αk+1

pβk−i

(
g(a0 + ai)− g(a0)

ai

)
= ℓ.

To illustrate the concept of a deferred Nörlund derivative (DND), we
proceed with the following example.

Example 3.2. Let’s consider the function g(x) = x2 and analyze its
DND at a0 = 1. We choose ak = 1

k so that ak = 0. Define the sequence
(αk) and (βk) as αk = k, βk = 2k. Let pi = 1 for all i, which results in



KOROVKIN-TYPE THEOREMS VIA STATISTICAL · · · 225

Pk =
∑2k

i=k+1 pi = k. Next, the difference quotient is given by

g(a0 + ai)− g(a0)

ai
=

(1 + 1
i )

2 − 12

1
i

= 2 +
1

i
.

The weighted sum over the range i = k + 1 to 2k is:

1

Pk

2k∑
i=k+1

pβk−i

(
g(a0 + ai)− g(a0)

ai

)
=

1

k

2k∑
i=k+1

(
2 +

1

i

)

=
1

k

2k∑
i=k+1

2 +
1

k

2k∑
i=k+1

1

i

=
1

k
2k +

1

k
ln(2)

= 2 + 0

= 2.

Thus, the deferred Nörlund derivative at a0 = 1 is 2.
We now visualize the behaviour of the Deferred Nörlund Derivative

of the Function in Figure 1.
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f(x) = x2

Difference Quotient Points

Figure 1. Visualization of Deferred Nörlund Derivative
of g(x) = x2

Figure 1 illustrates key aspects of the deferred Nörlund derivative
(DND) and its computational behavior. The blue curve represents the
function g(x) = x2, highlighting its behavior in the vicinity of the point
a0 = 1. This visualization is useful for understanding local variations of
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the function, which are central to the concept of differentiation. The red
scatter points in the figure correspond to (a0+ak, g(a0+ak)),indicating
the specific locations where the difference quotients are calculated. As
the index k increases, these points move closer to a0, demonstrating
the refinement of the approximation. Consequently, the values of the
difference quotients converge to the actual derivative ℓ = 2 as k → ∞.

This behavior reveals that, although the DND employs an averag-
ing mechanism via Nörlund means, it still converges to the classical
derivative under suitable conditions. Therefore, the DND framework
introduces a more flexible approach to differentiation, especially useful
in scenarios where the classical derivative may not exist. Figure 1 effec-
tively visualizes this idea by showcasing the progression of the computed
slopes and their convergence behavior.

An equivalent definition in line with the above Definition 3.1 is pre-
sented below.

Definition 3.3. Let (αk) and (βk) be the sequences in Z0+ and let
(pk) be a sequence of non-negative numbers with Pk =

∑βk
i=αk+1 pi. A

function g : R → R possesses a deferred Nörlund derivative (DND)
ℓ ∈ R at a point a0 ∈ R if, for a0 > 0 and limk→∞ ak = 0, the following
condition holds:

lim
k→∞

1

Pk

βk∑
i=αk+1

pβk−i

(
g(a0 + ai)− g(a0 − ai)

2ai

)
= ℓ.

Next, we propose the definition of statistical deferred Nörlund deriv-
ative as follows.

Definition 3.4. Let (αk) and (βk) be the sequences in Z0+ and let
(pk) be a sequence of non-negative numbers with Pk =

∑βk
i=αk+1 pi. A

function g : R → R possesses a statistical deferred Nörlund derivative
(SDND) ℓ ∈ R at a point a0 ∈ R if, for a0 > 0 and limk→∞ ak = 0, the
following condition holds:

lim
k→∞

1

Pk

∣∣∣∣{i : i ≦ Pk and pβk−i

∣∣∣∣g(a0 + ak)− g(a0)

ak
− ℓ

∣∣∣∣ ≧ ϵ

}∣∣∣∣ = 0.

We may write

SDNDstatg
′(ak) = ℓ.

To construct such an example, we consider a function that has oscil-
latory behavior near a0, where the usual statistical derivative fails due
to irregular fluctuations, but the statistical deferred Nörlund derivative
(SDND) can still exist due to its smoothing effect.
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Example 3.5. Consider the function g(x) = x2+sin(1/x) for x > 0. At
a0 = 1, we analyze whether the statistical derivative and the statistical
deferred Nörlund derivative exist. The statistical derivative requires the
difference quotient,

g(a0 + ak)− g(a0)

ak
=

(1 + ak)
2 + sin(1/(1 + ak))− 12 − sin(1)

ak

=
2ak + a2k + sin(1/(1 + ak))− sin(1)

ak
.

For large k, the term sin(1/(1+ ak)) oscillates between −1 and 1, which
prevents the statistical derivative from existing, as the density of devia-
tions away from any limit is nonzero. However, the statistical deferred
Nörlund derivative (SDND) exists. Using deferred summation, we de-
fine ak = 1/k so that lim ak = 0 as k → ∞ and choose αk = k and
βk = 2k. Assign weights pi, leading to Pk =

∑2k
i=k+1 pi = k. Applying

the SDND condition, we have

lim
k→∞

1

Pk

∣∣∣∣{i : i ≦ Pk and pβk−i

∣∣∣∣g(a0 + ak)− g(a0)

ak
− ℓ

∣∣∣∣ ≧ ϵ

}∣∣∣∣ = 0.

Since averaging smooths out the oscillations of sin(1/(1+ ak)), the fluc-
tuations diminish in density, allowing the SDND to converge to ℓ = 2.

We now visualize the behaviour of the Deferred Nörlund Derivative
of the Function in Figure 2.
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Difference Quotient Points

Figure 2. Visualization of Deferred Nörlund Derivative
of g(x) = x2 + sin(1/x)
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Figure 2 presents important insights into the function g(x) = x2 +
sin(1/x) and demonstrates how the statistical deferred Nörlund deriv-
ative (SDND) yields a stable derivative where the standard statistical
derivative fails. The blue curve represents the graph of g(x), which fea-
tures rapid oscillations near the origin due to the sin(1/x) term. These
high-frequency oscillations lead to erratic behavior in the difference quo-
tient, making the classical statistical derivative undefined. The red scat-
ter points indicate the locations at which the difference quotients are
computed. Because of the oscillatory nature of sin(1/x), the computed
slopes fluctuate unpredictably at increasingly smaller scales. As a result,
no limiting value emerges for the difference quotient and the statistical
derivative fails to exist in the usual sense. This failure arises from the
fact that standard statistical differentiation depends on density-based
convergence, which breaks down in the presence of persistent oscilla-
tions.

In contrast, the deferred Nörlund method utilizes Nörlund averaging,
which effectively smooths the fluctuations by weighting the difference
quotients over a sequence. Although the individual slopes remain highly
variable, the averaged sum stabilizes, enabling the SDND to converge
to a finite value. Thus, Figure 2 highlights the strength of the SDND
approach in handling functions with severe local oscillations, offering a
generalized and robust notion of differentiation where traditional meth-
ods fall short.

An equivalent definition in line with the above Definition 3.4 is pre-
sented below.
Definition 3.6. Let (αk) and (βk) be the sequences in Z0+ and let
(pk) be a sequence of non-negative numbers with Pk =

∑βk
i=αk+1 pi. A

function g : R → R possesses a statistical deferred Nörlund derivative
(SDND) ℓ ∈ R at a point a0 ∈ R if, for a0 > 0 and limk→∞ ak = 0, the
following condition holds:

lim
k→∞

1

Pk

∣∣∣∣{i : i ≦ Pk and pβk−i

∣∣∣∣g(a0 + ak)− g(a0 − ak)

2ak
− ℓ

∣∣∣∣ ≧ ϵ

}∣∣∣∣ = 0.

We may write statSDNDg
′(ak) = ℓ.

The motivation of the study of function approximation plays a cru-
cial role in mathematical analysis, particularly in the development of
summability techniques that enhance convergence properties. Korovkin-
type theorems provide powerful tools for verifying the convergence of
operators, making them essential in approximation theory. However,
existing results often rely on classical summability methods, which may
not fully capture the behavior of certain sequences. To address this lim-
itation, we introduce statistical derivatives within the deferred Nörlund
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summability framework, offering a more refined approach. By establish-
ing a new Korovkin-type theorem and analyzing convergence rates, this
study aims to extend classical results while providing practical insights
through numerical and graphical validation.

4. A Korovkin-type Approximation Theorem

Over the years, mathematicians have devoted significant effort to ex-
tending and generalizing Korovkin-type theorems across diverse math-
ematical settings. These generalizations have been applied to a wide
spectrum of contexts, including function spaces, Banach algebras, ab-
stract Banach lattices and Banach spaces. The versatility of these results
has made them instrumental in numerous fields, such as partial differ-
ential equations, measure theory, optimization, machine learning, data
science and functional analysis.

Recent studies have further explored Korovkin-type approximations
within the framework of various statistical convergence techniques, as
discussed in works such as [10, 14, 16, 37–41]. A notable advancement
was made by Srivastava et al. [43], who introduced a more refined result
by employing equi-statistical convergence instead of uniform statistical
convergence. Additionally, numerous researchers have utilized the con-
cept of equi-statistical convergence to derive distinct results in various
mathematical frameworks, as documented in [7, 8, 19, 25, 29, 30, 42].

Building on these developments, this study focuses on investigating
the proposed statistical deferred Nörlund derivative means to establish
a Korovkin-type theorem in this specific direction of research.

The space C[0, 1] consists of all continuous functions (real-valued) de-
fined in the interval [0, 1], appareled with the norm ∥.∥∞. This norm,
defined for g ∈ C[0, 1] is the supremum (or maximum) of the absolute
values of g(x) over all x ∈ [0, 1] is given by

∥g∥∞ = sup
x∈[0,1]

{|g(x)|}.

Next, for a function g ∈ C[0, 1], the modulus of continuity symbolized
by ω(δ, g) is defined as the supremum of the norm of the difference of g
evaluated at x + y and x for all x and y within the range 0 ≦ |y| ≦ δ
such that

ω(δ, g) = sup
0≦|y|≦δ

∥g(x+ y)− g(x)∥[0,1], g ∈ C[0, 1].

Here, the norm and modulus of continuity are essential tools for analyz-
ing and measuring the behavior and continuity of functions within the
Banach space C[0, 1].
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Let R : C[0, 1] → C[0, 1] be a linear operator. In the standard termi-
nology, we say R is a positive linear operator under the condition x ≥ 0
implies R(g) ≧ 0. The value of R(g) at a point x ∈ [0, 1] is denoted by
R(g(x);x) or simply R(g;x).

The classical Korovkin-type theorem stated in [22] is formulated as
follows.

Let Rk : C[a, b] → C[a, b] be a positive linear operators sequence.
Then limk→∞ ∥Rk(g;x) − g(x)∥∞ = 0, (∀g ∈ C[a, b]) if and only if
limk→∞ ∥Rk(gj ;x)− gj(x)∥∞ = 0, (j = 0, 1, 2) where

g0(x) = 1, g1(x) = x, g2(x) = x2.

The statistical deferred Nörlund summability version of the theorem
settled by Srivastava et al. in [42] is stated as follows.

Let Rk : C[0, 1] → C[0, 1] be a sequence of positive linear operators.
The statement

DN(stat) lim
k→∞

∥Rk(g;x)− g(x)∥[0,1] = 0, (∀ g ∈ C[0, 1])

holds if and only if
DN(stat) lim

k→∞
∥Rk(gj ;x)− gj(x)∥[0,1] = 0, (j = 0, 1, 2)

where
g0(x) = 1, g1(x) = x, g2(x) = x2.

We establish the following theorem by employing the concept of the
statistical deferred Nörlund derivative technique.
Theorem 4.1. Let Rk : C[0, 1] → C[0, 1] be a positive linear operators
sequence. For all g ∈ C[0,∞),

lim
k→∞

SDWDstat ∥Rk(g;x)− g(x)∥[0,1] = 0,(4.1)

if and only if
lim
k→∞

SDWDstat ∥Rk(1;x)− 1∥[0,1] = 0,(4.2)

lim
k→∞

SDWDstat ∥Rk(t;x)− x∥[0,1] = 0,(4.3)

lim
k→∞

SDWDstat ∥Rk

(
t2;x

)
− x2∥[0,1] = 0.(4.4)

Proof. Given that each function gj(x) = 1, x, x2, where j = 0, 1, 2,
belongs to C(X = [0, 1]), thus the implications from (4.1) to (4.4) are
evidently true.

To finalize the proof of the theorem, we initially assume the validity of
(4.2) to (4.4). Consider g ∈ C[X], where there exists a positive constant
K such that

|g(x)| ≤ K, ∀x ∈ X = [0, 1].
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Thus, for t, x ∈ X, |g(t)− g(x)| ≤ 2K.
Consequently, for given ϵ > 0, there may exists δ > 0 such that

|g(t)− g(x)| < ϵ(4.5)
whenever |t− x| < δ, (∀ t, x ∈ X).

Let us write χ = χ(t, x) = (t− x)2. For |t− x| ≦ δ, we have

|g(t)− g(x)| < 2K

δ2
χ(t, x).(4.6)

From equation (4.5) and (4.6), we get

|g(t)− g(x)| < ϵ+
2K

δ2
χ(t, x),

this implies that

−ϵ− 2K

δ2
χ(t, x) ≦ g(t)− g(x) ≦ ϵ+

2K

δ2
χ(t, x).(4.7)

Since Rk(1, x) is monotone and linear, on application of the operator
Rk(1, x) to this inequality yields

Rk(1, x)

(
−ϵ− 2K

δ2
χ(t, x)

)
≦ Rk(1, x)(g(t)− g(x))(4.8)

≦ Rk(1, x)

(
ϵ+

2K

δ2
χ(t, x)

)
.

Since x is fixed, g(x) is a constant number. Therefore,

−ϵRk(g, ξ)− g(ξ)Rk(1, x) ≦ ϵRk(1, x) +
2K

δ2
Rk(χ, x).(4.9)

But

Rk(g, x)− g(x) = [Rk(g, x)− g(x)Rk(1, x)] + g(x)[Rk(1, x)− 1].
(4.10)

Using (4.9) and (4.10), we have

Rk(g, x)− g(x) < ϵRk(1, x) +
2K

δ2
Rk(χ, x) + g(x)[Rk(1, x)− 1].(4.11)

We now estimate Rk(χ, x) as,
Rk(χ;x) = Rk((t− x)2;x) = Rk

(
t2 − 2tx+ x2;x

)
= Rk

(
t2;x

)
− 2xRk(t;x) + x2Rk(1;x)

=
[
Rk

(
t2;x

)
− x2

]
− 2x [Rk(t;x)− x] + x2

[
Rk(1;x)− x2

]
.

Using (4.11), we obtain

Rk(g, x)− g(x) < ϵRk(1, x) +
2K

δ2

{ [
Rk

(
t2;x

)
− x2

]
− 2x [Rk(t;x)− x]

+ x2
[
Rk(1;x)− x2

] }
+ g(x)[Rk(1;x)− 1].
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= ϵ[Rk(1;x)− 1] + ϵ+
2K

δ2

{ [
Rk

(
t2;x

)
− x2

]
− 2x [Rk(t;x)− x] + x2[Rk(1, x)− 1]

}
+ g(x)[Rk(1, x)− 1].

Since ϵ is arbitrary, we write

|Rk(g, x)− g(x)| ≦ ϵ+

(
ϵ+

2K

δ2
+ K

)
|Rk(1, x)− 1|

(4.12)

+
4K

δ2
|Rk(t;x)− x|+ 2K

δ2
∣∣Rk

(
t2;x

)
− x2

∣∣
≦ B

(
|Rk(1;x)− 1|+ |Rk(t;x)− x|+

∣∣Rk

(
t2;x

)
− x2

∣∣) ,
where

B = max

(
ϵ+

2K

δ2
+ K,

4K

δ2
,
2K

δ2

)
.

Next, for a given r > 0, there exists ϵ > 0, such that ϵ < r. Then, by
setting

Γk(x, r) =

{
i : i ≦ Pk and pβk−i

∣∣∣∣Rk(g, x)− g(x)

ak
− ℓ

∣∣∣∣ ≧ r

}
,

and

Γj,k(x, r) =

{
i : i ≦ Pk and pβk−i

∣∣∣∣Rk(gj , x)− gj(x)

ak
− ℓ

∣∣∣∣ ≧ r − ϵ

3K

}
with a0 > 0 and ak → 0 as k → ∞, we obtain

Γk(x, r) ≦
2∑

j=0

Γj,k(x, r).

Clearly,

∥Γk(x, r)∥C(X)

Pk
≦

2∑
j=0

∥Γj,k(x, r)∥C(X)

Pk
.(4.13)

Applying the assumption mentioned earlier regarding the implications
from (4.2) to (4.4) and utilizing Definition 3.4, it becomes evident that
the right-hand side of (4.13) tends to zero as k approaches infinity. Con-
sequently, we get

lim
k→∞

∥Γk(x, r)∥C(X)

Pk
= 0, (r > 0).

Hence, the assertion in (4.1) is valid. This concludes the proof of Theo-
rem 4.1. □
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Taking into account Theorem 4.1, we established a Corollary (below)
by using the Definition 3.6.

Corollary 4.2. Let Rk : C[0, 1] → C[0, 1] be a positive linear operators
sequence. For all g ∈ C[0,∞),

lim
k→∞

statSDND ∥Rk(g;x)− g(x)∥[0,1] = 0,

if and only if
lim
k→∞

statSDND ∥Rk(1;x)− 1∥[0,1] = 0,

lim
k→∞

statSDND ∥Rk(t;x)− x∥[0,1] = 0,

lim
k→∞

statSDND ∥Rk

(
t2;x

)
− x2∥[0,1] = 0.

Proof. The proof for Corollary 4.2 being closely resembles to that of
Theorem 4.1. Thus, we opt to omit the intricate details. □

5. Numerical and Geometrical Analysis of Theorem 4.1

We provide an example below under a particular class of positive
linear operators known as the Bernstein polynomials and the differential
operators, in light of our Theorem 4.1.

Example 5.1. Consider the Bernstein polynomials Gk(g;x) on C[0, 1]
given by

Gk(g;x) =
k∑

i=0

g

(
i

k

)(
k

i

)
xi(1− x)k−i, (x ∈ [0, 1]; k = 0, 1, . . .).

(5.1)

Here, in this example, we introduce the positive linear operators on
C[0, 1] under the composition of the Bernstein polynomials and the dif-
ferential operators

x

(
1 + x

d

dx

)
,(5.2)

which was used by Al-Salam [2] as follows:

Rk(g;x) = [1 + g(x)]x

(
1 + x

d

dx

)
Gk(g;x), (∀g ∈ C[0, 1]),(5.3)

where (g) is the same as mentioned in Example 5.1.
We now estimate the values of each of the testing functions 1, x and

x2 by using our proposed operators (5.3) as follows:

Rk(1;x) = [1 + g(x)]x

(
1 + x

d

dx

)
1 = [1 + g(x)]x,
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Rk(x;x) = [1 + g]x

(
1 + x

d

dx

)
x = [1 + g]x(1 + x)

and

Rk

(
x2;x

)
= [1 + g]x

(
1 + x

d

dx

){
x2 +

x(1− x)

k

}
= [1 + g]

{
x2

(
2− 3x

k

)}
.

So that we obtain,
lim
k→∞

SDNDstat ∥Rk(1;x)− 1∥[0,1] = 0,

lim
k→∞

SDNDstat ∥Rk(t;x)− x∥[0,1] = 0,

lim
k→∞

SDNDstat

∥∥Rk

(
t2;x

)
− x2

∥∥
[0,1]

= 0,

that is, Rk(g;x) exhilarates the conditions (4.2) to (4.4). Therefore by
Theorem 4.1, we have

lim
k→∞

SDNDstat ∥Rk(g;x)− g(x)∥[0,1] = 0.(5.4)

Plotting separate figures for the functions 1, x and x2 as k increases
helps to visualize the uniform convergence of the operator Rk(g;x) to
g(x). Each plot offers distinct insights into the approximation behavior
for these basic functions:

Figure 3 illustrates the convergence of the operator Rk(1;x) to the
constant function 1 as k → ∞. This figure helps in understanding how
the operator maintains the fundamental structure of the function while
applying its approximation scheme. As k increases, the modifications
introduced by the operator diminish and the approximation steadily ap-
proaches the original constant function. This behavior confirms that the
operator accurately reproduces constant functions in the limit, showcas-
ing its consistency.

Figure 4 illustrates how effectively Rk(x;x) approximates the identity
function x. For small values of k, noticeable deviations from the true
function may occur. However, as k increases, the approximation be-
comes increasingly accurate, closely aligning with the original function.
This behavior confirms that the operator preserves linearity in the lim-
iting process, reinforcing its validity in approximating linear functions.

The quadratic function serves as a benchmark for testing the approxi-
mation capabilities of the operator on higher-degree polynomials. Figure
5 illustrates the convergence of Rk

(
x2;x

)
to the function x2, with the

approximation error diminishing as k increases. Any initial discrepan-
cies observed for small k reflect the level of smoothness preserved by
the operator. As k grows, the improved alignment with x2 confirms the
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operator’s ability to accurately approximate nonlinear functions in the
limiting process.
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Figure 3. Convergence of Rk(1, x)
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Figure 5. Convergence of Rk(x
2, x)

Overall, by observing these separate figures, we can confirm that the
operator Rk(g;x) satisfies the necessary conditions for uniform conver-
gence. The decreasing error across all cases as k increases supports the
theoretical result,

lim
k→∞

SDNDstat ∥Rk(g;x)− g(x)∥[0,1] = 0.

These figures provide valuable insight into how effectively Rk(g;x) ap-
proximates different types of functions and how rapidly convergence is
achieved as k increases.

6. Rate of Deferred Nörlund Derivative

In this section, we explore the rates of statistical deferred Nörlund
derivatives for a sequence of positive linear operators R(g;x) defined on
C[0, 1]. We employ the modulus of continuity in our analysis.

We now present the following definition.

Definition 6.1. Let (αk) and (βk) be the sequences in Z0+ and (ak)
be a positive non-increasing sequence. Also, let (pi) be a non-negative
numbers sequence with Pk =

∑βk
i=αk+1 pi. A given function g : R → R

has statistically deferred Nörlund derivatives ℓ with rate o(uk), if for
every ϵ > 0

lim
k→∞

1

akPk

∣∣∣∣{i : i ≦ Pk and pβk−i

∣∣∣∣g(a0 + ak)− g(a0)

ak
− ℓ

∣∣∣∣ ≧ ϵ

}∣∣∣∣ = 0,
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holds whenever a0 > 0 and ak → 0 as k → ∞. In this case, we can
express

g′(ak)− ℓ = SDNDstat − o(uk).

Let us now proceed to establish the following crucial lemma followed
by Theorem 6.3.

Lemma 6.2. Let (αk) and (βk) be the sequences in Z0+. Also let (uk)
and (vk) be positive non-increasing sequences and let g(ak) and g(bk) be
two sequences such that

g′(ak)− ℓ = SDNDstat − o(uk),

g′(bk)− ℓ = SDNDstat − o(vk).

Then the following conditions hold
(i) (g′(ak) + g′(bk))− (ℓ1 + ℓ2) = SDNDstat − o(wk),

(ii) (g′(ak)− ℓ1)(g
′(bk)− ℓ2) = SDNDstat − o(ukvk),

(iii) λ(g′(ak)− ℓ1) = SDNDstat − o(uk),

(iv)
√

|g′(ak)− ℓ1| = SDNDstat − o(uk),
where

wk = max{uk, vk}.

Proof. In order to prove condition (i) for ϵ > 0 and x ∈ [0, 1], we define
the following sets:

Ai(a, b; ϵ)

=

∣∣∣∣∣
{
i : i ≦ Pk and pβk−i

∣∣∣ (g(a0 + ak)− g(a0)

ak
+

g(b0 + bk)− g(b0)

bk

)

− (ℓ1 + ℓ2)
∣∣∣ ≧ ϵ

}∣∣∣∣∣,
A1,i(a, ϵ) =

∣∣∣∣{i : i ≦ Pk and pβk−i

∣∣∣∣g(a0 + ak)− g(a0)

ak
− ℓ1

∣∣∣∣ ≧ ϵ

2

}∣∣∣∣ ,
A2,i(b, ϵ) =

∣∣∣∣{i : i ≦ Pk and pβk−i

∣∣∣∣g(b0 + bk)− g(b0)

bk
− ℓ2

∣∣∣∣ ≧ ϵ

2

}∣∣∣∣ .
Clearly, we have

Ai(a, b; ϵ) ⊆ A1,i(a, ϵ) ∪ A2,i(b, ϵ).
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Since wk = max{uk, vk}, by condition (4.1) of Theorem 4.1, we obtain
∥Ai(a, b; ϵ)∥[0,1]

wkPk
≤

∥A1,i(a, ϵ)∥[0,1]
akPk

+
∥A2,i(b, ϵ)∥[0,1]

bkPk
.

Now, by conditions (4.2) to (4.4) of Theorem 4.1, we obtain
∥Ai(a, b; ϵ)∥[0,1]

wkPk
= 0,

which establishes (i).
As the proofs of the remaining conditions (ii) to (iv) follow a similar

pattern, we choose to omit them. □

Moreover, it is important to note that the modulus of continuity for
a function g ∈ C[0, 1] is defined as follows:

ω(g, δ) = sup
|t−x|≤δ:x,t∈X

|g(t)− g(x)| (δ > 0).

This definition yields

|g(t)− g(x)| ≤ ω(g, δ)

(
|x− t|

δ
+ 1

)
.(6.1)

Theorem 6.3. Let [0, 1] ⊂ R and let Rk : C[0, 1] → C[0, 1] be a positive
linear operators sequence. Assume that the following conditions hold:

(i) ∥Rk(1, x)− 1∥[0,1] = SDNDstat − o(uk),
(ii) ω(g, λk) = SDNDstat − o(vk),

where
λk =

√
Rk(χ2;x), χ(t, x) = (x− t)2.

Then, for all g ∈ C[0, 1], the following statement holds
∥Rk(g, x)− g∥[0,1] = SDNDstat − o(wk),(6.2)

wk = max{uk, vk}.

Proof. Let g ∈ C[0, 1] and x ∈ [0, 1]. Using (6.1), we have
|Rk(g;x)− g(x)| ≦ Rk(|g(t)− g(x)|;x) + |g(x)||Rk(1;x)− 1|

≦ Rk

(
|x− t|
λk

+ 1;x

)
ω(g, λk) + |g(x)||Rk(1;x)− 1|

≦ Rk

(
1 +

1

λ2
k

(x− t)2;x

)
ω(g, λk) + |g(x)||Rk(1;x)− 1|

≦
(
Rk(1;x) +

1

λ2
k

Rk(χ
2;x)

)
ω(g, λk)

+ |g(x)||Rk(1;x)− 1|.
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Putting λk =
√
Rk(χ2;x), we get

∥Rk(g;x)− g(x)∥∞ ≦ 2ω(g, λk) + ω(g, λk)∥Rk(1;x)− 1∥∞
+ ∥g(x)∥∥Rk(1;x)− 1∥[0,1]

≦ K{ω(g, λk) + ω(g, λk)∥Rk(1;x)− 1∥∞
+ ∥Rk(1;x)− 1∥[0,1]},

where K = {∥g∥∞, 2}. Thus,∥∥∥∥∥∥ 1

Pk

βk∑
i=αk+1

pβk−i (Rk(g;x)− g(x))

∥∥∥∥∥∥
[0,1]

≦ K

ω(g, λk)
1

Pk
+ ω(g, λk)

∥∥∥∥∥∥ 1

Pk

βk∑
i=αk+1

pβk−i (Rk(g;x)− g(x))

∥∥∥∥∥∥
[0,1]


+ K


∥∥∥∥∥∥ 1

Pk

βk∑
i=αk+1

pβk−i (Rk(g;x)− g(x))

∥∥∥∥∥∥
[0,1]

 .

Utilizing conditions (i) and (ii) of Theorem 6.3 in conjunction with
Lemma 6.2, we establish the correctness of statement (6.2) within The-
orem 6.3. Thus, the proof of Theorem 6.3 is completed. □

7. Concluding Remarks and Observations

To conclude our investigation, we present a few final remarks and
insights related to the key findings and results discussed throughout
this study.

Remark 7.1. Let g(x) be a function given in Example 3.5. As
SDNDstat lim

k→∞
g′(ak) → 2 on [0, 1]

implies
SDNDstat lim

k→∞
∥Rk(gj , x)− gj(x)∥[0,1] = 0 (j = 0, 1, 2),(7.1)

Thus, in view of Theorem 4.1 we write
SDNDstat lim

k→∞
∥Rk(g, x)− g(x)∥[0,1] = 0,(7.2)

where
g0(x) = 1, g1(x) = x, g2(x) = x2.

However, since g′(ak) does not converge in the classical sense, it also
fails to satisfy the conditions for statistical convergence. As a result,
the standard Korovkin theorem cannot be employed for the operators
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defined in (5.3). This scenario clearly demonstrates that Theorem 4.1
offers a meaningful and non-trivial extension of the classical Korovkin-
type theorem (see [22]).

Remark 7.2. Let us consider the function g(x), as presented in Exam-
ple 3.5. Given that

SDWDstat lim
k→∞

g′(ak) = 2 on [0, 1],

it follows that equation (7.1) holds true. By applying this result along
with Theorem 4.1, we confirm the validity of condition (7.2). Neverthe-
less, since the sequence g′(ak) fails to satisfy the criteria for statistical
deferred Nörlund convergence, Theorem 1 from the work of Srivastava
et al. [42] is not applicable to the operator defined in (5.3). This obser-
vation reinforces the fact that Theorem 4.1 constitutes a significant and
non-trivial generalization of Theorem 1 by Srivastava et al. [42] (see also
[6, 22, 26]). Consequently, these findings substantiate the effectiveness
of our proposed approach for the operators in (5.3), thereby illustrating
its advantage over earlier Korovkin-type approximation results found in
both classical and statistical frameworks, as discussed in [6, 21, 22, 42].

We analyze the deferred Nörlund derivative (DND) for linear, qua-
dratic and trigonometric functions using the given definition:

Remark 7.3. Linear Function: g(x) = mx+ c

g(a0 + ak)− g(a0)

ak
=

m(a0 + ak) + c− (ma0 + c)

ak

=
ma0 +mak + c−ma0 − c

ak
= m.

Since m is constant, choosing ℓ = m results in:

∣∣∣∣g(a0 + ak)− f(a0)

ak
−m

∣∣∣∣ = 0.

Thus, the SDND is: ℓ = m.
Here the Figure 6 compute and visualize the statistical deferred Nör-

lund derivative (SDND) for a linear function g(x) = mx+ c.
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Figure 6. SDND of linear function f(x) = mx+ c

Remark 7.4. Quadratic Function: g(x) = ax2 + bx+ c

g(a0 + ak)− g(a0)

ak
=

a(a0 + ak)
2 + b(a0 + ak) + c− (aa20 + ba0 + c)

ak

=
aa20 + 2aa0ak + aa2k + ba0 + bak + c− aa20 − ba0 − c

ak

=
2aa0ak + aa2k + bak

ak
= 2aa0 + aak + b.

Taking the limit as k → ∞:

ℓ = 2aa0 + b.

Since ak → 0, the deviation |aak| vanishes, making the SDND:

ℓ = 2aa0 + b.

Here the Figure 7 compute and visualize the statistical deferred Nörlund
derivative (SDND) for a quadratic function g(x) = ax2 + bx+ c.
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Figure 7. SDND of quadratic function: g(x) = ax2 +
bx+ c

Remark 7.5. Here the Figure 8 compute and visualize the statisti-
cal deferred Nörlund derivative (SDND) for the trigonometric function
g(x) = sinx.
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Figure 8. SDND of trigonometric function: g(x) = sinx

Trigonometric Function: g(x) = sinx

sin(A+B)− sinA = 2 cos

(
2A+B

2

)
sin

(
B

2

)
,
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we get:
sin(a0 + ak)− sin a0

ak
= cos(a0)

sin ak
ak

.

Since limak→0
sin ak
ak

= 1, we obtain:
ℓ = cos a0.

The deviation:∣∣∣∣sin(a0 + ak)− sin a0
ak

− cos a0

∣∣∣∣ = ∣∣∣∣cos a0(sin ak
ak

− 1

)∣∣∣∣ ,
vanishes as ak → 0, proving that the SDND is:

ℓ = cos a0.

Remark 7.6. The statistical deferred Nörlund derivative (SDND) has
potential applications across various fields. In machine learning and
data science, SDND can enhance gradient estimation under noise or un-
certainty, improving optimization in stochastic environments. In cryp-
tography, its ability to handle irregular or statistically converging se-
quences could help model or analyze pseudorandom number generators
and side-channel attack resistance. In analytic number theory, SDND
may support the study of convergence of arithmetic functions or series
with statistical behaviors, offering tools for exploring average-case anal-
ysis. Overall, SDND provides a robust framework for approximating
derivatives where traditional methods struggle, especially in noisy or
probabilistic settings.

Remark 7.7. The present work opens several promising avenues for
further investigation. One potential line of research would be to explore
alternative formulations of the deferred Nörlund derivative beyond Def-
inition 3.1, by incorporating recently introduced generalized differential
operators. In particular, the local generalized derivative proposed by
Juan et al. [18] offers an interesting framework that could enrich the
analytical properties and applicability of the deferred Nörlund calcu-
lus. The combination of these approaches may lead to new generalized
models capable of capturing more complex dynamic behaviors, extend-
ing the current results and establishing deeper connections with frac-
tional and nonlocal operators. Further studies could also investigate the
corresponding integral formulations, numerical schemes and potential
applications in mathematical physics and engineering problems where
generalized derivatives play a key role.
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