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Some Novelty Quantum Hermite—-Hadamard Type
Inequalities Pertaining To Coordinated (s,t)-Convex
Functions

Muhammad Raees'* and Artion Kashuri?

ABSTRACT. Convexity assumptions play an important role in math-
ematical analysis. In this work, we establish a midpoint-type in-
equality for the average value of (s, t)-convex functions of the second
kind within the framework of quantum calculus. We begin by pre-
senting a new identity for functions that are twice partially quan-
tum differentiable. Using this identity, we derive two inequalities
that provide error estimates for a generalized Hadamard inequal-
ity. We also demonstrate how these results apply to continuous
functions whose second-order quantum partial derivatives are (s, t)-
convex of the second kind in absolute value. Graphical examples are
included to illustrate and compare the results. Finally, we present
applications involving special means of positive real numbers.

1. INTRODUCTION

Convexity is one of the most fundamental and important concepts
in mathematics. Since Minkowski’s pioneering work in the early 20th
century, the theory of convexity has been steadily and systematically
developing. Today, the field encompasses several areas, which can be
broadly classified into three main branches: convex geometry, convex
analysis, and discrete or combinatorial convexity. This classification
reflects the different concepts, techniques, and tools employed in each
area.
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In convex geometry, measures of symmetry are frequently studied,
highlighting the rich and diverse nature of convexity. The literature on
convex bodies of constant width provides numerous concrete examples
of such symmetry measures, and this area continues to grow (see, for
example, [30]). This motivates the researchers to explore more new and
general features via different generalized convex functions and fractional
and classical integrals.

The most celebrated Hermite-Hadamard inequality [13] holds:

f(”b) /J-" v < ()Jrf(b),

if F: [&, 13] — R is a convex function with @ < b. Recall that a function
F :J — Ris said to be convex if

Flox+ (1 —0)y) < oF (x) + (1 —0) F (y)

holds for all z,y € J and p € [0, 1].

Let E = [&,B} X [é,ci] CR2,0<d<b<00,0<é<d< o0

In 2001, Dragomir [10], presented the concept of coordinated convex
function utilizing the notion of partial mappings as follows:

A function F: Z — R is saiAd to be convex on the co-ordinates on = if
the partial mappings F, : [d, b} — R, Fy(u) = F(u,y) and F, : [é, d} —
R, 7, (v) = F(x,v) are convex for all x € [&, l;] RTRS [é, a?}

The formal definition is stated as follows:

Definition 1.1. A function F : 2 — R is called coordinated convex on
=, if the following inequality holds:

~

F(od+ (1 - ob,s+ (1= 6)d) < ooF (,) + o1 — <)F (a,d)
+ (1 — o) F (5, é)
+(1-0(1-9)F (13 d) :

for all o, € [0,1] and (a, &), (a, d) : (13, é) , (B, d) cE.

The following well known Hermite-Hadamard type inequality for co-
ordinated convex functions was also proved in [L0]:
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Theorem 1.2. Let F : = — R be a coordinated convexr function on =
and F € L1(E). Then the following inequalities are satisfied:

(1.1)

\1

VRS
Q>

vo| 4
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o>

2o |+
S
N———

L) ()
) (o~ @)1(62 ~¢) /&b /éd F (v, n)dndy

1

gll(BA)/; [f(u,é)%—]—"(v,a?)}dy

>

é A~
+A/ [f(&m)Jrf(bmﬂ dn
4 (d - c) a
Fl(a,é)+ F(a,d) +F (be) +F(bd
_ (@.d) + 7 (b2) + 7 (b.d)
- 4
In 2012, Latif and Dragomir [21] developed error estimates for the

first and second inequality in ([L.1]).

Theorem 1.3. Let F : Z — R be a partial differentiable mapping on Z.

If ‘ gj—aﬁ‘ is convex on the coordinates on =, then the following inequal-
ity holds:

(1.2)

a+b e+d
a+ c+>_qj

b e
<6_d>1<d_é>/&/éf(u,v)dvdu—i—f( =

02F (a,b)
Oudv

02 F (a,d)
oudv

92 F (b,e)
oudv

02F (b,d)
oudv
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In 1994, Hudzik and Maligranda [15] considered, among others, the
class of functions which are s-convex in the second sense. This family
of functions is defined in the following way:

A function F : [0,00) — R is said to be s-convex in the second
sense if F(ox+ (1 —0)y) < 0°F (z) + (1 — 0)°* F (y) holds for all z,y €
[0,00), 0 € [0,1] and for some fixed s € (0, 1].

It can be easily seen that for s = 1, s-convexity reduces to ordinary
convexity of functions defined on [0, co).

In 2008, Alomari and Darus [2] extended s-convexity of second kind
to the case of two variables as follows:

Definition 1.4. Let s € [0, 1]. The function F : = — R is coordinated
s-convex function of second kind on =, if the following inequality holds:

F (ga 4 (1— 0)b,cé+ (1— g)cz) < 05 F (a,8) + 0°(1 — ¢)° F (a, CZ)
+ (1= o) F (6, ¢)
+ (=01 =) F (bd).
for all o,¢ € [0,1] and (a, &), (a, d) , (6, c) , (13, cZ) €=

In 2019, Raees and Anwar [24] recapture the notion of coordinated
(s,t)-convex functions from coordinated (pi,hi)-(p2,ha)-convex func-
tions as follows:

Definition 1.5. Let (s,t) € (0,1]?. The function F : £ — R is co-
ordinated (s,t)-convex function of second kind on Z, if the following
inequality holds:

~

F (gd +(1— o)byce+ (1— g)d) < 0 F (4,6) + 0°(1 — Q)L F (a, CZ)
+(1-0)5tF (6, c)
+ (1= (1=9)'F (b.d),
for all o, € [0,1] and (a, &), (a, d) , (6, c) , (13, cZ) €=

They considered hy = s _and hy = t. This is an extension of the
function given in Definition [1.4.

Following this commencement, the researchers put a lot of effort into
extending and improving the inequality ([L.1f) by using both classical and
fractional integrals. We believe interested readers should additionally
take into account [[l, 23, R4, 7] and the references therein for the results
that alter, refine, and generalize the inequality ([L.1]).
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Over the past decade, there has been a growing interest in quantum
calculus among both mathematicians and physicists. Quantum calcu-
lus focuses on calculus in the absence of limits and is often used in the
study of non-smooth structures. It has significant applications in various
areas, including the theory of relativity, orthogonal polynomials, combi-
natorics, number theory, and basic hyper-geometric functions (see, e.g.,
b, 6,9, 11, 12, 14, 17, 18] and the references therein).

Tariboon and Ntouyas [28, 29| introduced the g-derivative and g¢-
integral for continuous functions on finite intervals and established sev-
eral of their basic properties. Since then, many classical inequalities
have been extended to the setting of g-calculus, such as the Holder,
Hermite-Hadamard, trapezoid, Ostrowski, and Cauchy-Bunyakovsky—
Schwarz inequalities, leading to a number of useful results.

In particular, Alp and Sarikaya [3] obtained a corrected version of
the ¢-Hermite-Hadamard inequality for co-ordinated convex functions,
while Kalsoom et al. [19] derived Simpson-type inequalities using co-
ordinated convexity. Latif and Dragomir [21] established new Hermite-
Hadamard-type inequalities for functions of two variables via quantum
integrals. Bermudo et al. [[7] later introduced the ¢’-calculus, and Budak
and Ali [§] proved several Hermite-Hadamard inequalities in both the
qa- and ¢'-frameworks. Moreover, Alqudah et al. [4] refined mixed-type
quantum Hermite-Hadamard inequalities, Raees and Anwar [25] pro-
vided a general error estimate, and Wannalookkhee et al. [31] presented
further refinements in this direction.

Motivated by the developments mentioned above, and in particular
by the results in [21], our goal is to establish a new inequality within the
framework of quantum calculus that gives the error estimate of the in-
equalities stated in Theorems R.11] very similar to (@) For the purpose
we use the coordinated (s, t)-convex functions which is an extension of
coordinated convexity.

The paper’s structure is organized as follows: In Section E, we provide
a concise overview of the fundamental principles of ¢-calculus, encom-
passing both single variable and bivariate functions. In Section B, we
discuss the main findings. We first introduce a generic identity that
facilitates the derivation of error estimates, followed by a critical ex-
amination of the inequality’s limitations and a proposed reformulation
to address these shortcomings. In Section {l, we present a comparative
analysis of the obtained results, utilizing graphical visualizations to elu-
cidate the relationships between the proposed inequalities. In Section f,
we give some applications about the special means of different positive
real numbers. In Section ff, we conclude the key findings and future
plans.
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2. PRELIMINARIES

In this section we give some definitions and properties of convexity
hypothesis and basic theory of quantum calculus. This foundational
knowledge serves as a precursor to the subsequent sections.

Here and onward g € (0, 1).

Definition 2.1 ([18]). The difference operator expressed by the quotient
I (w) = F(qw)

(2.1) DgF(w) = pra——

i

is called quantum derivative or g-derivative.

Note that, lim;_,;- DgF(w) = d];cE;W)'

Definition 2.2 ([16, 18]). Suppose 0 < 7 < 5. The definite g-integral
(Jackson g-integral) is defined as:

(2.2) /0 T Flw)dgw = (1- )5S F @),
v=0

and

(23) / () dgo = / () dgo - / " Flw)dge

In [28, 29], Tariboon et al. extended the notions of quantum derivative
given by the quotient (@) and Jackson integral characterized by the
series (E) over a finite interval as follows:

Definition 2.3. Let F : [d, IA)} — R be a continuous function and ¢q €

(0,1). Then the gz—derivative of F at w € [&, B} is characterized by the
quotient:

Fw) = F(qw+ (1 —q)a)
(1-q)(w—a) ’
The function F is called §;—differentiable on [d, I;} , if 4 DgF(w) exists
for all w € [d, l;} Evidently,
aDgF (a) = ilir}l aDgF (w).

(2.4) aDgF(w) = w # a.

Moreover, if @ = 0, then the g;—derivative reduces to Jackson g—difference
operator given by (R.1)).

Example 2.4. Let F(w) = w3, then
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w+wﬂ@H%1—®®2+@w+ﬂ—§M)
Wi (qw+ (1-9)a)

If a = 0, then we have the Jackson derivative

N

N|—=

(I1+qw+w(q
w3 (1—!—6%) 7

0DgF (w) =

and if § — 17, then F'(w) = %

Definition 2.5. Let F : [&, 5} — R be a continuous function and q €

(0,1). Then the gs-integral of the function F is defined by the series
expression

(2.5)
/}"(w)&dqw:(1—q)(é—&)Zq”f(q”é’—i—(1—q”)&), ze[a,é].

v=0

Clearly, if a = 0, then the gz—integral reduces to Jackson integral
given by (2.2).

Example 2.6. Let 0 < 6 < b,G € (0,1) and 7 be a non-negative real
number, then

[ Wi =10 (-2) S i/ (¢ (5-3) +a).
a v=0

Ifa= O,I; =1,q= % and m = 2, then the numerical sum of the above
infinite series:

[ (-DE )

v=0

Similarly, for a = 0,(3 =1, = % and m = 1, then the numerical sum

converges to:

o0

[ s () () 1) v

V=

In the same paper, the following ¢-Holder inequality is proved.

Theorem 2.7. Let Fi,F3 : {d, IA)} — R be two continuous functions,
then the inequality holds:

(2.6) / | FL (@) Falw)] adgeo



8 M. RAEES AND A. KASHURI

< ([ 17 ) . ([ 17 ) K

for all z € [d,l;} , where 7f1+7§1 =1.

In [26], Raees et al. gave a counter example to establish the limiting
feature of the inequality (@)
In 2017, Latif et al. [22] presented the concept of partial quantum deriv-
ative of a function F(u,v) of two variables by considering two constants
d,q € (0,1). They introduced the notion of partial gz, Gz, Gade—derivative
and associated quantum integrals. For brevity, we will use the nota-
tions partial (jafderivatives of a function F(u,v) with respect to u as

oOF a q OF aaq]:
priem instead of ¢ Analogously, we will use m instead of

for

c0g
partial qcfderlvatlve and - 8quA B0 instead o %“uq% — for tw1ce partlal

Gsgs—derivative:
Definition 2.8. Let F be a function of two variables and (g, ¢) € (0,1)?,
then the partial gz—derivative, §s—derivative and g;gs—derivative are de-
fined at (u,v) € = respectively, as follows:
8]:(u,v) _ ]:(U,’U) —f(Qu+ (]- - Q)CAL,’U)
aOgu (1-q) (u—a) 7
OF (u,v)  F(u,v) — F (u,qv + (1 — q)¢)
eOqu (1=q)(v—2¢) ’

u # a,

v#EC

and
OF(uv) _ (1-q) ' (u—a)""
a0gu eOqv (1-q)(v—-2)

= F(u,qgv+(1—=¢q)e) + F(qu+(1—-q)a,quv+ (1—q)c )]
u# a,v # ¢

Deﬁnition 2.9. Let F be a continuous function of two variables and
(@, ¢) € (0,1)2, then the g, integral is expressed by:

//fﬁ,w dgw adgt

=1-90-g=-a)y—o

S (o + (- )iy + (1-1°) ).

v=09=0
for all (z,y) € =.

[J—“(u, v) = F(qu+ (1—q)a,0)

In 2019, Kunt et al. [20] gave the following lemma:
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Lemma 2.10. If the conditions of the Definition @ are satisfied, then

z oy
(2.7) //}"(u,v)adqudqu

T ry z s
= / / ]:(uv 1)) édqv &dqu - / / ]:(U, U) @dqv ddqu
L T rs
- / / "r(ua U) éddv &dqu + / / .7:(U, U) édq”l) &dqu,

for all (u,v) € =.

In 2020, Alp and Sarikaya [3] established the following correct in-
equality involving quantum integrals:

Theorem 2.11. Let F :
differentiable function on

(2.8)
14q 1+¢

1 b ge+d 14 (ga+h
- F |z, - adezt + — /]—" —, adg
b—&/a ( 1+q> T od-ele 1+q")

— R be a coordinated convexr and partially
Then one has the inequalities:

—_—
—
—
—_
—
—

1
-2

IN
/N
S
\
Q>
—
S
ISHY
\
o>
N——
T,
S—
&,
—
8
NS
S~—
(o33
I8
Q0
NS
I
I8
3
8

IN
~ ¢

b A X ; A
2(1+(j<3—&)/& F(x,¢) adqx—i—w@_&)/a f(:c,d) adg

q d . 1 d
gk T sy ) 7 6

& 2
qqf(&,é)Jqu-‘(A,J +§F bc) +f(l§,¢i>

3. MAIN RESULTS

We devote this section to our main findings. We divide this section
into three subsections. In the first subsection, we prove a generic new
identity for twice partially g;¢s—differentiable function defined over the
bi-dimensional open interval =. In the second subsection, we give a new
inequality which gives the error in the second and third inequality of
inequality (R.8). In the third and final subsection, we establish another
inequality which gives a new variant of the above inequality.
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3.1. General Novel Quantum Integral Identity. Now, we present
the novel identity which is a vital part of our main findings.

Lemma 3.1. Let F : £ C [0,00)2 — R be a twice partial Gas—
differentiable function defined on Z. If the partmlqaqc demvatwe%

is continuous and Gzdz—integrable over Z, then the following identity

holds:

(3.1)

O Fwm)
(5— //’C1 oy danadr
b d
_ //}- o9) qyadz+f<qa+ qCJrq)V*’
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and
((qu—a) (qv—2¢), i (uv) € o, 2] x [o 2
(qu — &) (v — d), i (uv) € |a, 2| x |95 d
Ki(u,v) := o
(qu-b)@w-o, i (wv)e|BLb]x[e L],
((ju — I;) ((jv — d) , if (u,v) € :qlaj;,l;} X [qug,d] .

Proof. At start we notice by utilizing the Lemma , that

0°F(o:m)
. edem ada
(3 3) / / ICl Q 77 qgcaqn qn q
*Flon)
// q@—b qn d) 6qgca edgn adg
1+q 8 .7: s
( / / 7@ edgn adg
a0g0 05
O Flom) ,
/ / o o
ge+d 82F(Q, )

/ / (g sdon ad
Qo Qg7 ¢Ago
8qQ0877 114t

:R1+R2+R3—|—R4.

@0

rQ
@w

Now by making use of the partial quantum derivatives and integrals
expressed in the Definition @ and R.9, respectively, we have

(34) Ry = ( — a) ( _ C) ZZ 7t

v=0 k=0
a, g~ (ci—é>+é>

i f(q”(i)—&)
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]-"( (13 a)+a,q~(d—é)+é)
_F V+1(b a)—f—&,(j" d—é) +é
| _F (b a)*@q““ d—é)+eé
_—i—]—“(rj”“(@—a)—i—aq“+1<d—é>+é)_
+(q&—6)(d—é)22q“+1
v=0 k=0
[ J-“( (13 a)+a,q“(d—é>+é)
_F ”“(b a)—i—&,q'“ d—eé) +e
- -F (b a)+aq"‘+1 d—é) +eé
_+f(¢j”+1(i)—a)+aq“+1<d—é>+é)_
+ (q&— B) (qé—ci)
[ f(—V(zS a>+&,qﬁ(d—é)+é)
© X —-F 7"+1<b a>+aq d—¢)+é
EE| Teia e 91

v=0 k=0 +c

(7 (- 8) o (1= 1)

:Sl+52+53+54

Applying the integral expressed in the Definition @, we have

51 = (b—a) (d—2) [qqzzqvqw( (b-a)+aq (d-¢)+)

v=0 k=0

S (o ) i (i-7) -0

q;;qw(( a) +a,q" (d-¢) +¢)
+;;qvqﬂf(q ( —a)+d,q“(d—é)+é)],

which leads to:

S1 = //]:xy dgy adgx — d c)/}"(:r,zi)&d
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~(o=a) [ F (b) e+ (3-3) (d-2) 7 (id).

Similarly,
$=—(ie—d) [ [F (v.d) - F0.0)] adye+ (b-3) (32 ) 7 (b.d)

~ (b-a) (ae-d) F(b¢),
== (1-0) [ [7 (b0) 7]+ (i) (a0 ) 7 (.0)

~(d-¢) (aa-b)F (a.d)
Sy = (q&— 13) (q@-d) [f (é,d) —f(a,ci) —}‘(3,6) +}'(&,é)} .
Substituting S, S», S3 and Sy into (B.4) yields
35) Ra= [ ,; / " Fle)cdayadys

-/ d (@@~ a) F (b.y) ~ (a0~ b) F(a,y)] eday

. /j [(cjé— é)]—"(x,d) - ((jéf ci) ]-"(:c,é)] adar
+ (ga—a) (qé—a)f(i),ci) + (qa—é) (qa—d)f(a,é)

A

—(qa—a) (qé—ci)f(i),a) - (qd—é) (qé—é)f(a,d)

Proceeding in a manner analogous to R;, we obtain
N ga+b ge+d
a0 m-(b-a) (1) [ ()
i+ b e+ d
CF( 2 e F (e, L +}"(d,é)],
1+gq I+4
37 Ry=(b-a) ‘ Fay - 7[BT0 N L4
. 3 = a i a,y 1+q7y eagy
ga+b - o
F<1+q,d> ]—"(a,d)

+

(@e—¢) (b-a)
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F(a,e) —;r(‘fldj;@)] (13_@) (qa—ci),

+ f(;;ﬁléjﬁ_f(z;,@)] (ga — &) (cZ—é)
+ ]-“(d,é)—]-“<&, qfij) (g0 b) (d-¢)

Now utilizing equations ( )7(@) in the equation (@) and multiplying

the outcome of with m, we get the desired identity (B.1]). O

3.2. New Theorem for Case Study. Before proceeding to the main
results, we give some quantum integrals which are vital for further in-
vestigation.

Let G,b € R such that a < b and g € (0,1), then

(1)
ga+b
[zR I+q (876)
f )
_ _ A q g
= . |qu | Zath P adqu
I+q
(b-a)(1-q)
(g+1)?
S (a(1—F b—a)dtt) (1—g%)°, if 2> @th
Xﬁgoq a( —q)— — )4 (—q), A
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aS qlarqb (87 q)
qlfz+§ . s
A ™ qu —al q;il; aA adgu
@ itg ¢

= 225 (149)° (1-9)°T* < (1+s)8 (1 — gB
q1+8(b a) ﬁzoq ( e )

_% 5§0 ar <& (1-a) - (8 B &) (-71+6> , if g @ < qlaJ:lb
(3)
s T'(5,0)
1+3
i) § 7 b—u
- /qmz; (qu - b) . ;’ﬁ*qb adgu
(-a(b-a)@+1)
= -
qu (1_q ) (3 aq — (E—Q)ql+ﬁ> (1-19) (b a)

b ) o fu— qlaJ:rqb
= qu —=b| | ——— adgu
qa+b _
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S () (i (1-0) )

B=0

(1-q) (b-a)
¢ (q+1)°
e S ~ ~
x> 7 (qﬁ - 1) ((b— dq) (1+q) — (b— a) 1+5)
B=0
Remark 3.2. Here we deduce some integrals using different values of
parameters involved. For the purpose we use software Mathematica and

Scientific work place to calculate infinite geometric series. For instance,
if a = 0,b =1, then we obtain following integrals with specific value of
(1)

q:
W () [ (1)
1 _ 1y 23 B\ 2
DS () (-())

~ 2.7843 x 1072,

(2) .
055(2 2> 2\[/5 ut od odyu
_1 (5)8
e )
~ 0.13497.
(3)

(140.6)2 (1—0.6) 1 3 k) 3

_ : Y (0.6)" (1 (0.6)°)% (1 (0.6)
(06)5 =0 ( ) ( )
(1-0.6)

(140.6)2(0.6)3
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- k B k) 2 B ket
ka_O(OB) (0.6+1 (0.6) ) (1—1—0.6 (0.6) )

~ 6.0699 x 1072.

_ (1-(06)) i (0.6)F ((0 6)F + (0.6)"* — 1) (1 - (0-6)1+k>

06) &
(1-(06) &
(1+(0.6))% (0.6) kZ:U 06 (06 1) (1+(06) - 0.6))
~ (0.15446.

Remark 3.3. Now we printout that when § < 1, then g® — 0. Therefore
(Qﬁ + @t — 1)S leads to an imaginary number. The integral ., ,,U°(s, q)

1+7
is real and finite only, if either s=1or ¢ — 1~.

Theorem 3.4. Let (s,t) € (0,1]%. Assume that the function F : = — R

s a twice partial Gzgs—differentiable on =° such that the partial §;ga—

9% F (u,v) % F (u,v)
derivative O B0 18 continuous and Gz —integrable over =. If D200

is coordinated (s,t)-convex of second kind on =, then the following in-
equality holds:

(3.9)
0 / [ st 7 (T v,
< o) (d—c) ©+®+W+7],
where
0= % R (5, )R (,0)
n w R (5,)s ST (t,q)

&aqu éaqv
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PF(L2.0)] i
1+qg° ga—+b gé+d
— 7 7 &S 1+q (87 Cj)éR 1+4 (t7 Q)

@8qu éaqv

92F (qa+l§ qé+ci> X .
1+qv 1+q ga+b gé+d

ASH-q S’—ASH.Q t.qg):

| @S . DS (1)

92F <d Qé-i-cf) b

) T+q b dr .
= |————— | R (5,q) sera T,
&aqu @6qv a ( q) qp—:—qd ( Q)
N 02 F (&, CZ) Rq&H;( ) ud(t )
—a . a | a 1+q S, Ge+d ) ]
@aquéaqv @ 9 % 9
92F (zjld+§ q‘é+5-?> o )
+q° 1+q qa+ﬁb _ d .
=+ AS 1 ) ge+d ta
2071 :0qv a 7(s,q) q1++qd7- (t,q)
82]_‘ (qldﬂ} CZ) .
+q° qa+7b _ Cz .
+ - A A "S I+q S, Gé AZ/{ t, ;
G| oS (Dt ,)
o F (42.¢) : o
+q° b, getd
Ui=|———— 2| . T0(s,q)e R (¢,
&aju éaqv qu'qb ( Q)c ( Q)
92F (qldﬂ} q&+5i> o
+q° 1+q by o odetd
ok :S T+ (¢
et | w608 (L0)
N O F ((;, é) ul;( ) quaiji (t.9)
a5 . o | ga+b S, ¢ d )
&6@'[1, éaq'U qli—qb q C q
o2 F (b.%:7) A o
? 144 b o odetd
-~ 7 U S T+4 (t .
+ &c%u éaq“’l) qla_:qb (Sa Q)C q ( 9 q)a
92F <¢71&+_B qé+g2> ) )
+q° 1+¢ _ .
T:= gatb Tb(Sa Q) qé+de(t7 Q)

@&ju é@qv 1+q 144
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82 (qla-i-b d) ) R
+a’ bro = diy 5
——————| e erdU(T
+ daqu éaqv qla:—qb T (87 q) QIC:; ( 9 q)
o2 F (b, %2) A A
? 144 b _ d <
-~ "7 Y el t
+ &8@'& éaq'U qln::—qb (57 Q) qlc:-qd T ( 9 q)
*F (6’ d) b d
+ - a A ga+b Z/{ S, q Gé- AZ/{ t, 7 .
&&ju éadv quqb ( Q) qu-r; ( Q)

Proof. Let us first consider the identity mapping with some convenient
notation:

B—A .A
B R
(3.10) AN = B_A.A+ A

Taking modulus on both sides of equation (@), we have
(3.11)

. bopd
n - //]:(ﬂf,y) edgy adge +U =V
(b—d d—é o Je

82.7-"(u v) [
< 7 / / |K1(u,v) edav odgu
(b ) ( é aOgu 204v ¢ ara
. 1
DI
qa+b Gé+d
1+q +q N s | OPF (u,v
x {/ | =) @ - 01| 20 g s
a ¢ adql ¢0q
§&+_B d 9
L+ (- 0°F (u,v)
+/a dord (qu —a) (qv - d)‘ JrEm edgv adgu
T+
b qléi‘icz ~ 0> F (u,v)
+ /]ELer A (qu — b) (q’U C) m édq”U @dqu
47
b d 2
- 0°F (u,v)
# o o] =) (0 - ) | S22 e d]
Irg ” 1+q
1

Wh +W2+W3+W4].
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By the given coordinated convexity of a&?jia];)w

tity function (), we have

‘ and utilizing the iden-

gatb  ge+d o o
1+q +7  |qu — a| 02 F qlajfb q1c+51 X

Wi = T (), 29 (v cdsv dzu
' /a 2 |gv — €[~ | 40qu 05 (u), (v) a7 a%q

0°*F (a,¢)
Ogqu :0gv
gath . getd gatb $ [ getd t
e [ |qu —al itg Y itqg Y
X - -1 —— — @dqv @dqu
o Jeo -ttt erd g
+q +4q
21 (5 dé+d
. 0°F (a, 1+q>
aOgqu :0qv
g A .7 s t
i Jqu—al [Ty v v—é
X - =1 J+qA — édqv &dqu
a e |gv — ¢ gath _ getd _ o
1+q 1+q
2 (qath
L2 (%2.¢)
&Bqu @841)
g Al s a5 t
sl |qu — a| u—a erd _
_ _ e
X - — | = qu edgv adgu
i @ |gv — ¢ gath _ o getd _ o
I+q 11q
2 (qatb ge+d
FF ( I+q° 1+q)
_|_
&6@’& éaqv
ge+d N R § ) t
ser il |qu — al u—a v—¢C
1 7 ) @dqv @dqu.
lqv — ¢ gatb _ -~ getd _
1+q I+q
Using the integrals given in the subsection @, we obtain
W < 0.
Similarly, for the rectangles |a, 94+8] x [2e+d dl, ga+b o qetd
y7 g ) 1+q 1+q ) 1+q b} ) 1+q
ga+b qé+d .
and { 17 ,b} [ 17 ,d} we have respectively,

Wy < 9, W3 < U, Wi <T.
Using all the inequalities in (), we have the desired inequality. [
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Remark 3.5. Now, we see that the outcome of Theorem @ involves
integral ,,,,U°(s). The integral integral F; +bub( ) contains a function

1+g
which is discontinuous near x = a. This fact reduces the range of situa-

tions where the Theorem remains valid.
Now, we present some results that are deduced from Theorem @

Corollary 3.6. In addition to the conditions of Theorem , ifs=1t=
1, then

(3.12)

b d
- //fa:y qyadx+]:(qa+ qc+v> %
(b—A —c +q

92 F (4,6 getd 82F(a,d y zath
X { [ aazju(c%;)" éR (L g) + aaqu(caq“t)) ‘iléizjiud(l’q)] aR % (1,q)
02F (be getd 02r (b,d S I
|: aaqu(caqg) ¢RI (L,q) + aaqu(ca 1); qlciqdud(ly q) qlaquu (1,9)
[ 92 jetd 2 +d
92F (a, qlc+q) wi |O°F <b, qfﬂ) -
+ a—a a8 1+a (17‘]) a— Mu (17(])
aOgqUcOgv a qucaqv 1tg
X éS 1+q (17Q) + qé+zi7- (17q)
L 114
| 52 qa+b 2 ga+b
+ o () 41, 4 |1 Pt LaU%(1,q)
aOquc04v ¢ 4 aOguc05v ¢ 4
X &S 1+q (17q) qa+b T (1 q)
L I+q
O92F (qla—f—b qe-i-d)
+q 7 1+4q d ge+d :|
+ cra TO(1,q) +e R (1
aatjucaqv |:q1:—rqd ) ( Q)
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Corollary 3.7. Assuming the conditions of Theorem hold, and fur-
ther if g, — 17, then

(3.13)

b i+ b etd
<l§d>1<jé>/a /c f(a:,y)dydm+f(a; 702 )—\If*

N a 82 F(a,¢ 82 F(a,d 82F(be 02 F(b,d
(b — d) (d — ¢ au(Bv ) + Bu(av ) Bu(av ) 6u(8v )
= 16(2+5) (2+1) 1+s)(1+0)

o2F(a,52) | |o2F(h50)

(B _ d) (dA _ A) ou v Oou v
2
T2t 21t 1+ s
2F(te) | |o2F (25t .d)
Ou Ov + Ou Ov 02 F (dT%’ %)
2 4
+ 1+1¢ + Ou Ov

1 1 1 1
= ((1 FR TS B SRR T R e e A 2s+t2>

)
6-5) (-9

162 +s) (211

92F (a, CZ)
Ou Ov

92F (b, ¢)
ou Ov

82F (a,¢)
Ou Ov

where

1] 1 b é+d 1 4 _(a+b
U, == |= /]:a:,+ d:U+AA/}" +,y dy| .
2 |b—ala 2 d—elJe 2
3.3. General Quantum Integrals. In this subsection, we give very
general quantum integrals which are of vital importance for a new error
estimate that rectifies the limiting feature of inequality.

Let a,b € R. If g, are two fixed real numbers such that g,¢ € (0, 1),
then we have following g—integrals which are denoted and defined by:




(1)

com [ ool (32) (572 o

~ =) (=) S [ (i 0) 1 i-a) -
-0 (=) S (d-e) o (0-0)] ()’
(i) 7

com | [l =lov= (5=5) (52) st
~0-0)(1-0) X0 (1-a0) o+ (1) 0 -
(i T () - (9]

(iii)

coom [ [ fou-illon-d| (3=2)" (52 ) o sy
=00 (b0 o (i)~ (b )]
< (-9 S (i)~ (3-9)] (1)

(iv)

Cyi= // ‘qu quv d‘(b a)( ) sdgv adzu

“0 (i) S [(-a0) 0 (1-3))
a0 (i) 3 [(d-) - (i)
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(v)
qath gerd gatb _ \° [detd _ K
Dl = ! ! 71—“1 71;’—(1A édq’l) ddqu
4 é gath a Gé+d 4
1+q 1+¢f
(b= 1-q) (1 o 1- )
= 1+ - —qZqu (—q),
a=0 =0
(vi)

gath _ o Gé+d
1+q 1+q

)
(m t

a=0 =0
(vii)
gath  getd S fgerd o\
i+7 [T+ u—a I
Dy := +d edgv qdgu
Py & qa+b & Jé+d A
I+q 1+4q

u—a v—C

— = @dqv ddqu
gatb _ o getd _ &

1+q 1+q

b—a\ (d a
— 1—q)(1— E E +s1)a 1+52)B
(1-1-(7) <1+Cj)( 2 2 q

a=0 =0
(ix)
gath i A q&ﬂ;—u s - t
H1 :/l+q/ ‘C]U*d | (dA U) dgv adgu
a é qa+,b—d d—c¢
1+q
b—a /-
= d—A) 1-¢)(1—
<1+q>( ¢)1-9 (-0
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(x)

qa+b anrb u S N
Ho = 1+g d Altggggg, <11__C> dov ~d-u
qa+b —a d—é cHqY a¥q
+q
_<1+Z> (d-¢)a-au-a
<SS (- gy s (d-ae-a+ (d-¢));
a=0 =0
(xi)

d} qau+b_aA (é:’;})t edgv adgu
- (ll’;q) (i-¢)a-pa-a
S St (iae - (1)) (1)

B=0a=0
(xii)
u—a ) v—2\! o
= qa+b _a <cf—é> eqv aagu
b— .
—<1+Z> (d-¢)a-pa-a
X q1+sl ~(1+s2)8 d—qé_qﬁﬂ dA—é :
» (1=we= (i-0))
(xii)
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(xiv)
L K] t
b qlcTJrqd A b—u v—¢C
D ::/&/é qu —b YT rd . edgv adgu
q +q
. d—¢
- b—d) 1—¢)(1—
( <1+q>( )19
2 & ga+b
~a ~(1+s2)8 [;_ —~ ol o 1 — g®)®
X;)(;qq ( qa — q <1+q ))( )
(xv)
b u—a\® aerd )\
5 . _ ¢
\73 ::/ / qu—b <(A)_A> ql;rqd " équ @dqu
a C a ﬁq_

= (b-4) (f;q) (-9
% qu(l—l-m)aqvﬁ (3_qd_qa+1 (qldjqb _&>> (1 _qﬂ)t7

B=0a=0

cju—I; (Z_a) ve edgv qdgu

e g
- (b-a) (j’;q) (-9

— ~(1+s1)a x(1+s 7 A —« q_d+8 A
XZZQ(H- 1) q(l-l— 2)B <b—qa—q +1<1+q —CL)).

B=0a=0

Remark 3.8. It is worth mentioning that all the integrals listed above
are real and finite over the specified domain.

The above mentioned integrals can be evaluated for fixed values of
a, 5, ¢, ci,s and t as evaluated in Remark @ just by putting values of
parameters in the integrals.

Now, we present the following general and useful inequality to give new
error estimate.
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Theorem 3.9. Let (s,t) € (0,1]%. Assume that the function F : = — R
s a twice partial Gzgz—differentiable on =° such that the partial G;ds—

2 2 w
derivative % s continuous and §z s —integrable over =. If %
is coordinated (s,t)-convex of second kind on = for some w > 1, then
the following inequality holds:

(3.14)

669 [ o ($2.55) -

1

1
w

T+a+q )

oo (EAESIEE)
#(d-¢) <Cz_é<1fq_>?1>+<z)_qz&) l_i(j*)i |
where
o-fagil e [ o[ o
|zzear,

@8(714 @8@1} aaqu éﬁqv aéq—u @8qv

2 ga+b gét+d
4 f( 147 1+q

d&;u @aq’U

+ ) Dy;
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~ 7 atb A\ ¥
e 62]:(5176)“’% N 82.F(a7d) "’ 82./_"(q1+q, ) ”
T gﬁqu é&;v ! @Ogu éaq’u 2 @aqu éaq’() 3
82; (qlajqb7 d)
+ Hy;
d@gu 5841)
o a%{m?ﬁ)” yf@@)w
Ji+ J2 + J3
aOgqu ¢04v a0 :0qv

O*F (a,¢)
aaqU@aqU
a2j_~ b, qlc—i-d

(557)]

_|_
dé?qu @8q?./
Proof. By considering the identity (@) and applying the properties of

J" =

the modulus, we have

(3.15)
1 b pd
- N // F(x,y) edgy adgr +U =V
@—a d—é a Je
2
< - [ qu - b qv — d) 8@8;(587;)) cdgv adgu
(b-4) (
q(,+d
. . ta |02F (u,v)
+<b—a> c)/ / 2Dt s edgv adgu
— i 0*F (u,v)
+(b—a>/d /C (qv d) 2Ot o0 edgv adgu
b O*F (u,v) Ao dou
&un@é?qv T ata '

O2F (u0) | , we have
Ogu :0qv

+ (ci - c) /
a Jé
Utilizing the identity mappings given in () and applying the indi-

cated coordinated convexity of ‘
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b d w
QF <mde (u)ym Iém (’U)>
gﬁqu @8q1)

AL

. ¢
82Fac b— —v
o // d(( &><_é> dev adou
b—u ’ v—2\!
* 8u 81} <B a ci—é) eflgV adgt

- 8u8v //
* 8u81} //

The above inequality yields,

O*F 0°F (u,v) v) [
aOgqu :04v
By the apphcatlon of power mean inequality and inequality (), we

have

—d edgv gdgu < C*.

(3.16)

02]:(u v) |
aO0qu :0gv
1

1_(»&)
edgv 4 du)

82.7:(u v) [
aOgu ¢04v

(3.17) —d edgv qdgu

qu — b‘ )qv

—d

1
( edgv adw)

NE )(b qa)(a_é)(d_qc) 1‘5(6%

B (1+q)(1+9)

Considering the rectangles [&, ‘71‘?:;’} X [A, qfiﬂ ; [d, ‘71‘:? } X [é, d] and
~ 7 ~ Gé+d 02 F(uw) |¢
|:CL, b] X |:C, 11q ] m

)
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we obtain

(3.18)

. . 1-1
b—ad-¢

edgv adgu < (f ? (2)*)%7
I1+ql1+gqg

F(u, )

1+q 1+q )
/ / (‘3u 87}
and

(3.19) / / a e
e

edgv adgu

- (I+q)(1+4q) :
also
(3.20) / / 82];@67}3 edgqv adgu
-3
69 -

- (1+¢)(1+q)

Making use_of inequalities (l317|)7(l32d) in (Bld), we get the desired
inequality () O

Remark 3.10. It is pertinent to mention that the inequality () is
a general and better inequality. This inequality involve no kernel where
the function is discontinuous.

Now, we present following results that are deduced from Theorem @:

Corollary 3.11. Under the conditions of Theorem @, and with the
additional assumption that s =t =w =1, then

(3.21)

b d
//f:z:y dgy odgx + F qa + qc—i—v — Vs
(b—a —c 1437 144

<

(@+1)@+1)(@ +q+1)(q +q+1)
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i ga — 2+ 2aG — 3bG + 2aq% + ag® + ag* — 2bg?

y x (¢ —2d + 2¢q — 3dG + 2¢G® + cg® + cq* — 2dG?)
(1+a)(1+9)
O*F (a,¢)
gﬁqu @8qv
[ —(j(d—cch) (a—2b+2a(j—3bq+2aq2+aq3 .
" +aq* — 2bq2) *F <a, d)
((j =+ 1) daqu 58@1)
[ g (6 - aq3) (c —2d 4 2¢G — 3dq + 262 + ¢ ]
ogt — 2ch2) O2F (B, c)
" (q + 1) aé)qu éaqv
O2F (6, CZ)
2 a3\ (5 a3\ | T\
+ (b aq ) (d éq ) Y v e
[ (@ +q+1) (d—é) (a—28+2aq—38q ]
+2aq + ag® + ag* — 2b¢°) o F (a, 0
" (@+1)(g+1) aOgqu 20qv
[ (@ +q+1) (zS—a) (e—2d+2éq—3dq ]
+26q? + 6 + eq* — 2di?) o°F (12 .¢)
i @+ 0@+ 1) o0y
,@rary (b-a) (d—aa®) |02F (222.4)
(@+1) aOgu :0qv
e i) (1-) [ (82
(G+1) a0qu :0gv
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(@+a+1) (@ +q+1) (b-a) (d-e) |o2F (T2, 2
(@+1)(g+1) aOgu eOqv

1
@D D@ D)@t D)

_l’_

([ ad(2a - 3b+4ag — 6bg + 5aq” + 3aq’ + 2aq* |
—6b3® + ag® — 26@3) (2@ — 3d + 4eg — 6dg
) +56¢% + 3¢ + 26¢* — 6dg® + éq° — 26363) O%F (a,¢)
(@+1%(a+1)’ 0t 00
[ q(e—2d+ég—3dq+ o + g + 2"
—2d + éq5) (2@ — 3b+ 4ag — 6b7
+5aq? + 3aq° + 2a¢" — 603 + ag® — 25@3) 0°F (fu CZ)
+
(@+1)°(a+1)° a0t c0gv
[ g (a— 2b + ag — 3b7 + ag® + ag® + 2aq*
~2b® + ag®) (26— 3d + 46 — 6dq + 52
+384% + 264" — 6d@® + éq° — 2dq3) 0*F (37 C)
+
(@+1)*(@+1)° a0gtt Do
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(a — 2b + ag — 3bq + a@® + ag® + 2ag*

—2bg? + &55) (c —2d + &g — 3dg + e
Ve + 20t — 2d + éq5> 92F (z}, &)

(@+1)*(d+1)?* a0qu :0gv }

Corollary 3.12. Suppose further that, in addition to the conditions of
(3.22)
i+ 13
(A //fmyd:cdy—kf(
b—

Theorem 13.9, if ¢, — 17, w =1, then
> _Q*
e

(35 +4) (3t + 4) | Fiz (@, 8)| (35 +4) | 72 (a.d),
X{4(32+33+2)(t2+3t+2) 2(s2+3s4+2)(t2+3t+2)
(3t +4) ‘]—"12 (6, c)) Fia (z}, ci)‘
2(s24+354+2)(t2+3t+2)  (s2+3s+2)(t2+3t+2)
(385 +4) |72 (a,%52) | t+4) |72 (40|
4(t+1)(s2+3s+2)  4(s+1)(t2+3t+2)

O TEAC Y TN )

_l’_

2(824+3s+2)(t+1) 2(s+1)(#2+3t+2) 4(s+1)(t+1)
(b-a)(d-¢)
T (2 +3s+2) (12 + 3t +2)

25T (35 4+ 4) (3t + 4) + 225 + 22t + 13st + 36 .
‘ { s Fiz (a, )|

25l (35 4 4) + 18s + 10t + Tst + 28 5
+ ‘.7'—12 ( )

9sti+2 6,d
9s+i+1 (3t + 4) + 10s + 18t + 7st + 28 N
+ 25+t+2 ‘]:12 (b’ C)
25712 4 65 + 6t + st + 20 s s
9s+t+2 ’fu <b7 d) } ’
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where W, is same as in equation ()

4. DISCUSSION

(A) Graph of inequality () (B) Graph of inequality ()

FIGURE 1. Graphical illustration of Theorems @ and @

Now, we investigate the behavior of our outcomes given in Theorems

@ and . Consider a function F(z,y) = }Lx2y2 with ¢ = ¢1,§ =
. . . . . 82]-'(x’y)
g2 € (0,1). Then, the twice quantum partial derivative is ’W =

w, which is coordinated convex. With the aid of this func-

tion, we have following plots depicted in Figure [l and respectively
corresponding to the inequalities (M) and (B.21). The plots validates
the inequalities. It is quite clear that the image 1(A) gives a better
estimate and hence the corresponding inequality ( ) gives least error
and hence a better estimate.

(A) Graph of inequality () (B) Graph of inequality ()

FiGURE 2. Comparison of Theorems @ and @ for the
case when g =¢ — 1~.

We further investigate the scenario by keeping the function F(z,y) =
1+s 1
%, (s,t) € (0,1])2, where q1,q2 — 1. The case yielding two sur-

faces represented by plot Figure @ for inequality () and plot Figure
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@ for the inequality () It is easy to figure out that both inequal-
ities are behaving well in certain cases and so are of equal importance.
The plot Figure RH shows that inequality () provides a better first
estimate whereas the inequality (B.13) yields a sharp estimate for the
second case, as indicated.

Finally, we note that outcome due to Theorem @ holds true for clas-
sical Riemann integrals involving (s, t)-convex functions or for quantum
integrals containing coordinated (1, 1)-convex functions. However, the
outcome exhibits a limiting feature, as it involves functions that are not
real-valued in the neighborhood of the point a. This limitation renders
the quantum calculus of Tariboon inapplicable, analogous to the case of
Jackson integrals, which require continuity of functions near 0. In con-
trast, inequality (@) due to Theorem remains valid for quantum
integrals involving coordinated (s,t)-convex functions. These findings
enhance our understanding of quantum calculus and underscore the ne-
cessity for a careful approach when employing quantum calculus.

5. APPLICATIONS TO SPECIAL MEANS

Let us recall some useful special means of positive real numbers 67 < 65.

e The arithmetic mean: A(6;,60s) := 91+62
e The geometric mean: G(61,62) = \/0102.
r+1 r+1 -
e The generalized logarithmic mean: £,(01,62) := (%)
reZ\{-1,0}.

Now, we have the following applications of our results in terms of above
special means of different positive real numbers.

Proposition 5.1. Let a,b,6,d € R,0 < a < b,0 < & < d and (s,t) €
(0,1]%. Then, we have

(5.1)

£153(a,8) — As(ab) [ £1Tied) — AT (ed)
L+s 1+t

< (B—a) (d—é) A(a®,b°) A (c, dt) . (B—a) (d—é)
=T A1+ 2+ 1+ (241 1(2+5) (2+1)
y [A(as,bS)At(c, d) | A(ab)A(d)

s t
s T +A(a,b)A(c,d)]
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g (13— d) <ci— é) A(a®,b%) A (', d")
- 4(2+s)(2+1)

1 22737t 22757t
x + + +2°7 !
(1+s)(1+t) 1+s 1+t ’

Proof. The result is immediate from Corollary @, with

xl—l—syl-l-t

)

Proposition 5.2. Let a,b,é,d € R,0 < a < b,0 < ¢ < d and (s,t) €
(0,1]2. Then, we get

(5.2)
£t (&,13) — ALt (a,i)) £t (c cZ) — Al (c cZ)
1+s 141
(13 - a) (CZ - c)
T (s24+3s+2) (12 + 3t +2)
X K;’dssmwm (ab)> + (s +2)A° (ab)]
x [<2Att+ét+2¢4 (ét,dt)> +(t+2) A (cd)]
6-1) (1=

T (24 3s+2) (12 + 3t +2)

251t (35 4 4) (3t + 4) + 225 + 22t + 13st + 36
X{ (3s+4) (3t +4) + 22s + 22t + 13st + Gg(dsvét)
2s+t+2

25HHL (35 +4) + 185+ 10t + Tst +28 o /.o 5
25+t+2 G (CL 7d )

.\ 25HHL (3t 4+ 4) + 10s + 18t + Tst + 2802 (Bs ét)
9s+t+2 7

25742 4 65 + 6t + st + 20 o2 (138 dt) }
9s+i+2 ) :

Proof. Let F(z,y) = % Then desired outcome follows from
Corollary O
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6. CONCLUSION

This investigation has culminated in the establishment of a novel
error estimation framework for midpoint type inequalities within the
realm of quantum calculus. Our investigation into coordinated (s,t)-
convexity has revealed subtle insights into the intricate relationships be-
tween quantum and classical frameworks. We develop inequality (B.9),
which interestingly, is found inapplicable in the quantum realm, retains
its validity in the context of classical Riemann-integrals. To address
this discrepancy, we developed a corrective approach, culminating in
an alternative inequality namely (), that harmoniously reconciles
the quantum-classical divide. Furthermore, our findings underscore the
validity of g-integrals of Tariboon and Ntouyas [28] for real-valued func-
tions in the neighborhood of a point a. Through comparative analyses
and applications to generalized special means of different positive real
numbers, we demonstrate the broad applicability and versatility of our
corrected inequality. This study showcases the potential of quantum cal-
culus to offer fresh insights into longstanding problems, and we expect
that it will stimulate further investigation and innovation in quantum
and post-quantum calculus research. In future, we will try to introduce
new quantum derivatives and integrals that remove the requirement of
function to be continuous in the entire domain of discourse. We also
hope that the results of this study can be addressed for other types of
convexity classes. Finally, we feel that researchers working in the field
of inequalities should discuss this problem in post-quantum calculus and
time scales frameworks.
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