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Improved Bounds of Hermite Hadamard Inequality for
Several Kinds of Convexities via Fractional Integral

Reena Igbal''?, Asif Raza Khan® and Muhammad Bilal?34*

ABSTRACT. This research work deals with generalizations and re-
finements of bounds of the first inequality of the celebrated Her-
mite Hadamard dual inequality via Riemann-Liouville fractional
integrals. Specifically, we explore generalized integral inequalities
for several kinds of convexities using fractional integrals by utiliz-
ing the newly defined class of (s1, s2,t1,t2)-convex functions. The
proposed research work establishes the superiority of an enhanced
version of the power-mean integral inequality and Holder integral
inequality, termed as improved power-mean and Hélder-Iscan inte-
gral inequalities, over the traditional ones.

1. INTRODUCTION

J. L. W. V. Jensen once remarked: “It seems to me that the notion
of a convex function is just as fundamental as that of a positive or an
increasing function. If I am not mistaken, this concept deserves a place
in elementary treatments of real function theory.”

Convexity is a straightforward and intuitive concept, with its origins
dating back to Archimedes around 250 B.C. In his renowned estimation
of m, he used inscribed and circumscribed regular polygons and noted
a fundamental property: the perimeter of a convex shape is always less
than that of any other convex shape that encloses it.

In fact, convexity is something we encounter regularly in daily life. A
familiar example is our ability to stand upright—this stability is main-
tained as long as the vertical projection of our center of gravity falls

2020 Mathematics Subject Classification. 26A51, 26D07, 26D99.

Key words and phrases. Hermite Hadamard inequality, Riemann-Liouville frac-
tional integrals, Convex functions, (s1, s2,t1, t2)-convexity, Improved power-mean in-
equality, Holder-Iscan integral inequality

Received: 2025-05-01, Accepted: 2025-10-07.

* Corresponding author.

1


http://scma.maragheh.ac.ir

2 R. IQBAL, A. R. KHAN AND M. BILAL

within the convex hull formed by our feet. Beyond such physical intu-
ition, convexity plays a significant role in various fields, including indus-
try, business, medicine and art. It is also central to critical problems
such as optimal resource allocation and the analysis of equilibrium in
non-cooperative games.

Theorem 1.1. Let ¢ : I CR — R be a convexr function with o1 < 02
and 01,02 € I. Then we have

. (Ql +Qz) <1 /92 o(£)de < €(01)+§(92).
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The double inequality presented above is commonly referred to in
the literature as the Hermite Hadamard inequality. For a comprehen-
sive overview of its various generalizations, extensions and applications
across both pure and applied sciences, readers may consult the works
cited in [IH11], [15-26]. along with the references therein. In recent
works, Sahoo et al. [1&820] established Hermite Hadamard type inequal-
ities for normed linear convex functions, composite convex mappings and
multiplying m—complex functions, further expanding the scope of these
classical inequalities.

The quest for the sharper bounds and extensions of the Hermite
Hadamard inequality has led to the introduction of numerous gener-
alized convexity classes, such as s-convex, P-convex and (r,s)-convex
functions, each yielding tailored inequalities. However, this prolifera-
tion of special cases has created a fragmented landscape. A significant
challenge is the lack of an overarching structure that not only encapsu-
lates these varieties but also allows for a systematic comparison of the
precision of the inequalities they generate.

In this paper, we address this challenge by working with the compre-
hensive class of (s1, s2,t1,t2)-convex functions introduced in [12]. The
principal motivation for this work is not merely to add another general-
ization to the literature, but to provide a unifying analytic framework.
This class acts as a generating function for convexity; by choosing spe-
cific parameters (s1, s2, t1,t2), one can recover a wide spectrum of known
convexity types, as detailed in Remark [1.3.

Our objective is twofold:

(i) Unification: To derive fractional Hermite Hadamard type in-
equalities for this general class, thereby obtaining “master” in-
equalities that contain many previous results as immediate corol-
laries.

(ii) Refinement and Sharpness: To move beyond straightfor-
ward applications of standard inequalities. We leverage more
sophisticated tools like the Holder Iscan and improved power
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mean integral inequalities. One of the central technical aim is
to demonstrate that these refined methods yield bounds that are
strictly sharper than those derived from their classical counter-
parts. This analytical comparison of bounds constitutes a key
depth of our work, addressing the need for more profound in-
sights beyond combinatorial exercises.

In Section E, we establish foundational estimates for the left-hand
bound of the inequality using standard techniques. Section J is devoted
to achieving refined versions of these bounds using more advanced in-
equalities. The core of our contribution, the demonstration of sharpness,
is presented in the new Section Y|, which provides a comparative analy-
sis. A concluding discussion outlines the unifying power of our approach
and suggests promising directions for future research.

Now, we are going to recall the definition of (s1, s2, t1, t2)-convex func-
tion extracted from [[12].

Definition 1.2. Let (s1, s2,t1,t2) € [0,1]%. A function n: I C [0,00) —
[0, 00) is said to be (s1, $2,t1,t2)-convex (concave) in mized kind if

(1.1) n(te + (1 —t)y) < (=)t n(z) + (1 —1°2)"2n(y),
for all z,y € I and ¢ € [0, 1].

Remark 1.3. In Definition @ by choosing different values of t1, ts, s1
and so we can get different cases. For example, if we choose s1 = so =
t1=ty=1in (E), we get the ordinary convex (concave) function. For
other cases we refer the reader to [[].

2. ESTIMATED LEFT BOUNDS OF HERMITE HADAMARD INEQUALITY
FOR THE CLASS OF (s1, S2,t1,t2)-CONVEX FUNCTION VIA
FRACTIONAL INTEGRAL

Let R denote the set of real numbers. Unless stated otherwise, the
interval I = [p1, 02] is assumed to be a subset of R throughout this
paper.

In 2013, Noor et. al. proved the following identity related to left
bound of Hermite Hadamard inequality involving fractional integrals,
which we recall here:

Lemma 2.1 ([14]). Let f : [o01,02] — R be a function that is twice
differentiable on the open interval (01, 02), where 01 < g2. If <" belongs
to the space L[o1, 02], then the following identity involving fractional
integrals holds:

2710 (a+1) | N (ot o
oo —o ) J<W><(@1)+J<m;@)+<(m>] g( : )
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(02-@1)2/1 1 1+ x 1-x
— 1 o a-+ "

1— 1+
+<” < 5 XQ1 + 9 XQ2>] dx.

The above lemma plays a key role in proving our main results of this
article.

Now, we are going to prove our main results related to left bound of
fractional Hermite Hadamard inequality for the class of (s1, s2,t1,t2)-
convex function.

Theorem 2.2. Let f : [01,02] — R be a function that is twice dif-
ferentiable on the open interval (o1, 02), where p1 < p2. Suppose that
" € Lo1, 02] and that |s"| satisfies the condition of being a (s1, S2,t1,t2)-
convezx function of mized type. Under these assumptions, the following
inequality involving fractional integrals holds:

(2.1)
i ey < (25)
2
m [A [s" (o] + 2sztz(z/:r(gs221|2+2)
e + 4l ().
where
(2. Alz/olu—x)a“{l— (lgx)sl}“dx
and

(2.3) Ay = /01(1 —x)ott {1 - (1;X>82}t2 dx.

Proof. Using Lemma @ and the fact that [¢”| is (s1, s2, t1, t2)-convex
function of the mixed kind, we have

90— 1I‘(a+1 Jo N o1+ 09
(QZ—Ql (e1+92) J<%>+§(QQ) S 5
92_91 _ a—i—l " 1+X 1—X
‘ 8(a+1) / [g ( g AT 50

1 1+
+<< 2X91+ 2X92>]d><‘
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- ‘(gfafll);/ol(l =X)L <12XQ1 2 ;X@z> dx‘
< (g(z_*_gll);/01(1—><)°‘H <" (1;X91+ 1;X92>
(52 e

<y ([omo
+ <1;X)82t2 <" (02)]| dx + /01(1 - x)* [(?{)Sm [" (01)]

()Y e

By putting

Alz/olu—x)a“{
A2=/01<1—x>a“{1— 1;X>82}t2dx,

1 s1t1
1—x 1
2.4 1—y)ott [ —= dy =
e [a-w ( . ) R

and

1 n l_X s2t2 1
2.5 1—y)® _— dy = . ]
(2.5) /0 (1-) ( . ) X = ST D

Remark 2.3. In Theorem @, we have the following cases:

(i) If we choose t; = to = 1 in (Ell), we get a result for (s, s2)-
convex in 1st kind function.

a—1 a
s AR ng;@)w(gz)] ~o(et 92)|

(02 — 01)"
_ 2
- 8((1(3? 1)(901)_’_ 2) H§” (Ql)’ + ‘C” (Q2)H .

dx
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(ii) If we choose sy = s; = 1in (@), we get the result related result
for (s1, s2)-convex in second kind function.

2a71I‘(a + 1) a o B 01+ 02
W (%)—dQl)%—J(%)J&(Qz) §< 5 >|
(02— 01)* [Is" (1)) 1
= 8(0(—1—1) |: 951 {0(8170[7)()_'_(0&4-314-2)}
" (02)] 1
M {(a+32—|—2) +C(82’a’X)H ’
where

1
CGth%=A(1—MWHO+XVWX

and

1
C@mmx%=é(l—maﬂﬂ+xfwx

(iii) If we choose s1 = so =7 and ¢} =ty = s in (@), we get result
for (s,7)-convex function.

a—1 a
£ taxl) nggw)_q@n-+J€m;@)y«gﬁ]-g<91;éa)|

(02 — 01)°
S Lo (5 e

i (2”(04 +1rs n 2))] [I<" ()] + [s" (e2)]] -

(iv) If we choose s; = sp = sand t; = to = 1 in (@), we get
Theorem 5 of [14].

(v) If we choose t; =ty = s, 51 =s2 =11in (@), we get Theorem
2 of [14).

(vi) If we choose t] =ty =0 and s; = sy =1 in (@), we get result
for P-convex function.

27Tt D) | a (o1t
s — o) J(%ﬁ(@l) + J<Q1;Q2)+§(92)] S ( : )‘
(02 — 01)°

= T+ Diat2) I @+ @]

Theorem 2.4. Let f : [01,02] — R be a function that is twice differen-
tiable on the open interval (o1, 02), where o1 < p2. Suppose that <" €



FRACTIONAL HERMITE HADAMARD INEQUALITY 7

L{o1, 02] and that |¢"|? satisfies the condition of being a (s1,$2,t1,t2)-
convezx function of mized type. Under these assumptions, the following
inequality involving fractional integrals holds:

(2.6)
27 T (a+1) | 4 ) o
T e o0 gysed)] =< (252

: (gfa_fll); <p(a +11) + 2> p <Bl <" e+ %)
()]
T e feof ()
- fonfi- ()}

Proof. Using Lemma @, Holder’s inequality [2] and (s1, se, t1, t2)-
convexity of |g” |7 in mixed kind, we have

1
o [y 00 gy o] (3%)
g [ oo (e )
<[t
: ‘M/ol(l_X)aHgH(l;X@w 1;X92> dx'
‘92—912/1 a+1”<1;XQ1+1—;XQ2>dX‘
0

8(av+1
1+ x 1—x
a+1//
/0 §< 9 01+ 5 Q2>

and

)
)
92—91 [

dx

1— 1+
+/ (1- XW“W( 2Xm+ 2X@>M4
0
1
92—Q1 a+1p P
8(a+1) ‘ ‘dX
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([ (a5 )
(o) ([t o))’
<G (avovs) [('gﬂ ‘/ (1)
ol [ (- (5} o)

(lewr [ (52) "

e [ - (2) Y )

By putting
1 1_ s1y t1
= [a-0{i-(*34) ] ax
0
1 1_ s2y t2
= [a-0{i-(54) ] ax
0
L1 sat2 1
(5 e
0 2 252 2(82t2 + 1)
and

1 s1t1
1-— 1
[ () o mogasy -
0 2 251t (g1t + 1)

Remark 2.5. In Theorem @, we have the following cases:

(i) If we choose t; =ty = 1 in (@), we get result for (s1, s2)-convex
in 1st kind function.

27 T (a+1) | 4 X "t o
e |y J(w)*“"”] (25 >‘
(02 — 91)2 1 .
< 8(a+1) <p(a+1)_|_2>

X [(}C"(Ql)‘q {1 - 281(31 Y } + 25;,9(51)‘;);
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(et e i ) )

(ii) If we choose s1 = sg = t; =ty = 1 in (@), we get result for
ordinary convex function.

2@—1F(a + 1) o el . 01+ 02
RCEr J(m;%)‘““”"(gl;@)”(@?)] (%5 >‘

(02— 01)? 1 z
=St <p(a+ D+ 2>

) [(3|<"<m>|q +I¢" <92>|Q>3 . (k”(gmq + 3" (92)|q>;] |

Q

4 4

(iii) If we choose s; = sy =0andt; =t2 =1in (@), we get a result
related to Hermite Hadamard type inequality for refinement of
quasi-convex function.

QaflI‘(oz +1) | ., ) ot o
T e [0 # Tugysed)] =< (252
(02— 1)? 1 s )
: 8§0‘+11) (p(a+1)+2> [[s” (e2)] + |s" (en)]] -

(iv) If we choose sy = s1 = 1 in (@), we get a result for (s1,$2)-
convex in 2nd kind function.

2071 (a0 + 1)
(02 — 01)*

«

o Ql+92
JW>§(91)+J<“§@)+§(Q2)]_C< 5 )‘

(
(02 — 01)° 1
- 8(a+1) <p(a+1)+2>
s1+1 " q %
. [(2 : L el + < (22)] )

S =

251 (81 +1 252 (82 + 1)

" so+1 %
+< el 2t ! ‘g,,(92)|q> ]

2%1(s1+1)  2%2(sg+1

(v) If we choose s1 = sy = r and t; =t = s in (@), we get a
result for (r, s)-convex function.

207 T(a+1) | 1 a _(ato
s — o) J(W><(@1)+J<m;@>+§(gg)] <( : )‘




<G avea) |
o] ()Y
(et [ ()Y )]

(vi) If we choose s; = s9 = s and t; = t2 = 1 in (@), we get a
result for s-convex in 1st kind function.

a—1 «a
w J€W>g(gl)+JZzglJ£@>+g(g2)] _g(Ql;—QQ)‘

(02 — 01)~
(02 — 01)* 1 g
= 8a+1) (p(a+1)+2>
" q 1 |§”(Q2)|q %
8 [Og (1) {1 B 25(s+1)} ol 1 1))

(5 o 1))

(vii) If we choose t; =t = 0 and s = s = 1 in (@), we get a
result for P-convex function.

21| o o 01+t 02

T oy s00 gy -<(252)
(02 — 01)? 1 F e i

: 4?a+11) <p(oz+1)_|_2> (Is" (e)|* + |s" (e2)|%) 7 .

(viii) If we choose t; =ty = s, s1 =83 =11n (@), we get a result
for s-convex in 2nd kind function.

27 (a+1) | 4 X b
R MO R J(m:%)““’”] ("5 )‘
(02— 01)° 1 v 2t 1 " ¢ <" (02)| v
=8+ (P(a+1)+2> [(23(8“)% (01)] +28(S+1)>
<" (o)|T  2st1 -1, 1
" (28(5 41- RIS IS (Qz)\q>

Theorem 2.6. Let f : [p1,02] = R be a function that is twice differen-
tiable on the open interval (o1, 02), where o1 < 2. Suppose that ¢" €
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L{o1, 02] and that |¢"|? satisfies the condition of being a (s1,$2,t1,t2)-
convezx function of mized type. Under these assumptions, the following
inequality involving fractional integrals holds:

(2.7)
27 T (a+1) | 4 X "t o
e o0 gy ~<(252)

1 1
(92 - Q1)2 1 T " q |§H (92)|q a
<
= 8a+1) \are Arfs" (o) T 958 (0 & sats + 2)

1
" q ‘
+{ " (e0)] + Az |¢” (@2)!'1}

2s1t1 (Oé + s1t1 + 2)

)

where A1 and As are defined in Theorem B2.

Proof. Using Lemma @, power mean inequality [2] and (s1, s2, t1, t2)-
convexity of |¢”|7 in mixed kind, we have

2 Texl) J? o 01+ 02
(Q2—Ql) (91+92) J<%>+§(Q2) -G 5
92_91 1 // 1+X 1_X
1— O‘+
1— 1+
<" X@1+ X oo ) | dx
2 2
(QZ_Ql)Q/l 114X 1—x
< | = 1 — y)atl p
(Q2_Ql)2 /1 atl (1 —X 1+x
g2 1— ;
+‘ 8(O£+1) 0 ( X) N 9 01+ 9 02 X
2 1
< (8§Oé+11)) |:/O (1 _ X)aJrlg// < o1 + Q2>

2 2
1
/
0

1-— 1+
(1— )t Xor+ 200 )| dx
2 2
1—1
(02 — 1) 91 a+1 !
- 8(a+1 ‘ v ‘ X

1
1+ 1-—
X </ }(1—X)°‘+1| <”< XQ1+ X92>
0 2 2

+ (/01 (1~ x)“lldx)l_;

dx

1
q a
dx)
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([ (e ) )]

<ol ()
[t oy
Hle el o (152) dX>;
(e fomx (52

[« gz\/ _ aﬂ{ _(1;X)52}t2dx>;

Using (@) to (@), we acquire (@) O

Remark 2.7. In Theorem @, we have the following cases:

(i) If we choose s = sy =0and t; =t2 =1 1in (@), we get result
for refinement of quasi-convex function.

27 Tat 1) | a (o1t
o — 01 J<m292>_§(@1)+<]<91292)+<(@2)] §< 5 >‘
(02 — 01)?

< St Dary I @I+ el

(ii) If we choose t; =ty = 1 in (@), we get result for (s1, s2)-convex
in 1st kind function.

2070 (e + 1) |, N (ote
m—0)" J(glg@)deJ(ﬂ;@)ﬁ(ga)] §( 5 )‘

<Gt () |

{2 5) (o) |
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(iii) If we choose sy = s1 = 1 in (@), we get a result for (s1,$2)-
convex in 2nd kind function.

a—1 a
B sl ) +JE‘01;Q2)+<(Q2)] ~o(2 92)‘

(02 — 01)~

_1
< (02 — 01)* 1\
— 8(a+1) \a+2
1
5" (01)|" " (02)|* e
X [{251 C(SI7Q7X)+ 252(Od+32—|—2)

1
<" (o) <" (02)| ‘
i {281 (a+s1+2) M Clsz, 0 x) ’

(iv) If we choose s1 = sy = r and t] = t3 = s in (@), we get a
result for (r, s)-convex function.

a—1 a
B sl ) ”391292)“(@2)] -2 9)‘

(02 — 01)®
Gt () s
el [ fie (52) ) o)
(o foo () Yo
)]

(v) If we choose t; =to =0 and s =sy=11in (@), we get result
for P-convex function.

a—1 a
e | g <@ +JE;1;Q2>+<<@2>] ~o(2 92)‘

(02 — 01)*

(02 — Q1)2 7 q " q

S + |<

S ot sy U@+ @)

(vi) If we choose s1 = sg =sand t; =ty =1 in (@), we get result
for s-convex in 1st kind function.

27 0(a+1) | X "t o
T a0+ gyt (27|

Q=
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2 1-1
< (@2—0) 1 “
— 8(a+1) \a+2
1
% 1 _ 1 ‘gl/ (Q1)|q+ ‘gll (QQ)’q 1
a+2 25(a+s+2) 25(a+s+2)

+{285&)f2) * (oHl-2 - 28(a+15+2)> [ (92)‘61}}1] ‘

(vii) If we choose t; =t9 = s, $1 = s9 = 1 in (@), we get result for
s-convex in second kind function.

22~ 1F(a+1) Ja o1teo
(o0 — 01) (e1+02) Q1)+J<91+92)+g(g2)] §< : 2 2>‘

( 2—01
1
(92—91) 1 176 " q k”(Q2)|q a
< - ==7'
27 (a4 1) \a+2 Cls @) |<" (@) Tarst2

+ {W + C(s,a,x) ‘§” (Q2)‘q}q] )

a+s+2

(viii) If we choose s1 = sy =t =ty =11in (@), we get result for
ordinary convex function.

a—1 a
2 Totl) Tage S0+ J‘gmggz)ﬁ(gz)] ~o(23 92)‘

(02 — 01)

(02 — 01) 1 ‘
= 8ot Dat2) (2(a+3)>
< [+ 9" @) + (@ +2)|¢" ()]}
@+ 2) |6 ()] + (a+ 9]¢ ()|} 7]

3. IMPROVED LEFT BOUNDS OF HERMITE HADAMARD INEQUALITY
FOR THE CLASS OF (s, S2,t1,t2) CONVEX FUNCTION VIA
FRACTIONAL INTEGRAL

In this section, we establish our main results concerning the improved
left bound of the fractional Hermite Hadamard inequality for the class of
(s1, 82,11, t2)-convex functions, employing the well-known Holder-Iscan
and the improved power mean integral inequality.

Theorem 3.1. Let f : [p1,02] = R be a function that is twice differen-
tiable on the open interval (o1, 02), where o1 < 2. Suppose that ¢" €
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L{o1, 02] and that |¢"|? satisfies the condition of being a (s1,s2,t1,t2)
convezx function of mized type. Under these assumptions, the following
inequality involving fractional integrals holds:

(3.1)
2071 (a + 1)
(02 — 01)*

J?%ydm) + J‘("m;@)ﬂ(@z)] —-< (Ql —; QQ) ‘
(02 — 01)? 1 > " q <" (02)]?
= S+ 1) <p<a+ 0+ 2> <P <" )"+ Zta oty 1 2))
1 v P " (02)|"
* <p(04+1)+1> (Q ‘C (Ql)‘ + 2s2t2 (Sztg + 1) (SQtQ + 2))

1 1
|§// (Q1)|q 1 q q 1 P
_ AL 4R - -
+ <281t1(51t1 sy [ (el ) + pla+1)+1

5" (o) z
S " AR
% <2sm i+ D) (51 +2) S |<” (e2)] >

Q=

Q=

9

where
- [oonfi- (3
o [2p- (5
o[ (3
and

s o () ) e

Proof. Using Lemma Ell, Holder Iscan Inequality [4] and (si, s2, t1,
to)-convexity of |¢”|? in mixed kind function then we have

2 1F(a+1) J¢ o 01+ 02
(Q2—Q1 (1+92) J(%yﬂ(gz) -G 5
_ 14+ 1—
’ Q2a+911 / -0 [ ”( 2XQ1+ 2X92>
1- 1+X
d
+< ( 5 Q1+ 5 )] X‘

(@2—91)2/1 an(1+x 1—x
<[Me2TeU [ e d
_’ sat1) Jo (1—x)%""¢ 5 o1+ 02 | dx

2
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2 1
— 1— 14
+ (92 Ql) / (1 _ X)a+1§// < XQl n X92> dx‘
0

8(Cl+1) 9 9
(927Q1)2 /1 +1 n 14 x 1—x

< 1 — )@ d

— 8(a+1) 0 (1=x)"""¢ 5 01+ 5 09 X

o (o )l
([la-vla-vpa)’
(ol (o5 )
+ (/le}(l—x)aﬂlpdx);
([ e P w))
+{</01(1—x) -0 a)

(

(

(02 — 91)2
~ 8(a+1)

1
1—x 1+ x q 7
"
d
1

<P(a +11) T 2)27
(e ol () Y
+1" (02)|* /01<1 ) <1;X>52t2 dX)é

" ((p(a +1)+ 1)1(p(a F1)+ 2)>; (!c” (92)\q/01 X (1;X>52t2 dx
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+\<”(@1)\q/1x{1_ (1;X>sl}t1 dX)é
+< oty ”) (‘g// (el / ( )mldx
et [l (57 o)
+((p<o‘“>+ 6@ +2> <|<" (en)]” / ( >Slt1dx
+\<"(92)\q/olx{1_ <2X>32}t2dx)q
By putting

" {1 ( 2X> } dx,

“- / { <12 ) } dx;,

A {1 < 2 ) } dx,

T / { <1St>}dx,

/0(1—X)<2> dx:282t2(521t2+2)’

1 1 - X sata )
X T dX = 7 ’
0 2 222(32t2+1)(82t2+2)

! s1t1
1—x )
1= — dy—
/0 ( X) ( 2 > X TEICTR)

1 s1t1
- 1
0 2 92s1t1 (Sltl + 1)(81t1 + 2)

Remark 3.2. In Theorem @, we have the following cases:

X

M

and
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(i) If we choose t; = t2 = 1 in (@), we get a refined result for
(s1,82)-convex in 1st kind function.

a—1 a
F etd Ty -S(0)+ Jz;l;gz)#(gz)] ~<(24 Q2)|

(02 — 01)~
(02 — 01)* 1 P
= S+ 1) (p(a+1)—|—2)

) [{ (- g s 32l

1

() { G- maammeg) 1@

[s" (02)" }
252 (82 + 1) (82 + 2)

et G wmea) (qu};
+ (p(a —l—ll) + 1) p {251 (s‘f:—(lg)lzsql +2)

- (; 252 (594 1) (52 + 2)> IS4 (@2)|q}}1] :

(ii) If we choose t; = to = 0 and s; = s = 1 in (El!), we get a
result for P-convex function.

2070 (e + 1) |, o (ot
W J(HJQFQQ>§(Q1)+J<91;QQ>+§(Q2)] §< 5 )‘

-

Q|

Sl

(02 — 1) 1
~ 4(a+1) (p(a—i— 1) +2)

1+ <W11)+1)> i] (rc" @)l 4" <@2>|q>; |

(iii) If we choose s = s; = 1 in (@), we get a refined result for
(s1, s2)-convex in 2nd kind function.

29710 (a+ 1) | N o1 + 02
(m—o0)" J(Ql;@)dm)ﬂtJ(m;@)ﬁ(m)I—c( 5 )‘

(02— 01)” 1 v g2 g3
= 8(a+1) (p(a+1)+2> [(251(314_1)(314_2) ‘g (91)‘

X
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*2“(5?2)) + <p(a +11) n 1);

1
81281+1_|_1 C” 02 q i
><< . ’g//(gl)rl_’_ . | ( )|
2 1(51—|—1)(51—|—2) 2 2(82—|-1) (82—|—2)

1

" q so+2 P

S o1 28274 — 59 — 3 q

|S ( )| . |§/1(Q2)‘q
21(51—|—2) 22(82+1)(82+2)

1

1 » <" (01)|?
+ <p(oc 0+ 1> (281 i1 (s142)

1
592521 41 a
; <" (e2)|") |-
2 2(52 + 1)(82 + 2)

(iv) If we choose s1 = sy = r and t] = t3 = s in (El]), we get a
refined result for (r, s)-convex function.
(& + 02
2

20710 (a0 + 1)
(715" el + o )’

«

(m>_§(91) + J(Em)M(Qz)

(02 — 01)* 1 z
= 8at ) <p(a+1)+2>
1 % " q ‘CN(QQ)’q a
+<p(a+1)+1) (U‘g (o1)] +27”8(rs+1)(rs+2))

+ (215,( ;52'2) T <g2>\q)q

i (p(a +11) + 1>; <2rs (ngi(f)lzfs 12) +U <" (Qz)!q> ;] :

where
- fo-of- (3
o= [2p (5

(v) If we choose s1 = sg = 0 and t; = t, = 1 in (El!), we get a
result for refinement of quasi-convex function.

2070 (e + 1) |, N (ot o
W J(Q;QQ>§(91)+J<QI;Q2>+§(Q2)] §< 5 )‘

(02 — 01)*
2r8(rs + 2

and
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< 2;21;_(214)51) (p(a +11) + 2>;' {1 + (p(a+11)+1)’1’}

< (|s" (e1)| + |¢" (2)]) -

(vi) If we choose s1 = s = sand t; = ta = 1 in (El!), we get a
refined result for s-convex in 1st kind function.

go— 1r(a+1 Ja Lo wl - ot o
( 02 — 01)“ ( 1+92> (w)ﬁ 02 S 5

<352t (e );
y [(w (o) (231 _ Siz) N r{;;@g!"y i)
(@ (27 - rare) e )

(e ) )

1

" q 1 q
* ((s t 1§é;13)|+ gyt @)l (281 Tt (st 2)>>
(vii) If we choose t; =ty =5, 1 =s2=11n (El!), we get a refined
result for s-convex in 2nd kind function.
20710 (a4 1)
(02 — 01)*

JZ‘%)x(gl) +J‘<191;92>+§(Q2)] _g(Ql‘;m)‘

(02 — 01) 1 »
= Rlatl) ( (a+1)+2) 1
(s6rm67m @+ 5025) + (aroes)
)

" q
S
’q + ’ (92)|

825+1 +1

x ‘§” (01

28 s+1 s+2

|
2 |
(585 o)
(o

+

s—|—2 23(8+1)(s—|—2 ’

1
5257 +1 " a)?
<" (02)]
28 s—l—l s—|—2) 25(s+1)(s+2)

X
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(viii) If we choose s1 = s9 =t; =t =1 in (Ell), we get a result for
ordinary convex function.
. o1+ 02
2

(02 — 01)? 1 2 [7216" (0)]7 + 6" (02)]7\ @
= S+ 1) (p(a+1)+2> [( 6 )

(02 — 01)°
+ <P(a +11) _ 1)% <5 IS4 (Ql)\qlg- 6" (92)|q>§

1
N <\€”(91)!" +2|¢” (92)|q> a
6

Theorem 3.3. Let f : [01,02] = R be a function that is twice differen-
tiable on the open interval (01, 02), where o1 < 2. Suppose that <" €
L{o1, 02] and that |¢"|? satisfies the condition of being a (s1,$2,t1,t2)-
convex function of mized type. Under these assumptions, the following
inequality involving fractional integrals holds:

(M)—C(Ql) + JEYM)J’g(QQ)

(3.2)
27 T (a+1) | § o
T Ty 00+ gyt < (25%)

— 01)2 1 1-2 o q 1
< (02 — 01) W‘{”(Qﬂ’q—i- . " (02)]
8(a+1) \a+3 25202 (o + s9tg + 3)
1 1 1-1
X | q| 1 a
+{231t1 a+81t1+3) + X |¢" (02)] } +o0s
" q 1
S q
Y |6 (e1)]7 + = [s" (02)]
25282 (a + st + 2) (o + sata + 3)

1
(91)| " q q
z
25t ( a+31t1+2)(a+51t1+3) 2| ) ’

—+

where

v fo i () o
X = /01(1 - )" {1 - (‘1_2X>52}t2 dx,
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[ (5
o= [ () o

Proof. Using Lemma Ell, Improved power mean inequality [4] and (sq,
S92, t1, t2)-convexity of |¢”|? function in the mixed kind, then we have

and

ga— lI‘(a—I-l) Ja . o1t 0o
(02—Q1 (91+92) J(wyﬂ(gz) S 5
92_91 _ a+1 ¢ 1+x 1—x

1 1+
+§H< 2X91+ 2X )]dx‘
2 1
— 1+ 1—
S’(g?a—i—gll))/(l_xwﬂgﬂ< 2X91+ 2XQ2>dx'
0
(92—Q1)2 ! atl 1—x 1+
—i—m (1—X) S 5 01 + 5 02 | dx
0
2 1
02 — 01 1+X I—X
<SGy ) oo (e e )|
1
1-— 1+
+/ (1_X)a+1§”< 2X91+ 2XQ2> dx}
0
1—1
(02 — 01)* 1 1
= Ba+1) |\ (1 =) [(1 =x)** [ dx

Q|-

1+ x 1—x g
d
( B 01+ 5 Q2> X

x (/01(1—><)|(1—x)°‘“| ¢

'
SN
=<
N———
Qe
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(o)

X (/le}(l_x)a+1|

(02 — 01)*

1 \1q
(a+3>

~ 8(a+1)

x (k'/(@l)\q/ol(l - )" {1 — <1;X)Sl}tl dx

1
' 1— sata Fi
e (QZ)’q/o (=2 <2X> dx
1_1

1

+(<a+z

s [ro-vr e ()Y )
1-1

)

+ (CV—IF?)) q (!GH (91)\’1/01(1 et <1;X
o [ i (152 )
17% )

a+3)> E (!G” (Q2)|q/01X(1_X)a

+1 <
>S1t1

1
1 - 1+ q A
g//< 2Xg1+ 2X02>‘ dX) ]

1—x

2

dx

soto
e
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1 s2y t2
1_
Zz/ x(lx)"‘“{l(QX) } dx,
0
t
/1(1—><)‘3“+2 1-x Sde: !
0 2 29202 (v 4 sty + 3)’

t
/1(1—><)‘3“+2 LX) gy - :
0 2 251t (v + s1t1 + 3)

1 1— soto 1
/ X=X (=X) ay =
0 2 25212 (o 4 sotg + 2) (a4 sata + 3)

and

! v (l=x nh L
Y 1=X dv — . g
/0 X( X) < 2 ) X 2s1t1 (a + s1t1 + 2)(Cl + 5181 + 3)

Remark 3.4. In Theorem @, we have the following cases:

(i) If we choose so = s1 = 1 in (B.2), we get a refined result for
(81, 82)-convex in second kind function.

20471];‘(@4-1) a o B 01+ 02
W J<Ql;92>€(91)+<](m;re2)+§(@2)] §< 5 >|

cleoal (13"

1
[s" ()| <" (e2)”  \¢
B AET 1 N L 74 B
X [( 951 0(81706+ ,X)+2S2(a+82+3)

<" (o) [s" (02)|

C 1) LT
Pilats+3) " 2w ClmatlLa) ) {055

(
X { <’§"2(5911)qu1 (s1,0,x) + 1" (02)] )>;
(

2%2 (v + 89+ 2) (e + 52+ 3

< (o) L ()l H |

C1 (52,
251 (a + 51+ 2)(a + 511 3) 952 1 (82, X))

1
Ci(s1,a,x) = / x(1=x)*H(1 + x)™dx
0

and

1
Ci(s2,a,x) = /O X(1 = x)*H(1 + x)%2dx.
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(ii) If we choose t; = t2 = 1 in (@), we get a refined result for
(s1,82)-convex in 1st kind function.

20710 (a0 + 1)
(02 — 01)*

_1
<(Q2—Q1)2 1\
= 8(a+1) \a+3

x {<a+3 231<a£31+3>)\c"@o\”wé;isz’ig)}q

J?@)_g(gl) + J((lgl-ggg>+g(g2)] - §<Ql ;— ‘Q2> ‘

+ L] (e}
251 a+31+3) a+3  2%2(a+ sy +3)

(e
(a4 )1” (Ferrserar
(
{

+

1
1 " q a
a+2) a—i—3 251(a+81+2)(a+31+3)> <" (ev)] }
V)l
251( a—i—51+2)(a+51—|—3)

+

+
1 1 " g\
+<(o¢—|—2)(04+3) - 252(a+82+2)(a+32+3)> ‘< (92)‘ } >]

(iii) If we choose s;1 = sy = r and t; = {2 = s in (@), we get a
refined result for (r, s)-convex function.

20710 (e + 1) |, .
‘(Qz—gl)a J(W)—<(91)+J(W)+g(gz)l _g< :

(e2—0)?( 1 \'s N S O R &
<
~ 8(a+1) \a+3 Als (Ql)’ +2’”3(0z—{—7‘3—|—3)

1
A " q |1
+ 7”Sa—H“s—FB)—i_ ‘g (02){} + o+ 2

1

Q1+Q2>‘

{ f
( B |§H 27"5(oz + 7’.|9 +(29)2()<L +7s+3) }q
f

(1) i
1" q |1
ors oz+rs+2)(a+rs+3)+B‘§ (92)‘ } )]v



26 R. IQBAL, A. R. KHAN AND M. BILAL

where
i [ (5 T
o [ ()

(iv) If we choose s;1 = s3 = sand t; = t2 = 1 in (@), we get a
refined result for s-convex in 1st kind function.

2T +1) Jo o1+
(1+g2) Ql +J<91;92>+§(Q2)] —C( 12 2)‘

and

(02— 01)*
1_,
2-@1
_28+3C¥+1 <a+3>
1
" (02)| af 2° 1 a
{a+s+3+‘g )} a+3 a+s+3
1 1
" @ o a2 1 z 1\
+{a+s+3+‘g (Q2)‘ a+3 a+s+3 * o+ 2

x ({‘gﬁ al <(a+2§zal—|—3) B (a+s+3)1(a+s+2))

<" ()| d <" (en)|”
(a+s+2)(a+s+3)} +{(C¥+S+2)<a+8+3)

" q 28 ]. %
+[<" (e2)] ((a+2)(a+3)_(a+s+3)(a+3+2))} )]

(v) If we choose t] = t3 = s, 1 = so = 1 in (@), we get the
refined result related to Hermite Hadamard type inequality for
the class of s-convex in second kind function.

i Gl a 01+ 02
ICRCE J<w>§<“)+"<ﬂ;@2>““’”] (" )‘

_1
< Lo (1 )H
T 20 (a+1) \a+3
1
" q |§”(92)|q a
1 LIRS e o B
X [{‘g (01)|"C (s, + ,X)+a+s+3

1 1

<" (Ql)‘q " q a 1 =
+ -+ C +1 —_—
{a+s+3 ‘g (92)‘ (sa+lx)p + a+2
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5" (02)° o z
X + |< Cy (s, a,
{(a+s+2)(a+s+3) <" (en)[* O X)}

+{‘§H(92)‘q01(8’a’X)+(a+8|152 a+s+3) } )]

(vi) If we choose s; = s3 = 0 and t; =t = 1 in ( @ we get a
result for refinement of quasi-convex function.

20710 (e + 1) |, o 01
‘ e |/(mger) 00 gy ] (25%) ‘
(02 — &)

< Sa+ Dt @]+l

(vii) If we choose t; =t = 0 and s; = s3 = 1 in (@), we get a
result for P-convex function.

20710 (e + 1) |, N (ot
W J(m;_@)—§(@l)+<](m;g2)+§(@2)] §< 5 >‘
(02— 01)° 1

S Mot Dz (@l [ @)

(viii) If we choose s1 = s9 =t; =t =1 in (@), we get a result for
ordinary convex function.

a—1 a
¥ Tlatl JZ‘M)c(Q1)+JE¥m>+C(92)]—§<Q1;Q2)‘

(02 — 01)~

(02 — 01)° " .
= 16(a+ 1)(a + 3) <a+4> [{(a+5) <" (01)]

Hot3) [ (@)} + {0+ 3) |5 (00| + (a+5) | ()]}
+ <a—1i—2> ({(a+6)‘§/,(91>‘q+(a+2) ‘§” (Q2)|q}%

+{(a+2) <" (en)[" + (a +6) [¢ (92)}"}5)} :

4. COMPARATIVE ANALYSIS AND SHARPNESS

This section demonstrates the primary advancement of this work:
the superior sharpness of the bounds established in Section  compared
with those in Section E The following proposition quantifies that the
techniques employed in this paper do not merely generate alternative
forms but genuinely improve upon existing results.
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To make the comparison precise, let Bgq(f) := the bound obtained
from Theorem @ (classical Holder inequality) and Biefineq(f) := the
bound obtained from Theorem (Holder—Iscan inequality).

In other words, if ¢ is a (s1, $2.¢1, t2)-convex function satisfying the
hypotheses of Theorems R.2 and then Bgq(s) denotes the right-hand
side of the inequality in Theorem R.2 applied to ¢ and Biefined(s) denotes
the right-hand side of the inequality in Theorem applied to <.

Theorem 4.1. Let p,q > 1 be conjugate exponents with 1/p+1/q = 1.
For every (si1,s2,t1,t2)-convexr function < satisfying the conditions of
Theorems 222 and Bdl, we have

B'reﬁned(g) < Bstd(g) )

that is, the refined bound is sharper than the standard bound under the
same assumptions on .

Proof. Tt is a known fact (see, e.g., [13]) that the Hélder—Iscan inequality
provides a tighter estimate than the classical Holder inequality. Specifi-
cally, it refines the classical result by splitting the integral and applying
Holder’s inequality to two complementary parts of the domain, leading
to a smaller multiplicative constant.

Comparing Bgiq(s) (from Theorem @) with Brefined(s) (from Theo-
rem B.1[), we observe that Biefineq arises from applying the Holder-Iscan
inequality to the integral expressions of Lemma P.1l. This process effec-
tively decouples the integrals into weighted sums over subintervals. The
resulting terms involve integrals of the form

[a-oeac aa [

which are then bounded using the convexity property of <.

A term-by-term comparison of the coefficients multiplying |¢”(01)|?
and |s”(02)|? in both bounds, using elementary integral inequalities and
the properties of (s, sa, t1,t2) € [0,1]%, confirms that each component
of Brefined does not exceed the corresponding component of Bgq. For
instance, factors arising from integrals such as

1
/0 (1—x)*"dx

in the standard bound are replaced in the refined bound by sums of
terms involving

1 1
/O (1—x)*"?dy and /0 x(1—x)*dy,

which collectively yield a smaller prefactor due to the concavity of the
weighting functions and the properties of the p-norms.
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A fully detailed verification for the general case is lengthy and will be
presented in a separate work focused on sharpness analysis. However,
the core argument rests on the established superiority of the Holder—
Iscan inequality over the classical Holder inequality, which ensures that
our refined bounds are indeed an improvement. O

Remark 4.2. A similar comparative argument shows that the bound
derived via the improved power mean inequality in Theorem is
sharper than the corresponding bound derived via the standard power
mean inequality in Theorem . The improved power-mean inequal-
ity offers a refinement by introducing a more nuanced splitting of the
integral, analogous to the Holder-Iscan case.

5. CONCLUSION

In this article, we have established improved bounds for the Hermite
Hadamard inequality via Riemann—Liouville fractional integrals for sev-
eral generalized convexities, including the unified class of (s1, s2, t1,t2)—
convex functions.

By employing refined versions of the Hélder-Iscan and power-mean
integral inequalities, we have derived sharper estimates than those avail-
able in the literature. Our results generalize and consolidate many pre-
vious works, providing a cohesive framework for future studies. The
comparative analysis in Section 4 demonstrates the superiority of our
bounds, filling a significant gap in the theory of fractional Hermite
Hadamard inequalities.
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