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Erdélyi—Kober Fractional Integral Equations in Applied
Sciences: A Fixed Point Perspective

Dipankar Saha', Nimai Sarkar?* and Mausumi Sen®

ABSTRACT. This paper explores a solution method for a nonlinear
Erdélyi-Kober type fractional integral equation (NLFIE), leverag-
ing fixed point theory, particularly the Darbo fixed point theory.
The equation, with deviating arguments and the Erdélyi-Kober op-
erator, offers insights applicable to diverse scientific domains. No-
tably, by specializing parameters, it aligns with models describ-
ing infectious disease propagation. Additionally, it underscores the
utility of Erdélyi-Kober fractional integrals in characterizing me-
dia with non-integer mass dimensions, with applications spanning
porous media to electrochemistry. This analysis advances our un-
derstanding of solving complex nonlinear integral equations, offer-
ing interdisciplinary insights with practical implications.

1. INTRODUCTION

Integral equations serve as a sophisticated framework for comprehen-
sively characterizing a myriad of physical phenomena, spanning disci-
plines as diverse as viscoelasticity and electrochemistry. Among the arse-
nal of available mathematical tools, nonlinear integral equations (NLIEs)
emerge as indispensable constructs for effectively modeling many prac-
tical problems encountered in these domains. Furthermore, the scope
of integral equations broadens substantially with the incorporation of
quadratic formulations, which find application in pivotal areas such as
radiative transfer, neutron transport, and the kinetic theory of gases.
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A wealth of scholarly literature, exemplified by references [2, 5, 8, 11—
22] is dedicated to meticulously examining NLIEs, encompassing vari-
ous types, including quadratic and fractional integral equations involv-
ing Riemann—Liouville fractional integral. This scholarly pursuit delves
deeply into the nuanced analysis of solution existence, probing the in-
tricate interplay of mathematical formulations and physical realities.

Earlier studies related to fractional integral equations cited above
involve the Riemann-Liouville fractional integral. Few studies related
to Erdélyi-Kober operator are witnessed. Erdélyi-Kober fractional in-
tegrals are largely used to depict the medium with non-integer mass
dimensions. Also, Erdélyi-Kober type fractional integrals are found in
porous media, electrochemistry, and viscoelasticity [7, 9, 10]. This leads
the findings to be more relevant in terms of physical application and
implementation.

In this paper, we have taken the following nonlinear FIE with devi-
ating arguments and containing Erdélyi-Kober operator, in which the
indispensability of the Darbo fixed point theory will be highlighted.

(1.1)

= s,z (a(s P ¢ (s, ¢, x(¢(0)))
(s) = (p( v (a( )))+F( ’F(B)/o T d())

< (106 + (50006 + [ (50t ac

where I' denotes the Gamma function, s € Ry, 0 < a < 1, 8 > 0,
h(s) is a known function, F', p and g are unknown functions. Also, u,
q:IxIxR — R are Lebesgue integrable functions. Moreover a(s),
b(s), &(s) and d(s) act continuously from R, to R..

Particularly for a = g = 1, if we take

p(s,(s) = p(s).
F <s,/05u(s,<,x<c>>d<> — [(Ae-0e©dc,

h(s)+g(s,z(s))=f(s),
q(s,¢,z(¢)) =a(s =)z ().

We get the following equation of the form
z(s) =k s) — ’ A(s—0z(()d s ) a(s—Oxz(()d
©=k(pe) - [46-0s©d) (64 [(als- s )

that has been studied in [§] which describes the proliferation of an infec-
tious disease where k£ > 0 is a constant and where the functions p and f
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take into account the effects of the infection before s = 0. Here the quan-
tities (p(s) — [ A (s — ) & (¢) dC) and (£ (s) + 5 a(s — ¢) 2 () d¢) rep-
resent number of susceptibles and the total infectivity respectively and
x (s) is_the rate at which susceptibles become infected. Also, the equa-
tion ([L.1)) involves the celebrated Chandrasekhar integral equation as a
particular case. The article is arranged in the following manner. The
second section is dedicated to all preliminary concepts, Section J is fo-
cused on key outcomes. In Section Y|, a few suitable numerical examples
are studied for validation purposes, and finally, the article ends in Sec-
tion [ with some concluding remarks.

2. PRELIMINARY CONCEPTS

In this section, we elucidate the fundamental ideas that connect solv-
ability criteria with the nature of solutions for the Erdélyi-Kober (EK)
type integral-differential equation (IDE). We consider an equation of
type (), formulated with this operator to capture the interaction dy-
namics.

Definition 2.1. The Erdélyi-Kober (EK) integral operator 1P , where
a > 0,8 >0, and p € R, for a sufficiently regular function ¢(t), is
defined by

t a(p+1)—1 (T)
[ (1) = —2 oAt / T el .
20 I'(B) o (tv— To‘)l_ﬁ

In particular, when p = 0,

Bty = e [Tl
B0 = 15" |, oy

or equivalently,

o a1 e
198108, (1) — F(ﬁ)/o Pt

Lemma 2.2. Suppose g : Ry — R is concave with g(0) = 0. Then g
is subadditive for any ri,79 € Ry, i.e.,

g(ri+r2) <g(r)+g(ra).

Lemma 2.3. Let g : Ry — Ry be defined by g(r) =7r*. If0<a <1
and ro > 11 > 0, then

ry —ry < (rg—r)*

Proof. Since ¢" (r) = ala — 1)r*2 < 0 for > 0, the function g is
concave. By Lemma , g is subadditive, and the stated inequality
follows. 0
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To discuss the existence of a solution to the integral equation (EI), we
use the technique of the measure of noncompactness satisfying condition
(m), which ensures solvability of operator equations in Banach algebras.
This criterion was first implemented in [4] for the Hausdorff measure of
noncompactness in the Banach algebra C(I).

We consider an infinite-dimensional Banach space (E, || - ||) with zero
element denoted by #’. The closure and convex closure of a subset Z C E
are denoted by Z and ConvZ, respectively. Let B(z,r) be the closed
ball centered at x with radius r, and write B, := B(#',r). Denote by
Sg the family of all nonempty bounded subsets of E, and by Wg C Sg
the subfamily of all nonempty relatively compact subsets.

Definition 2.4. A mapping v : Sg — Ry is called a measure of non-
compactness in F if the following hold:
() kerv:={Z € Sg : v(Z) = 0} is nonempty and kerv C Wg.

ii) If Z C N, then v (Z) < v (N).
(i) v (2) = v(2).
(iv) v(ConvZ) = v (Z).

VI vIAMZ4+1=-NZ)< Ww(Z)+(1—=Nv(Z) forall X € [0,1].
(vi) If Z,+1 C Z, for n € N, each Z, is closed and lim,,_,o v(Z,) =

0, then Z, := M52, Z, is nonempty.

We work in the Banach algebra BC'(R;) with the norm

lyll = sup{|y(s)| : s. € Ry}. The measure of noncompactness in
BC(Ry) described in [3] is used here. For a nonempty bounded set
Y € BC(R4) and T > 0, define the (truncated) modulus of continuity

wT(g7 5) = Sup{’g(SQ) —§(51)| 181,82 € [OaT] ) |82 - 81| < 5}7 RS Ya
and
T _ Ti— N . —
w” (Y, e) =sup{w (g,¢) :y € Y},
wd (V) = lim w?(Y,e),

e—0t
wi® (V) = lim wl (V).
T—o00
For each fixed s € R, set
Y(s)={7(s): 7Y},  diamV(s) = sup{[7 (s) = §(s) : 7.7 € Y},

and define

c(Y)= 1i>m sup diamY (s).
Then
(2.1) ve (Y) =wg® (V) +c(Y)

gives the degree of noncompactness in BC(R4) [3].
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Definition 2.5. In the Banach algebra FE, the measure v, satisfies con-
dition (m) if for all arbitrary sets H, D € Sg the inequality

ve (HD) < |[H||ve (D) + || Dl|ve (H)
holds.

Theorem 2.6 ([1]). Let v. be the measure given by (@) Then v,
satisfies condition (m) on Sg where E = BC(R4) (a Banach algebra),
provided the functions from each such collection of subsets are nonneg-
ative on Ry .

Theorem 2.7 ([1]). Let B be a nonempty, bounded, closed, and convex
subset of the Banach algebra E. Suppose G, H : B — E are continuous
operators such that G (B) and H (B) are bounded, and define A : B — B
by A= G- H. If for every nonempty subset Y C B one has

ve (GY)) <9 (ve(Y)), v (H(Y)) <92 (ve(Y))

where v. is a measure of noncompactness fulfilling condition (m) and
U1, Y9 : Ry — Ry are nondecreasing functions such that

Jim ¢ (s) =0,

Jim_ 4y (s) = 0,

Tim (| G(B) v + |1H (B) [[4)" () = 0.
for all s >0, then A has at least one fixed point in B.

3. MAIN RESULTS
The existence is studied under the following assumptions.
(A1) h € BC(Ry).
(A2) There exist upper semicontinuous, nondecreasing functions
Y1, Y2 : Ry — Ry such that
nh~>n;o YT (s) = nhjgo Py (s) =0, (seRy),
and, for all s € Ry and z1,22 € R,
Ip(s, 1) — p(s, z2) | < Y1 (w1 — 22]),
l9(s, 1) — g(s, 22)| < Pa(lz1 — z2]).
Moreover, for s, € Ry and j = 1,2,
¥; (s) + 45 (Q) <5 (s + ().

(A3) F: I xR, — R, is continuous and there exists k : Ry — Ry
(nonnegative, continuous, bounded) such that

|[F(s,21) — F(s,22)| < k(s) |z1 — 22|, (s €Ry, z1,220 € Ry).
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(A4) u: Ry xRy x R — R is continuous and satisfies
u(s, ¢ x) [ < @ ([z]),

where ® : Ry — R, is nondecreasing.

(A5) ¢: Ry x Ry x R — R is continuous and there exist continuous
I,m: R4 — R4 such that

lim l(s)/osm(C)dC:O,

§—00

and, for 0 < { < sand x € R,
lq(s, () [ < T (s)m ().
(Aﬁ) Let

Mgzsup{rg<s,o>r+z<s>/ m(@dc}.
s>0 0
There exists ry > 0 such that

(a0l + 553y 20lelh + 1)

X ([|n]] + o ([|2]) + Ma) <7

admits the positive solution » = rg. In addition, for all s > 0,
(‘1’1(7“0) + ﬁ@(ro) + M1> Ty (s)
+ (||h]| + Wa(rg) + M2) Uy (s) < s.
(A7) Define a/,b" : Ry — R by
& (s) =l (5) s°°,
b (s) = ka(s) s,
which are bounded on R and satisfy

. ’ o
Slglgloa (s) = 0.

Lemma 3.1. Suppose ¢ : R, — Ry is nondecreasing and upper semi-
continuous. Then the following are equivalent:

(i) ILm " (s) =0 for each s > 0;
(ii) ¢ (s) < s for every s > 0.
Lemma 3.2. Let g : Ry — Ry be given by g (s) = s*. If0 < a <1 and

so > s1 > 0, then
s§ — 87 < (s2 — s1)™.

Theorem 3.3. Under assumptions (A1)—(As), equation (@) admits at
least one solution x € By, .
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Proof. For x € BC(R,.), define the operator @ by
(Qz) (s) = (Tz) (s) (Hz) (s), s €R4,

where
(Tz) (s) =p(s,2(a(s))

or (g / ¢ 13a L EON),
(Hz)(s) =h(s)+g (s,:p (5(3))) + /Osq (s,C,x (ci(C))) dc¢.

Step 1: We show that T, H : BC (R;) — BC (R;) are well-defined. It
suffices to prove that the auxiliary functions

o [ (s, a(E(Q))
k(s) = T(5) /0 (5@ — Ca)l—ﬁ

ro) = [ (@) dc

belong to BC(Ry).

Fix € > 0 and take 0 < s1 < s < L with |s2 — s1| < e. Then,
by the assumptions on u and ¢ (continuity and the growth bounds in
(A4)—(As5)), standard estimates yield

In(s2) = w(s1)] < fg (O (D)wu(e) +Ca (D))

and

dg,

e
I'(B)
and

[7(s2) = 7(s1)| < wy(e) + lllljo,zllmll 210, )E

where w,,, wy are moduli of continuity in s (uniform on bounded intervals)
and C1(L),Cs (L) depend only on L, a, and 8. Hence both x and 7
are uniformly continuous on [0, L] for every L > 0. Boundedness on R
follows from (A4)—(As). Therefore k,7 € BC (R4), and thus 7', H map
BC (Ry) into itself.

The proof proceeds with the measure-of-noncompactness framework
from Sectiona and the product estimate under condition (m) to show
Q has a fixed point in B,,.

o 52 aflu $9,C, &
|k(s2) — K(s1)] = 05 /0 ¢ (3{; i ga)l(—ﬂ(C)»dC
a (s, ¢ (E(Q))
P(/B)/o CEIGE

51,6, 2(¢(¢))) |

<o [ e Ca @ O) "

u(
I'(8) Jo s
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o /32 ¢* Hu(s1, ¢, 2(&(Q)))|
F(B) s1 (8% B Ca)l_ﬂ

o [ a=Liu(s z(¢
g T s Gl

x|(s5 = ¢*)P1 = (st = ¢ e

+ d¢

Using the modulus of continuity in s (uniform on [0, L]),

w(u,e) = sup{]u(sz,c,ac) - u(sl,C,:J:)| 181,82 € [07L]7 ‘32 - 51’ <e,
Cel0,L], |z| <mo}.

and the bound |u(s1,,z(¢(€)))] < ®(||z]), we get

(3.1)
s aw(u,e) [*2 ¢ol
) = st < 5% [ et
OZ(I)(HQZH) o a=1|(ga _ a\f—-1 _ s — a\B-1
e A (T B C R L I

S2 Cozfl }
“J, weay

The standard EK-kernel primitive gives

s Ca—l g Saﬂ B Saﬁr(ﬁ)
/0 G ‘= af  al(B+1)

hence, from (@),

(3.2)

af
(0]
w(U,E) S9 (H'CL'”) |:Saﬂ —83'84—2(8% _8(11),8 )

rg+1) TE+1) 0
By Lemma 3.2. with 0 < « < 1 and S € (0, 1],

|K(s2) = K(s1)] <

(53 = s7)7 < (52— s1)*,
S0 (@) yields

w(v,e)s5” - (|2])
r@+1)  TE+1)
Since w is uniformly continuous on [0, L] x [0, L] x [—rg, 70|, we have

w(u,e) — 0 as € — 0. Thus, as s; — sg, the right-hand side of (B.3)
tends to 0, proving that  is continuous on [0, L]. Analogously, 7 is

(3:3)  rls2) —rls1)] < (52— 51)*7.
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continuous on [0, L]. Hence Tz and Hz are continuous on R;.
Step 2: Let x € BC(R4) with ||z|| < rg. Then, for fixed s € R4,

(3.4)

a sco—ly(s ¢, x(é
() @) = |p (s o) + F (s s [ mmenE )
< Ip (5.2 () — p (5.0)] + [p (5,0)
o [* (s, Ca (E(Q)
* 'F ( B s ‘“) - F(S’O)‘
+ |F (s,0)]

i b(s)a 2 ¢ u(s, ¢ (€(0)))]
<Wi(lz(a(s))]) + T () /0 (50— ¢o)1P d¢ + M,

lo(s)s*P
rg+1)

< Ui (fl=l) + O([|lll) + My,

where

My = sup (Jp(s. 0] + [F(s.0)).

(3.5) | Tz|| < Ty (|x]]) + F(BA+1)

Hence, T' maps BC (Ry) — BC (R4). By the imposed assumptions, T’
also maps B, — B,,.

(3.6)
(112 (9 = [19) 9 (s (566))) + [0 (s.602 () )

)
())) = 9(5,0)| + g (s, 0)
+ [ (sco (@)

<+ 9 (je (59) 1) + 1o 0+ 265) [ ()¢

< I+ s (Ja (B(s)) 1) + M,

O([lzl]) + M.

where i

= sup {a(.0) +1() [ m(cac |
Taking sup over s > 0 in (@) yields
(3.7) [Hez|| < [|h]l + Po([l]]) + Ma.

Hence H maps BC (R;) — BC (Ry), and by the assumptions, H maps
B, — By,.
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Now, using (@)—(@), we obtain
Q| = Tz - H||
< [T ||| e

< (Wl + 5

which implies ||Qx| < ro by assumption (A7) for any x € B,,. Conse-
quently, Q : B,, = B,, is well-defined.

Step 3: Fix ¢ > 0 and let Z;,%2 € By, satisfy |1 — Z2]| < e. For
s €0, L],

(3.8)

o(|l=l)) + M1> (Al + T (llz]]) + M),

[(T21)(s) — (TE2)(s)| = |p(s,21(a(s))) — p (s, T2(a(s)))

oF (s | i)

- ( - /0 ga—l(z cfsfg’ffl(é (@) d<> ‘

< Wy (J#1(a(s)) — a(als))))

aly (s) [% ¢y (s, ¢, %1, 32)
dc.
Bl i

Wherev 7(8767‘%17‘%2) = ”U, (Saga‘%l(é (C))) - U(S,C,fi’g(é (C)))‘ . Thus

lo(s)s*?
LB+ 1)5“ ©)

[(T21) (s) = (T2) ()] < W1 (|21 — Z2f]) +

ST E Gy

where

du (€) = sup{|u(s,¢, &) —u(s,¢,n)| : s,¢ € [0, L],
5777 € [-7’0,7’0], ‘5 - 77’ < 6}‘

By the uniform continuity of w in [0, L] x [0, L] X [—rg,70], we have
du(e) = 0 as € — 0. Hence T is continuous on By,.
Similarly, for s € [0, L],

(3.9)
[(HZ1) (s) — (HZ2) (s)|

o (s (59)) o (5232 (b)) + [ (0 (56021 (300))
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¢ (s.¢.72 (4(0)) ) ) dc
< (5 (59) - (9))
+ [a(scan (100)) —a (5.2 (400) ) ac.

and, using the growth bound from (A4s) and ||Z; — Z2|| < ¢,
| (HE1) (s) = (HT2) (s) | < Wale) + llljo,u)[mll 10,0
Therefore H is continuous on By, .
(3.10) |(HZ1) (s) — (HZ2) (s)] < Ua(e) + 21(3)/ m (¢) dC.
0

By (Ag), there exists L > 0 such that, for every s > L,

(3.11) 20 (s) /Osm(g“) d¢ <e.
Hence, combining (M) and (M), for any s > L,
(3.12) [(HZ1)(s) — (HZ2) (s)| < Va(e) + € < 2e.

Define the local modulus (on bounded boxes)
dq (€) = sup{lq (s,¢, &) —q (s, ¢l : s,¢ € [0, L],
5577 € [_TO)TO] ) ’g - 77| < 5}'

By uniform continuity of ¢ on [0, L] x [0, L] X [—rg,r¢], dq(e) — 0 as
e — 0. From (@), for fixed s € [0, L],

L
| (H1) (s) = (HE2) (s) | < P2 (¢) +/0 0q () dC = W3 () + Ldy (¢) -

Together with (), this proves H is continuous on B,,.
Step 4: Let X(# @) C By, fix e > 0, z € X, and choose L > 0. For
s1, 82 € [0, L] with s; < so and |sg — s1| < ¢,
[(Tz) (s2) — (Tz) (s1)| < [p (s2,z(a(s2))) — p (s1,x(a(s1)))|
a (%2 ¢ hu(s2, ¢ x(e(0))) >
! 'F ( ST Ao s Rl
) o N (s1,¢ 2(E)) >‘
Py | o e
a (¢ (s, ¢ x(E(0))) >
! 'F ( ST Ao s Rl
) o (s, ¢ 2(E)) >‘
Pty [ o )|
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Using the moduli of continuity w (p,e), w (F,e) in the first and last
terms, and the Lipschitz-type bound on F' in its second argument with
coefficient I3 (s), we obtain

(Tx)(s2) = (Tx)(s1)| < w(p,e) + Vi (Jw(a(sz2)) — x(als1))])

ala(s) | %2 ¢ Lu(s2, ¢, 2(8(C)))
t (55 —coyim
51 Ca_lu (Sl,C,SC(é(C)))
_/o (s§ — ()7 |+

Splitting the integral difference as in Step 1 and applying the estimates
used there,

[(Tx)(s2) — (Tx)(s1)] < w(p,e) + V1 (w(a, €))

bisyw(u,e)ss” | BEW(l) (s
(5 +1) (B +1)
+w(F,e),

where w (z, ) is the modulus of continuity of  on [0, L].

Since w (p, ), w (F,¢), w(u,e) — 0 as ¢ — 0, follows w” (Tx,e) —
0. Hence wo (TX) = 0 on bounded intervals, which yields the desired
estimate for wp (T'X).
Taking € — 0 and using the uniform continuity of p,u,F’, we obtain

wo(TX) < lim ¥y (w(X,¢)).
e—0
Since ¥ is upper semicontinuous, it follows that
(3.13) wo(TX) < \111 (’LU()(X)) .

Step 5: Let X(# @) C B, and z,y € X. For s € Ry, by (@) and the
imposed assumptions,

(Tz)(s) — (Ty)(s)| < W1 (Jx(als)) —y (a(s))])

Otlg(S) s Ca_l'Y(SaCaxvy)
+ 55 ), e
< Uy (diamX(s))

¢

ad(s) ( [* s, ¢ 2(#0)))|
T (/ < —ca) 5%
cal\u<
+/0 (s — )
2l2()

< U, (diamX(s)) + \11(7“0)

LB +1)
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s Ca 1 B Saﬁ _ sa,@r(ﬁ)
Here,/o W d¢ = B al(B+ 1) and |u(s, ¢, §)| < Y([¢]) <
U(rp). Hence
. . 2l5(5)s*8
dlam(TX)(S) S \Ill (dlamX(S)) + W\II(TQ)

If, by (Ag) (or the stated growth bounds), la(s)s* — 0 as s — oo, then
(3.14) lgn sup diam(7X)(s) < ¥, (ll)m sup diamX(s)) .
Combining () and (), we get
Ve(TX) = wo(TX) + lim supdiam(7TX)(s)
S§—00
< Uy (wo(X)) + ¥y ( lim sup diamX(s)) .

Since v, (X) = wo (X)+1lims_,o sup diam X (s) and ¥y is nondecreasing,
(3.15) ve(TX) < Uy (1(X)) .

Step 6: Let X(# @) C B,,, fix ¢ > 0, and pick z € X. For L > 0
choose s1, 2 € [0, L] with s1 < s9 and |s3 — s1| < e. Then
(H

(Ha)(s2) = (Ha)(s1)
= Ihea) —hlen) +1g (52, (b(s2))) =g (s1.2 <6<sl>>)|

¢~ [ a(sncontiion) ag

() d
(h e) +lg (82, 82)) 9(827 )Hw(g, £)
+/0 (52, 2(d(0) — g (31, 2(d(©) ¢
+L g (51.¢2(d(0))) ld¢

w(h,2) + s (o (b(s2)) = 2(b(s1))] ) +w(g, <)
+ Lw(q,e) + [Sol,ll'f)]l/ﬁ m(¢)d¢
<w(h,e) + Vs (w(z,€)) +w(g, ) + Lw(g,e)
+ esup{l(s1)m(s2) : s1,s2 € [0, L]}.

_l’_

<82,C,

where
w(h,e) = sup{|h(s2) — h(s1)| : s1,82 € [0, L], |s2 — 51| < €},
w(g,e) = sup{|g(s2,&) — g(s1,§)] : 51,82 € [0, L],
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5 € [_TOaTO]a |82 - 81| < 5}?
"UJ(q,a?) = Sup{|Q(327C7£) - Q(51747£)| 181,52 € [O7L]a C € [OaL]v
5 € [_TOaTO]a |82 - 81| < 5}'

By uniform continuity of ~» on [0,L], g on [0, L] x [—7g, 70|, and ¢ on
[0, L] x [0, L] x [=7T0, ro], we have w (h,€) ,w (g,€) ,w (q,e) — 0 as e — 0.
Also, since I,m are continuous on R, sup{l(s1)m(s2) : s1,s2 € [0, L]} <
oo. Hence
w§(HX) < lim ¥ (w”(X,¢)),
e—0

and, by upper semicontinuity of W,
wi(HX) < ¥y (wf (X))
Letting L — oo,
(3.16) wi (HX) < Uy (wg®(X)) .
Step 7: For X(# @) C By, and z,y € X,
(Hz)(s) — (Hy)(s)]
< |g (5:2(65)) = g (s,9(b(5)) )|

[ (Jo (s:atd@n)| + fa (s oot ac
< s ([o(6) = w0)]) + 2109 [ ().

when
diam (HX) (s) < s (diamX (s)) + 20(s) /0 " m(C)dc.
If (s) [ m(C)dC — 0 as s — oo (assumption (As)), then
(3.17) Tim sup diam(HX)(s) < ¥ (811{20 sup diamX(s)) .
Linking (B.14) and (8.17), we obtain
Ve(HX) = w§(HX) + Tim sup diam(H X)(s)
< Uy (WF(X)) + Uy (JE& sup diamX(s))
<, (wgo(X) + lim sup diamX(s))
= Uy (1(X)).

Hence

(3.18) ve(HX) < WUy (v.(X)).
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Now the inequality in assumption (A7) takes the form
(3.19)

(T By, [ W2 + [[H By, [|W1) (s) < ((P1(ro) + D(ro) + M) ¥y

A
INCERY
+ ([1p]l + ®2(ro) + Ma) ¥1) (s)
< s.

for all s € Ry. By Lemma 3.1. and (),
Jim ([T By, [ W + || H Bro[|W1)" (5) = 0.

Therefore, all the conditions of Theorem 2.7. are satisfied, and equation
(L.1) has at least one solution in the space BC (Ry.). O

4. NUMERICAL EXAMPLE

We scrutinize the following example to validate our key outcomes:
(4.1)

\a:|1/4 _ 1 /5 %C3/2€_SC cos |z|
= = S arct d
#(s) (2(1 + s?) e arctan r'(1) Jo (s5/2 — C5/2)1/2 ¢

2
(s—3)2 sin(2s) / (| coszle™®
X n(1
(e +1—1—2(308 (1 +lz]) 1+ |z |2 ’

where s € Ry, 0 < <1, and o > 0. It is a special case of (@) with

|l"1/4
Pl ) = sy
F(s,z) = e %arctan(x),
sin(2s)
=———1In(1
olo.) = 221y ),

u(s, ¢, x) = e cos |z,

(| cosz|e™*’

Q('Sv(?x) = 1+ |$|2 >

h(s) = e~ (=3,

a(s) = b(s) = &(s) = d(s) = s,
R

a=g,

=3

Clearly, h € BC(Ry) with ||h|| = 1.
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For any fixed x,y € Ry with |y| < |z| and s > 0,

1
p(s,2) — pls,9)| = 2/ = 4] < Sl -y 2

1
2(1+ s?)
(The case |z| < |y| is analogous.) Thus we can take

1
Uy(s) = 551/2,

which is nondecreasing, concave on Ry, and satisfies ¥y (s) < s for all
s > 0. Moreover,

sin(2s)
1+ 2coss

<In (1+ [ES |y||>
1+ y|

<In(1 + |z —yl).

In(1 + []) — In(1 + |y[)|

9(5,2) — 9(s,9)] = \

So we may take

Uy(s) =In(1+s),
also nondecreasing, concave on R, with ¥, (s) < s for all s > 0.
Assumption (As). We have |q(s, ¢, )] < e™5°¢, hence (As5) holds with

s 2

_g? B : o 25
= m@=¢ Imie) [ mQd = lm T <o
and ®(z) = cos .
Constant My in (Ag).

s 526—52 e 1

Mgzsup{|g(s,0)]+l(s)/ m(C)dC} = sup = — ~(.1839.

520 0 s>0 2 2

Verification of (A7). The inequality becomes
1 1
<2\/77 + 0.0830 cos r) (6 +1In(1+47r) + 0.1839) <r,

which is satisfied for » = 1. The second inequality in (A7),

A
(0nm+ 155

<s, seRy,

B(ro) + M)W + (1] + Ta(ro) + Mz)‘I’1> (s)

also holds for rg = 1.

All assumptions (A4;)—(Ag) are fulfilled. By Theorem @., the frac-
tional integral equation (@8) admits at least one solution x (s) € By C
BC (R4).
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5. CONCLUSION

In this paper, a sufficient condition for the existence of solutions,
concerning the nonlinear FIE associated with a weakly singular kernel,
has been minutely derived. More precisely, it deals with the product of
operators in a Banach algebra, which is a basic structure in functional
analysis. Having made use of the properties of the Banach algebra in this
paper, we have established a rigorous setting under which the solution
to the nonlinear FIE is guaranteed.

The added complexity of the weakly singular kernel at certain points,
hence its singularity, demands great care and subtlety so that the so-
lutions are defined and exist under the conditions. All these intricacies
were considered in our derivation, which therefore provides a robust
criterion guaranteeing the existence of solutions.

An illustrative example of applying the derived sufficient condition
to a specific nonlinear FIE is given to further substantiate and eluci-
date our theoretical findings. Not only does the example illustrate the
applicability of our theoretical results in practice, but it also turns out
that the sufficient condition is very effective and reliable for real-world
problems connected with such equations. We want to illustrate through
this example how abstract conditions turn into concrete solutions and
thus validate theoretical contributions from our work.
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